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Combined heat and mass transfer by hydromagnetic natural
convection over a cone embedded in a non-Darcian porous medium
with heat generation/absorption effects
Ali J. Chamkha, Mir Mujtaba A. Quadri

Abstract The problem of combined heat and mass
transfer by natural convection over a permeable cone
embedded in a uniform porous medium in the presence
of an external magnetic ®eld and internal heat generation
or absorption effects is formulated. The cone surface is
maintained at either constant temperature and constant
concentration or uniform heat and mass ¯uxes. In addition, the cone surface is assumed permeable in order to
allow for possible ¯uid wall suction or blowing. The
resulting governing equations are non-dimensionalized
and transformed into a non-similar form and then solved
numerically by an implicit, iterative, ®nite-difference
method. Comparisons with previously published work are
performed and excellent agreement between the results is
obtained. A parametric study of the physical parameters
is conducted and a representative set of numerical results
for the temperature and concentration pro®les as well as
the local Nusselt number and the Sherwood number is
illustrated graphically to show special trends of the
solutions.
List of symbols
Bo
magnetic induction
c
concentration
C
dimensionless concentration,
c c1 = cw c1  for (UWT/UWC) case
C
dimensionless concentration,
c c1 D Rax 1=3 = mw x for (UHF/UMF)
case
C
porous medium inertia coef®cient
D
mass diffusivity
f
dimensionless stream function, w= ae cRa1=2
x 
for (UWT/UWC) case
f
dimensionless stream function,
w= ae cRa1=3
 for (UHF/UMF) case
x
Fr
dimensionless porous medium inertia parameter, C  Kae Rax = mx for (UWT/UWC)
case
Fr
dimensionless porous medium inertia
parameter, C  Kae Rax 1=3 = 2mvw x2=3  for
(UHF/UMF) case
g
gravitational acceleration
Ha
Hartmann number, rB2o K= qm1=2
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h
hm
K
ke

heat transfer coef®cient
mass transfer coef®cient
porous medium permeability
effective porous medium thermal
conductivity
Le
Lewis number, ae =D
mw
wall mass ¯ux
N
buoyancy ratio, bc cw c1 =bT Tw T1 
for (UWT/UWC) case
N
buoyancy ratio, bc mw =D=bT qw =ke  for
(UHF/UMF) case
Nux
Nusselt Number, hx=ke
qw
wall heat ¯ux
Qo
heat generation or absorption coef®cient
Rax
local modi®ed Rayleigh number,
gbT K cos c Tw T1 x= vae  for (UWT/
UWC) case
Rax
local modi®ed Rayleigh number,
gbT Kqw x2 cos c= vae ke  for (UHF/UMF)
case
Shx
local sherwood number, hm x=D
T
temperature
UWT/UWC uniform wall temperature/uniform wall concentration
UHF/UMF uniform heat ¯ux/uniform mass ¯ux
u
velocity in the x-direction
v
velocity in the y-direction
vw
suction or injection velocity
x
streamwise coordinate
y
transverse coordinate
Greek symbols
ae
effective porous medium thermal diffusivity
bc
coef®cient of concentration expansion
bT
coef®cient of thermal expansion
d
dimensionless heat generation or absorption
coef®cient, Qo ae = 4qcp v2w 
g
pseudo-similarity variable, yRa1=2
x =x for
(UWT/UWC) case
g
pseudo-similarity variable, yRax 1=3 =x for
(UWT/UWC) case
c
cone half angle
h
dimensionless temperature,
(T T1 = Tw T1  for (UWT/UWC) case
h
dimensionless temperature,
T T1 ke Rax 1=3 = qw x for (UHF/UMF)
case
m
kinematic viscosity
r
electrical conductivity
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w

