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Abstract
The non-similar boundary layer ﬂow of a viscous incompressible electrically conducting ﬂuid over a
moving surface in a rotating ﬂuid, in the presence of a magnetic ﬁeld, Hall currents and the free stream
velocity has been studied. The parabolic partial diﬀerential equations governing the ﬂow are solved numerically using an implicit ﬁnite-diﬀerence scheme. The Coriolis force induces overshoot in the velocity
proﬁle of the primary ﬂow and the magnetic ﬁeld reduces/removes the velocity overshoot. The local skin
friction coeﬃcient for the primary ﬂow increases with the magnetic ﬁeld, but the skin friction coeﬃcient for
the secondary ﬂow reduces it. Also the local skin friction coeﬃcients for the primary and secondary ﬂows
are reduced due to the Hall currents. The eﬀects of the magnetic ﬁeld, Hall currents and the wall velocity,
on the skin friction coeﬃcients for the primary and secondary ﬂows increase with the Coriolis force. The
wall velocity strongly aﬀects the ﬂow ﬁeld. When the wall velocity is equal to the free stream velocity, the
skin friction coeﬃcients for the primary and secondary ﬂows vanish, but this does not imply separation. Ó 2002 Published by Elsevier Science Ltd.

1. Introduction
The rotating ﬂow of an electrically conducting ﬂuid in the presence of a magnetic ﬁeld is encountered in cosmical and geophysical ﬂuid dynamics. It can provide an explanation for the
observed maintenance and secular variation of the geomagnetic ﬁeld [1]. It is also important in the
solar physics involved in the sunspot development, the solar cycle and the structure of rotating
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magnetic stars [2]. The eﬀect of the Coriolis force due to the earth’s rotation is found to be signiﬁcant as compared to the inertial and viscous forces in the equations of motion. The Coriolis
and the electromagnetic forces are of comparable magnitude. The Coriolis force exerts a strong
inﬂuence on the hydromagnetic ﬂow in the earth’s liquid core which plays an important role in the
mean geomagnetic ﬁeld [1]. The boundary layer ﬂow on a stationary surface or in a channel in a
rotating ﬂuid with or without the presence of a magnetic ﬁeld has been considered by a number of
investigators [3–11].
Wang [12] has studied the steady ﬂow on a stretching sheet in a rotating ﬂuid. Takhar and Nath
[13] have examined the eﬀect of the magnetic ﬁeld on a stretching sheet in a rotating ﬂuid. The
eﬀect of the Hall currents on the MHD ﬂow in a non-rotating system has also been investigated by
several authors [14–19].
This paper aims to study the combined eﬀects of the magnetic ﬁeld, Hall currents and free stream
velocity on the non-similar ﬂow over a moving surface, in a rotating ﬂuid. The parabolic coupled
nonlinear partial diﬀerential equations governing the ﬂow have been solved numerically using an
implicit ﬁnite-diﬀerence scheme similar to that of Blottner [20]. The results have been compared
with those of Kurosaka [6], Howarth [21], Tsou et al. [22], Chiam [23] and Lin and Huang [24].

2. Formulation
The physical model and the coordinate are given in Fig. 1, where x, y and z are the Cartesian
coordinates and u, v and w are the velocity components along the x, y and z directions, respectively. Let us consider an insulated surface which coincides with the plane z ¼ 0. This plane moves
with a constant velocity U1 in the x direction in a viscous, incompressible, electrically conducting
ﬂuid which is rotating with a constant angular X0 about the z-axis. There exists a uniform free
stream velocity U2 parallel to the x-axis. The magnetic ﬁeld B0 is applied in the z-direction. All the
physical properties of the ﬂuid are assumed to be constant. The eﬀects of Coriolis force and (or)

Fig. 1. Physical model and the coordinate system.
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the Hall currents give rise to a force in y-direction, which induces a cross ﬂow in that direction.
Hence the ﬂow becomes three-dimensional. The governing equations in a rotating frame of reference with Maxwell’s electromagnetic equations are given by [5,6,25].

