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Heat transfer enhancement in a horizontal annulus using the variable viscosity
property of an Al2O3–water nanofluid is investigated. Two different viscosity models
are used to evaluate heat transfer enhancement in the annulus. The base case uses the
Pak and Cho model and the Brinkman model for viscosity which take into account the
dependence of this property on temperature and nanoparticle volume fraction. The
inner surface of the annulus is heated uniformly by a constant heat flux qw and the
outer boundary is kept at a constant temperature Tc. The nanofluid generates heat
internally. The governing equations are solved numerically subject to appropriate
boundary conditions by a penalty finite-element method. It is observed that for a fixed
Prandtl number Pr = 6.2, Rayleigh number Ra = 104 and solid volume fraction φ =
10%, the average Nusselt number is enhanced by diminishing the heat generation
parameter, mean diameter of nanoparticles, and diameter of the inner circle. The mean
temperature for the fluids (nanofluid and base fluid) corresponding to the above
mentioned parameters is plotted as well. © 2012 Wiley Periodicals, Inc. Heat Trans
Asian Res, 41(6): 536–552, 2012; Published online 30 July 2012 in Wiley Online
Library (wileyonlinelibrary.com/journal/htj). DOI 10.1002/htj.21016
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1. Introduction
Natural convection heat transfer is an important phenomenon in engineering systems due to
its wide applications in electronic cooling, heat exchangers, and thermal systems. Enhancement of
heat transfer in such systems is very essential from industrial and energy saving perspectives. The
low thermal conductivity of conventional heat transfer fluids, such as water, is considered a primary
limitation in enhancing the performance and the compactness of such thermal systems. An innovative
technique for the improvement of heat transfer using nano-scale particles dispersed in a base fluid,
known as a nanofluid, has been studied extensively in recent years, according to Trisaksri and
Wongwises [1] and Choi [2]. Daungthongsuk and Wongwises [3] examined it mainly in forced
© 2012 Wiley Periodicals, Inc.
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convection applications. However, natural convection heat transfer research using nanofluids has
received very little attention and there is still a debate on the effect of nanoparticles on heat transfer
enhancement in natural convection applications. An example of these controversial results are the
results reported by Khanafer et al. [4] who studied Cu–water nanofluids in a two-dimensional
rectangular enclosure. They reported an increase in heat transfer with the increase in the percentage
of suspended nanoparticles at any given Grashof number.
Oztop and Abu-Nada [5] showed similar results, where an enhancement in heat transfer was
registered by the addition of nanoparticles. However, contrary experimental findings were reported
by Putra et al. [6] using Al2O3 and CuO water nanofluids. They reported that the natural convection
heat transfer coefficient was lower than that of a clear flow. Additionally, another experimental work
in natural convection by Wen and Ding [7] reported deterioration in heat transfer caused by the
addition of nanoparticles.
In fact, convective heat transfer is affected by the thermophysical properties of the nanofluid
such as viscosity and thermal conductivity. A recent nanofluid heat transfer study on forced
convection conducted by Mansour et al. [8] revealed that for forced convection different expressions
for the thermophysical properties of nanofluids lead to totally different predictions for the performance
of a system. Most recently, Abu-Nada et al. [9] showed that the enhancement of heat transfer in natural
convection depended mainly on the Rayleigh number; and for certain Rayleigh numbers, Ra = 104,
the heat transfer was not sensitive to nanoparticle concentration, whereas at higher values of Rayleigh
number an enhancement in heat transfer was taking place. Therefore, there is still a controversy on
the effect of nanofluids on heat transfer in natural convection and the numerical simulations seem to
overestimate the enhancement of heat transfer in natural convection.
All of the previously mentioned numerical results conducted on natural convection used the
Brinkman model for the viscosity. This model is shown to underestimate the effective viscosity of
the nanofluid by Nguyen et al. [10] and Polidori et al. [11]. The Brinkman model does not consider
the effect of nanofluid temperature or nanoparticle size. Besides, the Brinkman model was derived
for larger particle size compared to the size of the nanoparticles. On the other hand, for thermal
conductivity, most of the numerical simulations reported in literature used the Maxwell Garnett (MG)
model [12]. This model does not consider the main mechanisms for heat transfer in nanofluids such
as Brownian motion and does not consider nanoparticle size or temperature dependence.