dimensionless coordinate, 2vw x= ae Ra1=2
x 
for (UWT/UWC) case

dimensionless coordinate, 2vw x= ae Ra1=3
x
for (UHF/UMF) case
stream function

Subscripts
w
1

condition at the wall
condition at free stream

n
n
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1
Introduction
Combined heat and mass transfer (or double-diffusion) in
¯uid-saturated porous media ®nds applications in a variety of engineering processes such as heat exchanger devices, petroleum reservoirs, chemical catalytic reactors and
processes, geothermal and geophysical engineering such as
moisture migration in ®brous insulation and nuclear waste
disposal and others. Double diffusive ¯ow is driven by
buoyancy due to temperature and concentration gradients.
There have been considerable work done on the study of
¯ow and heat transfer in various geometries embedded in
porous media (see for instance, Nield and Bejan [1] and
Trevisan and Bejan [2]).
The Darcy law has been employed extensively in many
investigations on porous media. It is valid for slow ¯ows
and does not account for inertia effects and the presence of
a boundary. For example, the problem of natural convection in a porous medium supported by an isothermal
vertical plate was solved some time ago by Cheng and
Minkowycz [3] using the Darcy law. It is well established
now that the Darcy law is inadequate for modeling high
velocity ¯ow situations for which the pressure drop is a
quadratic function of the ¯ow rate. Johnson and Cheng [4],
Vafai and Tien [5] and Plumb and Huenefeld [6] were
among the ®rst to consider inertia effects in porous media.
Natural convection ¯ow induced by buoyancy due to
temperature gradient about a horizontal cylinder embedded
in a porous medium has been investigated by Merkin [7]
who obtained a similarity solution. Fand et al. [8] have reported experimental results and Nakayama and Koyama [9]
have solved the problem using the integral method. Ingham
and Pop [10] and Pop et al. [11] have reported numerical
results based on the ®nite-difference methodology.
Recently, a signi®cant number of investigations have
been carried out on the effects of electrically-conducting
¯uids such as liquid metals, water mixed with a little acid,
and others in the presence of a magnetic ®eld on the ¯ow
and heat transfer aspects (for example, Sparrow and Cess
[12], Gray [13], Michiyoshi, Takahashi and Serizawa [14],
Fumizawa [15] and Riley [16]. Also, the study of heat
generation or absorption effects in moving ¯uids is important in view of several physical problems, such as ¯uids
undergoing exothermic or endothermic chemical reactions
(see Vajravelu and Hadjinicolaou [17] and Vajravelu and
Nayfeh [18]). In addition, Kou and Lu [19] showed that the
design of placing many electronic circuits into one small
chip and more chips into a package results in high volumetric heat generation in the electronic equipment. This
led to the consideration of heat generation effects in

porous media. In addition, recently, Chamkha [20]
analyzed the problem of non-Darcy free convection ¯ow
about wedge and a cone embedded in a porous media in
the presence of heat generation effects.
The coupled heat and mass transfer problem received
relatively little attention. Trevisan and Bejan [2] considered
combined heat and mass transfer by natural convection in
a porous medium for various geometries. Bejan and Khair
[21] reported on the natural convection boundary-layer
¯ow in a saturated porous medium with combined heat
and mass transfer. The coupled heat and mass buoyancyinduced inclined boundary layer in a porous medium was
studied by Jang and Chang [22]. Later, Lai and Kulacki [23]
extended the problem of Bejan and Khair [21] to include
wall ¯uid injection effects. Yucel [24] has considered
coupled heat and mass transfer about a vertical cylinder in
porous media. Lai and Kulacki [25] have investigated
coupled heat and mass transfer by natural convection from
a sphere embedded in porous media. Yih [26] has considered coupled heat and mass transfer by natural convection adjacent to a permeable horizontal cylinder in a
saturated porous medium. Recently, Yih [27] has reported
on uniform transpiration effect on combined heat and
mass transfer by natural convection over a cone in saturated porous media for the cases of uniform wall temperature/concentration and uniform wall heat/mass ¯uxes.
The purpose of the present work is to extend the work
of Yih [27] by including such effects as porous medium
inertia, magnetic ®eld, and heat generation or an absorption effects. This is motivated by applications such as
petroleum prospecting and production and detection of
groundwater contamination and metalurgical applications
in the presence of a magnetic ®eld.