Fig. 2. Comparison of the velocity proﬁle in the primary ﬂow, f 0 ðn; gÞ, for n ¼ M ¼ N ¼ k ¼ 0 with that of Howarth
[21] and of the velocity proﬁles in the primary and secondary ﬂows, f 0 ðn; gÞ, gðn; gÞ for r ¼ 0:2, M ¼ N ¼ k ¼ 0 with
those of Kurosaka [6].

Fig. 3. Comparison of the velocity proﬁle in the primary ﬂow, u=U1 ¼ f 0 ðn; gÞ, for n ¼ M ¼ N ¼ 0, k ¼ 1 with that of
Tsou et al. [22].
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Fig. 4. Comparison of the local skin friction for the primary ﬂow, f 00 ðn; 0Þ, for k ¼ 1, N ¼ 0, 0 6 n 6 1 with that of
Chiam [23] and the comparison of ðjf 00 ð0Þj for n ¼ M ¼ N ¼ 0, 0 6 k 6 1 with that of Lin and Huang [24].

Fig. 5. Eﬀect of the magnetic parameter M on the velocity proﬁles in the primary ﬂow, f 0 ðn; gÞ.
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Continuity equation:
$  V ¼ 0:

ð1Þ

Momentum equation:
V ¼ q$p þ mr2 V þ q1 ðJ

ðV  $ÞV þ 2X

BÞ:

ð2Þ

Generalized Ohm’s law:
J ¼ rðE þ V

BÞ  ðr=ene ÞðJ

B  $pe Þ:

ð3Þ

Maxwell’s equations:
$

H ¼ J;

$

E ¼ 0;

$  B ¼ 0:

ð4Þ

Here V is the velocity vector, B is the magnetic induction vector, E is the electric ﬁeld vector, H
is the magnetic ﬁeld strength vector, J is the current density vector, X ¼ ð0; 0; X0 Þ is the angular
velocity vector, p is the ﬂuid pressure, pe electron pressure, q is the ﬂuid density, m is the kinematic

Fig. 6. Eﬀect of the magnetic parameter M on the velocity proﬁles in the secondary ﬂow, gðn; gÞ.
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viscosity of the ﬂuid, rðr ¼ ðe2 ne te Þ=me Þ is the electrical conductivity, te is the electron collision
time, e is the electron charge, ne is the electron number density, and me is the mass of the electron.
1, where l0 is the magnetic
We assume that the magnetic Reynolds number Rem ¼ l0 V L
permeability, and V and L are characteristic velocity and length, respectively. Under these conditions, it is possible to neglect the induced magnetic ﬁeld in comparison to the applied magnetic
ﬁeld B ¼ ð0; 0; B0 Þ. Since no applied or polarization voltage is imposed on the ﬂow ﬁeld, the
electric ﬁeld vector E ¼ 0. If we assume that the magnetic ﬁeld strength is large, the generalized
Ohm’s law given by Eq. (3) in the absence of the electric ﬁeld can be expressed as
J þ ðxe te =B0 ÞðJ

BÞ ¼ r½V

B þ ð$pe =ene Þ ;

ð5Þ

where xe ð¼ eB0 =me Þ is the electron frequency. For weakly ionized gases, the electron pressure
gradient and the ion-slip eﬀects (due to imperfect coupling between ions and neutrons) can be
neglected. Hence Eq. (5) reduces to
Jx ¼ rB0 ð1 þ N 2 Þ1 ðNu þ vÞ;
Jy ¼ rB0 ð1 þ N 2 Þ1 ðNv  uÞ;

ð6Þ

where N ð¼ xe te ) is the Hall parameter.