2
Governing equations
Consider combined heat and mass transfer by hydromagnetic natural convection over a permeable cone embedded in a uniform porous medium in the presence of
heat generation or absorption effects. A uniform magnetic
®eld is applied in the direction normal to the cone surface.
The surface of the cone is maintained at uniform temperature Tw and uniform concentration cw or uniform heat
¯ux qw and uniform mass ¯ux mw . Far from the cone
surface, the free stream is kept at a constant temperature
T1 and a constant concentration c1 . Constant ¯uid
suction or injection is imposed at the surface of the cone
(Fig. 1). The ¯uid is assumed to be Newtonian, viscous,
heat generating or absorbing and electrically conducting.
The surface of the cone and the porous medium are assumed to be electrically insulating and are in local thermal
equilibrium. All ¯uid properties are assumed constant
except the density in the buoyancy term of the
x-momentum equation. The magnetic Reynolds number
is assumed small so that the induced magnetic ®eld is
neglected. In addition, no electric ®eld is assumed to exist
and the Hall effect is negligible. In the absence of an
electric ®eld, the small magnetic Reynolds number
assumption uncouples Maxwell's equations from the
Navier±Stokes equations (Cramer and Pai [28]). Taking all
of the above assumptions into consideration and invoking

489

Fig. 1. Flow model and physical coordinate system

the boundary-layer and Boussinesq approximations, the
governing equations based on the modi®ed Darcy law
which includes the porous medium inertia effects can be
written as
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where r is the cone radius and x and y are the circumferential or streamwise and the transverse distances,
respectively. u; v; T and c are the ¯uid x-component of
velocity, y-component of velocity, temperature, and concentration, respectively. q; m; cp ; bT and bc are the ¯uid
density, kinematic viscosity, speci®c heat at constant
pressure, coef®cient of thermal expansion and coef®cient
of concentration of expansion, respectively. K; C  and ae
are the porous medium permeability, inertia coef®cient
and effective thermal dif®suvity, respectively. r; Bo ; Qo and
D are the electrical conductivity, magnetic induction, heat
generation (>0) or absorption (<0) coef®cient and mass
diffusivity, respectively. g and c are the acceleration due to
gravity and the cone half angle.
The boundary conditions for the uniform temperatureuniform concentration case of this problem are given by

y  0 : v  vw ; T  Tw ; c  cw
y ! 1 : u  0; T  T1 ; c  c1

(5a±f)

where vw is the suction (<0) or injection (>0) velocity.

If the uniform wall heat and mass ¯uxes are prescribed,
Eqs. (5b) and (c) are replaced by

y  0:

 
oT
 qw ;
ke
oy

 
oc
 mw
D
oy

(5g, h)

where ke is the effective thermal conductivity of the porous
medium.
2.1
Case 1: uniform wall temperature/uniform wall
concentration (UWT/UWC)
For this situation, it is convenient to transform Eqs. (1)
through (5a±f ) by using the following non-similarity
transformations reported earlier by Yih [27].

2vw x
y
; g  Ra1=2
; w  ae rRa1=2
x f n; g
1=2
x x
ae Rax
T T1
c c1
h n; g 
; C n; g 
Tw T1
cw c1
n

6
where Rax  gbT K cos c Tw T1 x= mae  is the local
modi®ed Rayleigh number and w is the dimensional
stream function de®ned by the usual way as u  ow=oy
and v  ow=ox. In terms of the above variables, Eqs. (1)
through (5a±f) become

1  Ha2  2Fr f 0 f 00  h0  NC0


3 0
n 0 oh
00
2
0 of
f
h
h  f h  n dh 
2
2
on
on


1 00 3 0 n 0 oC
of
C  fC 
f
C0
Le
2
2
on
on
n
g  0: f 
; h  1; C  1
4
g ! 1 : h  0; C  0

7
8
9
10

where

rB2o K
C Kae Rax
b cw
; N c
; Fr 
mx
qm
bT Tw
ae
Qo ae
Le  ; d 
D
4qcp v2w

c1 
T1 
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11

are the square of the Hartmann number, dimensionless
porous medium inertia coef®cient, buoyancy ratio,
Lewis number and the dimensionless heat generation or
absorption for this case, respectively.
The local Nusselt and Sherwood numbers for this case
are given by
 1=3