Fig. 7. Eﬀect of the magnetic parameter M on the local skin friction coeﬃcient for the primary ﬂow, 21 Re1=2
x Cfx .
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If we assume that the surface extends to inﬁnity in the y-direction, then the velocity components
u, v and w depend on x and z only. Under the above conditions, the boundary layer equations
governing the unsteady ﬂow in a rotating frame of reference can be re-written as
Continuity equation:
ux þ wz ¼ 0:

ð7Þ

Momentum equation:
1

uux þ wuz  2X0 v ¼ q1 px þ muzz þ ðrB20 =qÞð1 þ N 2 Þ ðNv  uÞ;

ð8Þ

uvx þ wvz þ 2X0 u ¼ q1 py þ mvzz  ðrB20 =qÞð1 þ N 2 Þ1 ðNu þ vÞ:

ð9Þ

Far away from the surface, the pressure gradients in the x and y directions, q1 px and q1 py ,
must balance the Lorentz and Coriolis forces and are given by the relations:
 q1 px ¼ ðrB20 =qÞð1 þ N 2 Þ1 U2 ;
 q1 py ¼ 2X0 U2 þ ðrB20 =qÞð1 þ N 2 Þ1 NU2 :

ð10Þ

Fig. 8. Eﬀect of the magnetic parameter M on the local skin friction coeﬃcient for the secondary ﬂow, 21 Re1=2
x Cfy .
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The boundary conditions are the no-slip conditions at the surface and the free stream conditions
outside the boundary layer. Hence the boundary conditions are given by
uðx; 0Þ ¼ U1 ;

vðx; 0Þ ¼ 0;

uðx; 1Þ ¼ U2 ;
uð0; zÞ ¼ U2 ;

wðx; 0Þ ¼ 0;

vðx; 1Þ ¼ 0;

ð11Þ

vð0; zÞ ¼ 0; z > 0;

where U1 and U2 are the surface and free stream velocities, respectively and the subscripts x and z
denote partial derivative with respect to x and z, respectively.
In order to reduce Eqs. (7)–(9) to a convenient form, we introduce dimensionless independent
variables ðn; gÞ and dimensionless stream function f ðn; gÞ and dimensionless velocity components
f 0 ðn; gÞ and gðn; gÞ along the x and y directions, respectively and these are expressed as
g ¼ ðU =mxÞ1=2 z;

n ¼ X0 x=U;
1=2

wðx; zÞ ¼ ðU mxÞ

1=2

w ¼ ðX0 mnÞ

M ¼ Ha2 =ReL ;

f ðn; gÞ;

U ¼ U1 þ U2 ;

u ¼ Uf 0 ðn; gÞ;

u ¼ ow=oz;

v ¼ Ugðn; gÞ;

1

½ðof =onÞ þ ð2nÞ ðf  ðX0 =U Þgf 0 Þ ;
Ha2 ¼ rB20 L2 =l;

w ¼ ow=ox;

k ¼ U1 =U ;

ReL ¼ UL=m;

Fig. 9. Eﬀect of the Hall parameter N on the velocity proﬁles in the primary ﬂow, f 0 ðn; gÞ.

ð12Þ
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where prime denotes the derivative with respect to g.
We apply the above transformations to Eqs. (7)–(9) and we ﬁnd that Eq. (1) is identically
satisﬁed and Eqs. (8) and (9) reduced to
f 000 þ 21 ff 00 þ 2ng  Mð1 þ N 2 Þ1 nðf 0  1 þ k  NgÞ ¼ nðf 0 of 0 =on  f 00 of =onÞ;

ð13Þ

g00 þ 21 fg0 þ 2nð1  k  f 0 Þ  Mð1 þ N 2 Þ1 n½g þ N ðf 0  1 þ kÞ
¼ nðf 0 og=on  g0 of =onÞ:

ð14Þ

The boundary conditions (11) can be re-written as
f ðn; 0Þ ¼ 0;

f 0 ðn; 0Þ ¼ k;

gðn; 0Þ ¼ 0;

f 0 ðn; 1Þ ¼ 1  k;

gðn; 1Þ ¼ 0:

ð15Þ

Here M is the magnetic parameter, Ha2 is the Hartmann number, ReL is the Reynolds number, l is
the coeﬃcient of dynamic viscosity, L is the characteristic length, U is the composite velocity, k is
the ratio of the surface velocity to the composite velocity, n represents the Coriolis force and it
also denotes the distance measured from the leading edge of the surface, and a prime denotes a
derivative with respect to g.