 1=3

Rax 
Rax 
are the square of the Hartmann number, dimensionless
; Shx 
19
Nux 
porous medium inertia coef®cient, buoyancy ratio, Lewis
h n; 0
C n; 0
number, and dimensionless heat generation or absorption
coef®cient, respectively.
The local Nusselt and Sherwood numbers are important
physical parameters for this type of problems. They can be 3
Numerical method
computed from the following relations:
The non-similar Eqs. (7) through (9) (or Eqs. (14)
hx
1=2 0
Nux 
 Rax h n; 0
12a through (16)) are linearized and then descritized using
three-point central difference quotients with variable step
ke
sizes in the g direction and using two-point backward
hm x
0
difference formulae in the n direction with a constant step
 Ra1=2
C
n;
0
12b
Shx 
x
D
size. The resulting equations from a tri-diagonal system of
where h and hm are the heat and mass transfer coef®cients, algebraic equations that can be solved by the well known
respectively.
Thomas algorithm (see Blottmer [29]). The solution
process starts at n  0 where the equations reduce to a
2.2
similar form and then marches forward (or backward)
Case 2: uniform wall heat ¯ux/uniform wall mass ¯ux
using the solution at the previous (or next) line of con(UHF/UMF)
stant n until it reaches the desired value of n. Due to the
For this case, Yih [27] reported the following dimension- nonlinearities of the equations, an iterative solution with
less variables
successive over or under relaxation techniques is required. The solution convergence criterion required that
2vw x
y
 1=3
 1=3
Ra
n
;
g


;
w

a
r
Ra

f
n;
g
the maximum absolute error between two successive ite
x
x
x
ae Rax 1=3
erations be 10 6 . A starting step size of 0.001 in the g
direction with an increase of 1.03 times the previous step
T T1 ke Rax 1=3
size and a constant step size in the n direction of 0.01 were
;
h n; g 
qw x
found to give accurate results. The maximum value of g
 1=3
which represented the free stream conditions was asC C1 D Rax 
C n; g 
sumed to be 10. This was determined by ensuring a
mw x
proper asymptotic approach of both the temperature and
13 concentration distributions to their free stream values.
where Rax  gbT Kqw x2 cos c= mae ke  is the local modi®ed The accuracy of the aforementioned numerical method
was validated by direct comparisons with the graphical
Rayleigh number.
Substitution of Eqs. (13) into Eqs. (1) through (4) and results reported earlier by Yih [27] in the absence of
(5a, d±h) yields the following non-similar dimensionless magnetic ®eld, heat generation or absorption effects. The
results of these comparisons were found to be in excellent
equations:
agreement.
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4
Results and discussion
Figures 2 and 3 display typical temperature and concentration pro®les for two different values of n n  0:5 and
n  0:5) for various values of the Hartmann number Ha
for the (UWT/UWC) case, respectively. Imposition of a
magnetic ®eld to an electrically-conducting ¯uid creates a
drag-like force called the Lorentz force. This force has the
tendency to slow down the ¯ow along the cone surface at
the expense of increasing its temperature and concentration. This is depicted by the increases in the temperature and concentration values as Ha increases shown in
Figs. 2 and 3. In addition, the increases in the temperature and concentration values as Ha increases are
accompanied by increases in both the thermal and
concentration boundary layers. Furthermore, the effect of

¯uid suction at the cone surface (n  0:5) is seen to
cause reductions in both the temperature and
concentration pro®les and their boundary layers. These
behaviors are obvious from Figs. 2±4.
Figures 5 and 6 illustrate the behaviors of the local
Nusselt and Sherwood numbers due to changes in the values
of Ha, d and n for the (UWT/UWC) case, respectively. For
given values of d and n, increasing the value of the Hartmann number causes the negative slopes of the temperature
and concentration pro®les at the cone surface h0 n; 0

and C0 n; 0 to decrease. This has the direct effect of
decreasing both the local Nusselt number and Sherwood
numbers as obvious from Figs. 5 and 6. Also, for given
values of Ha, increases in the values of the heat generation
or absorption coef®cient d produce decreases in the values
of the local Nusselt number for every value of n except
n  0:0. However, the local Sherwood number appears to
decrease slightly for negative values of n (suction) and to
increase slightly for positive values of n (blowing) as d increases. These behaviors are also clear from Figs. 5 and 6.
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Fig. 2. Effects of Ha on temperature pro®les (UWT/UWC)

Fig. 4. Effects of d on temperature pro®les (UWT/UWC)

Fig. 3. Effects of Ha on concentration pro®les (UWT/UWC)

Fig. 5. Effects of Ha and d on local Nusselt number (UWT/UWC)
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Fig. 6. Effects of Ha and d on local Sherwood number (UWT/
UWC)

Fig. 7. Effects of Fr on temperature pro®les (UWT/UWC)

Figures 7 through 8 present the effects of and the
porous medium inertia parameter Fr on the temperature
and concentration pro®les for two values of the suction
or injection parameter n, respectively. In analogy with
the magnetic ®eld, the porous medium inertia effects
increase the resistance on the ¯ow. Therefore, similar to
magnetic ®eld, the effect of the porous medium
inertia parameter Fr is predicted to increase the
temperature and concentration values for all values of n
considered.