Fig. 10. Eﬀect of the Hall parameter N on the velocity proﬁles for the secondary ﬂow, gðn; gÞ.
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It may be noted that for k ¼ 0:5 (i.e., when surface velocity and free stream velocity are equal),
Eqs. (13) and (14) under the boundary conditions (15) admit closed form solutions which are
given by
f ðn; gÞ ¼ g=2;

gðn; gÞ ¼ 0:

ð16Þ

It may be remarked that Eqs. (13)–(15) for M ¼ N ¼ k ¼ 0 (without the magnetic ﬁeld and Hall
currents on a stationary surface) reduce to those of Kurosaka [6]. For n ¼ M ¼ N ¼ 0, k ¼ 0 and
1, Eq. (13) represents the ﬂow over a stationary surface (Blasius ﬂow) and over a moving surface
in an ambient ﬂuid which are giver in [21,22], respectively. For n (without the Coriolis force),
gðn; gÞ ¼ 0 and Eq. (14) is not required. Further, Eq. (13) for k ¼ 1, N ¼ 0 reduces to that of
Chiam [23] who considered the MHD ﬂow over a moving surface if we replace n by x and omit the
term 2ng (which arises due to the rotation of the ﬂuid). Also Eq. (13) for n ¼ M ¼ N ¼ 0 reduces
to that of Lin and Huang [24].
The local skin friction coeﬃcients in the x and y directions can be expressed as
Cfx ¼ 2lðou=ozÞz¼0 =qU 2 ¼ 2ðRex Þ1=2 f 00 ðn; 0Þ;
Cfy ¼ 2lðov=ozÞz¼0 =qU 2 ¼ 2ðRex Þ1=2 g00 ðn; 0Þ;

ð17Þ

Fig. 11. Eﬀect of the Hall parameter N on the local skin friction coeﬃcient for the primary ﬂow, 21 Re1=2
x Cfx .
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where Cfx and Cfy are the local skin friction coeﬃcients in the x and y directions, respectively (for
the primary and secondary ﬂows) and Rex ¼ Ux=m is the local Reynolds number.

3. Method for solution
The nonlinear coupled parabolic partial diﬀerential equations (13) and (14) under the boundary
conditions (15) have been solved by using an implicit, iterative, tri-diagonal ﬁnite-diﬀerence
scheme similar to that of Blottner [20]. All the ﬁrst-order derivatives with respect to n are replaced
by two-point backward diﬀerence formulae
oR=on ¼ ðRi;j  Ri1;j ÞDn;

ð18Þ

where R represents dependent variable f or g and i and j are the node locations along the n and g
directions, respectively. First the third-order partial diﬀerential equation (13) is converted to a
second-order equation by substituting f 0 ¼ F , then the second-order derivatives with respect to g
for F and g are discretized using three-point central-diﬀerence formulae while the ﬁrst-order derivatives are discretized by employing the trapezoidal rule. At each line of constant n, a system of

Fig. 12. Eﬀect of the Hall parameter N on the local skin friction coeﬃcient for the secondary ﬂow, 21 Re1=2
x Cfy .
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algebraic equation is obtained. The nonlinear terms are evaluated at the previous iteration and the
equations are solved iteratively by using the Thomas algorithm (see [20] ). The same procedure is
followed for the next n value and the equations are solved line by line until the desired n value is
reached. A convergence criterion based on the relative diﬀerence between the current and the
previous iterations is used. When this diﬀerence reaches 105 , the solution is assumed to have
converged and the iterative process is terminated.

4. Results and discussion
Eqs. (13) and (14) under the boundary conditions (15) have been solved by using an implicit
ﬁnite-diﬀerence scheme as described earlier. In order to validate our results, we have compared the
velocity proﬁle f 0 ðgÞ for n ¼ k ¼ M ¼ N ¼ 0 with that of Howarth as given by Schlichting [21].
We have also compared the velocity proﬁles in the primary and secondary ﬂows (f 0 ðn; gÞ, gðn; gÞ)
for n ¼ 0:2, M ¼ N ¼ k ¼ 0 with those of Kurosaka [6]. In both the cases, the results are found to
be in good agreement. The comparison is shown in Fig. 2. For k ¼ 1, n ¼ M ¼ N ¼ 0, we have
compared the velocity proﬁle u=U1 ¼ f 0 ðgÞ with the theoretical and experimental results of Tsou
et al. [22]. This comparison is given in Fig. 3. It is in very good agreement with the theoretical

Fig. 13. Eﬀect of the wall velocity k on the velocity proﬁles for the primary ﬂow, f 0 ðn; gÞ.
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values and it also agrees well with the experimental values near the wall. We have also compared
the local skin friction ðf 00 ðn; 0ÞÞ for k ¼ 1, M ¼ 0:5, N ¼ 0, 0 6 n 6 1 with that of Chiam [23] who
solved the governing equations using an approximate method (local non-similarity method).
Further, we have compared the local skin friction ðjf 00 ð0ÞjÞ results for n ¼ M ¼ N ¼ 0, 0 6 k 6 1
with those of Lin and Huang [24]. For both the cases, the comparison is presented in Fig. 4. The
results are found to be in excellent agreement with those of Lin and Huang [24], but for large n
these results slightly diﬀer from those of Chiam [23]. This diﬀerence is attributed to the approximate method used by Chiam.
The eﬀect of the magnetic parameter M on the velocity proﬁles for the primary and secondary
ﬂows (f 0 ðn; gÞ, gðn; gÞ) for n ¼ N ¼ 1, k ¼ 0:25 is shown in Figs. 5 and 6. The velocity proﬁle in the
primary ﬂow ðf 0 ðn; gÞÞ for M ¼ 0, n ¼ 1 exceeds its value at the edge of the boundary layer (i.e.,
there is a velocity overshoot). This velocity overshoot is due to the Coriolis force which supports
the motion. Since the magnetic ﬁeld has a stabilizing eﬀect, the velocity overshoot decreases with
increasing M and if M P M0 , the overshoot in the velocity vanishes. The maximum or peak velocity in the secondary ﬂow ðgðn; gÞÞ decreases with increasing M. As mentioned earlier, the
reason for this trend is due to the stabilizing eﬀect of the magnetic ﬁeld.
The eﬀect of the magnetic parameter M on local skin friction coeﬃcients for the primary and
1
1=2
secondary ﬂows (21 Re1=2
x Cfx , 2 Rex Cfy ) for N ¼ 1, k ¼ 0:25, 0 6 n 6 2 has been presented in

Fig. 14. Eﬀect of the wall velocity k on the velocity proﬁles for the secondary ﬂow, gðn; gÞ.
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Figs. 7 and 8, respectively. For a ﬁxed n, the skin friction coeﬃcient for the primary ﬂow increases
with the magnetic parameter M, but the skin friction coeﬃcient for the secondary ﬂow decreases.
This is due to the stabilizing eﬀect of the magnetic ﬁeld which increases the velocity in the primary
ﬂow, but reduces the velocity in the secondary ﬂow. For N ¼ 1, n ¼ 2, the skin friction coeﬃcient
for the primary ﬂow increases by about 24% as M increases from zero to four, but the skin friction
coeﬃcient for the secondary ﬂow decreases by about 80%. Similarly, for a ﬁxed M the skin friction
coeﬃcients for the primary and secondary ﬂows increase with the Coriolis force (n). The reason
for this behaviour is that the Coriolis force assists the ﬂuid motion which results in an increase in
the velocity gradients in the primary and secondary ﬂows and hence in the skin friction coeﬃcients
for the primary and secondary ﬂows. For M ¼ 3, N ¼ 1, k ¼ 0:25, the skin friction coeﬃcients for
the primary and secondary ﬂows increase by about 93% and 100%, respectively, as n increases
from zero to two.
The eﬀect of the Hall parameter N on the velocity proﬁles for the primary and secondary ﬂows
(f 0 ðn; gÞ, f ðn; gÞ) for M ¼ n ¼ 1, k ¼ 0:25 is displayed in Figs. 9 and 10, respectively. The velocity
proﬁle f 0 ðn; gÞ becomes less steep as N increases. The velocity for the secondary ﬂows gðn; gÞ
attains its maximum value near the wall and this value increases with N.
Figs. 11 and 12, respectively, present the eﬀect of the Hall parameter N on the skin friction
1
1=2
coeﬃcients for the primary and secondary ﬂows (21 Re1=2
x Cfx , 2 Rex Cfy ) for M ¼ 1, k ¼ 0:25,