Fig. 8. Effect of Fr on concentration pro®les (UWT/UWC)

Fig. 9. Effects of Fr and Ha on local Nusselt number (UWT/
UWC)

In Figs. 9 and 10, the effects of Fr on the local Nusselt
and Sherwood numbers for both Ha = 0 and 1.0 and
various values of n ranging from n  2:0 to 2.0 are
presented for the (UWT/UWC) case, respectively. In these
®gures, it is predicted that both the local Nusselt and
Sherwood numbers decrease as the porous medium inertia
parameter Fr increases for the same reasons as those of the
magnetic ®eld.
Finally, Figs. 11 through 14 show the in¯uence of the
dimensionless heat generation or absorption coef®cient d
on the temperature and concentration pro®les as well as
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Fig. 10. Effects of Fr and Ha on local Sherwood number (UWT/ Fig. 12. Effects of d on concentration pro®les (UHF/UMF)
UWC)

Fig. 13. Effects of Ha and d on local Nusselt number (UHF/UMF)
Fig. 11. Effects of d on temperature pro®les (UHF/UMF)

number. These behaviors are clearly depicted in Figs. 11
through 14.
All of the above behaviors can be related to physical
the local Nusselt and Sherwood numbers for the (UHF/
UMF) case, respectively. As in the (UWT/UWC) case, in- processes. For example, in petroleum production, while
the presence of a heat source enhances production rates,
creasing the heat generation or absorption coef®cient d
causes an increase in the ¯uid temperature and a decrease the wall heat transfer decreases. Furthermore, the presence
in the concentration. This is true irregardless of the value of porous medium inertia effects requires more energy for
constant rates of oil production. Also, the contaminants
of n. This is accompanied by an increase in the wall
temperature h n, 0) and a decrease in the wall concentr- concentration level in electrically-conducting ¯uids such
ation C(n; 0). This has the direct effect of decreasing the as liquid metals tends to increase as a result of the
local Nusselt number and increasing the local Sherwood presence of a magnetic ®eld.

case. These trends were predicted for both the (UWT/
UWC) and the (UHF/UMF) cases. It is hoped that the
present work be useful for validating more complex
studies dealing with heat and mass transfer from cones
embedded in porous media.
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Fig. 14. Effects of Ha and d on local Sherwood number (UHF/
UMF)

5
Conclusion
The problem of combined heat and mass transfer by
natural convection from a permeable cone embedded in a
uniform porous medium in the presence of porous
medium inertia, magnetic ®eld and heat generation or
absorption effects was considered. Two thermal and
concentration boundary conditions were considered.
These conditions were the uniform wall temperature/
uniform wall concentration (UWT/UWC) and the uniform wall heat ¯ux/uniform wall mass ¯ux (UHF/UMF).
Non-similarity variables were employed to transform the
governing equations of both cases. The obtained transformed non-similar equations were solved numerically by
an implicit, tri-diagonal ®nite-difference method. The
obtained results were checked against previously published work and were found to be in excellent agreement.
Numerical results for the temperature and concentration
pro®les as well as the local Nusselt and Sherwood numbers were reported graphically. It was found that both the
local Nusselt and Sherwood numbers decreased due to
increases in either of the Hartmann number or the
porous medium inertia parameter for both the (UWT/
UWC) and the (UHF/UMF) cases. The heat generation
effects were found to decrease the local Nusselt number
for both the (UWT/UWC) and the (UHF/UMF) cases.
However, the opposite behavior was predicted for the
heat absorption effects. Also, in the absence of the heat
generation/absorption effects, both the local Nusselt and
Sherwood numbers had a decreasing trend with the
suction/injection parameter. However, in the presence of
heat absorption, the local Nusselt number increased as
the ¯uid suction or blowing amount increased. The
opposite behavior was obtained for the heat generation
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