Fig. 15. Eﬀect of the wall velocity k on the local skin friction coeﬃcient for the primary ﬂow, 21 Re1=2
x Cfx .
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0 6 n 6 2. The skin friction coeﬃcients reduce with increasing N. This trend is attributed to the
destabilizing eﬀect of the Hall current. For M ¼ 1, k ¼ 0:25, n ¼ 2, the skin friction coeﬃcients for
the primary and secondary ﬂows decrease by about 22% and 6%, respectively, as N increases from
zero to one.
Figs. 13 and 14 show the eﬀect of the ratio of the wall velocity to the composite velocity
represented by the parameter k on the velocity proﬁles in the primary and secondary ﬂows
(f 0 ðn; gÞ, gðn; gÞ) for M ¼ N ¼ n ¼ 1. It is observed that k exerts a strong inﬂuence on the velocity
proﬁles. It can be seen that for any two values of k, the velocity proﬁles in the primary ﬂow,
f 0 ðn; gÞ, cross each other near the wall ðg ¼ 0:5Þ. For k < 0:5, f 0 ðn; gÞ increases with g, but for
k > 0:5 it decreases. Also the velocity proﬁles in the secondary ﬂow gðn; gÞ > 0 for k < 0:5, but it
is <0 for k > 0:5. For k ¼ 0:5, f ðn; gÞ ¼ g=2, gðn; gÞ ¼ 0 as mentioned earlier (see Eq. (16)).
Figs. 15 and 16 display the eﬀect of the parameter k on the local skin friction coeﬃcients for the
1
1=2
primary and secondary ﬂows (21 Re1=2
x Cfx , 2 Rex Cfy ) for M ¼ N ¼ 1, 0n 6 2. These coeﬃcients
are positive for k < 0:5 and negative for k > 0:5. For k > 0:5 the velocities f 0 ðn; gÞ and gðn; gÞ
increase with g, but for r > 0:5 these decrease (see Figs. 13 and 14). For k ¼ 0:5, the skin friction
coeﬃcients vanish for all n, M and N, but it does not imply separation, because we are considering
the moving wall problem. For k > 0:5, the ﬂuid is being dragged by the plate, but for k < 0:5 the
plate is being dragged by the ﬂuid.

Fig. 16. Eﬀect of the wall velocity k on the local skin friction coeﬃcient for the secondary ﬂow, 21 Re1=2
x Cfy:
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5. Conclusions
The Coriolis force causes overshoot in the velocity proﬁles of the primary ﬂow and the velocity
overshoot is reduced/removed by the application of the magnetic ﬁeld. The local skin friction
coeﬃcient for the primary ﬂow increases with the magnetic ﬁeld, but the local skin friction coeﬃcient for the secondary ﬂow decreases, whereas both these coeﬃcients decrease with increasing
Hall currents. Also the skin friction coeﬃcient in the primary and secondary ﬂows increase with
the Coriolis force. The wall velocity strongly aﬀects the primary and secondary ﬂow ﬁelds. When
the wall velocity and the free stream velocity are equal, the skin friction coeﬃcients for the primary and secondary ﬂow vanish, but no ﬂuid separation occurs.
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