Therefore, numerical simulations need more robust nanofluid models for viscosity and thermal
conductivity that take into account temperature dependence and nanoparticle size. Angue Minsta et
al. [13] studied the effect of nanoparticle concentration and nanoparticle size on nanofluid viscosity
under a wide range of temperatures experimentally. They showed that the viscosity dropped sharply
with temperature especially for a high concentration of nanoparticles. Moreover, the effects of
temperature, nanoparticle size, and nanoparticle volume fraction on thermal conductivity were studied
experimentally by Chon et al. [14]. They showed that the nanofluid thermal conductivity was also
affected by temperature, volume fraction of nanoparticles, and nanoparticle size. Thus, such physics
cannot be neglected and the dependence of nanofluid properties on temperature, and volume fraction
of nanoparticles, must be taken into account in order to predict the correct role of nanoparticles on
heat transfer enhancement. Lattice Boltzmann simulation of an alumina–water nanofluid in a square
cavity was performed by He et al. [15], where they developed a lattice Boltzmann model by coupling
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the density (D2Q9) and the temperature distribution functions with speed to simulate convection heat
transfer utilizing Al2O3–water nanofluids in a square cavity.
Recently, Sankar and Younghae [16] performed numerically the simulation of free convection
heat transfer in a vertical annular cavity with discrete heating. Their numerical results revealed that
the heat transfer rate was always higher at the bottom heater. Also, the rate of heat transfer increased
with the radii ratio but decreased with the aspect ratio. Further numerical simulation of free convection
based on experimental measured conductivity in a square cavity using a water/SiO2 nanofluid was
conducted by Jahanshahi et al. [17] where an experimental setup had been used to extract the
conductivity value of nanofluid. In the same year, Lotfi et al. [18] studied forced convective heat
transfer of nanofluids with a comparison of different approaches. A two-phase Eulerian model was
implemented for the first time to study such a flow field. The single-phase model and two-phase
mixture model formulations were also used for comparison in their study.
Very recently, He et al. [19] investigated lattice Boltzmann simulation of an alumina–water
nanofluid in a square cavity. The effects of Rayleigh number and nanoparticle volume fraction on
natural convection heat transfer of a nanofluid were investigated in this study. Numerical results
indicated that the flow and heat transfer characteristics of the Al2O3–water nanofluid in a square cavity
were more sensitive to viscosity than to thermal conductivity. Sandipkumar et al. [20] conducted a
study on the effect of particle size in aviation turbine fuel and Al2O3 nanofluids for heat transfer
applications. They concluded that at 50 °C and 0.3% particle volume concentration, the bigger
particles showed increases of 17% in thermal conductivity and 55% in viscosity, whereas the smaller
particles showed corresponding increases of 21% and 22% for thermal conductivity and viscosity,
respectively.
Nemati et al. [21] analyzed the mixed convection flow of three types of nanofluids in a
lid-driven cavity using the same method. The results indicated that the effects of solid volume fraction
grew stronger sequentially for Al2O3, CuO, and Cu. In addition the increases in Reynolds number
lead to a decrease in the solid concentration effect. Shahi et al. [22] numerically performed a laminar
conjugated-natural convection heat transfer enhancement of a nanofluid in an annular tube driven by
an inner heat generating solid cylinder where the governing equations were derived based on the
conceptual model in the cylindrical coordinate system and had been solved using the finite volume
approach, using the SIMPLE algorithm on the collocated arrangement. Moghari et al. [23] conducted
a two-phase mixed convection Al2O3–water nanofluid flow in an annulus. The calculated results
showed that at a given Re and Gr, increasing the nanoparticle volume fraction increased the Nusselt
number at the inner and outer walls while it did not have any significant effect on the friction factor.
Both the Nusselt number and the friction coefficient at the inner wall were more than their
corresponding values at the outer wall. This year, Fattahi et al. [24] studied a lattice Boltzmann
simulation of natural convection heat transfer in nanofluids where the flow and heat transfer
characteristics of the Al2O3–water nanofluid in the square cavity were more sensitive to viscosity than
to thermal conductivity.
Therefore, the scope of the current research is to implement two different thermal conductivity
models namely the Maxwell Garnett (MG) model used by Abu-Nada [25] and the Chon et al. [14]
model for nanofluid properties and to study the effect of these models on heat transfer in natural
convection. The flow field and enhancement in heat transfer are evaluated under wide ranges of the
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internal heat generation parameter, the mean diameter of the nanoparticles, and the diameter of the
inner circular surface.
Nomenclature
Cp:
d:
D:
Dp:
g:
Gr:
h:
k:
Nu:
Pr:
q:
qw:
Q:
r:
R:
T:
u, v:
U, V:
X, Y:
x, y:

specific heat at constant pressure, kJ kg–1 K–1
diameter of inner circle, m
non-dimensional diameter of inner circle, D = d / (ro − ri)
mean diameter of nanaoparticles, nm
gravitational acceleration, m s–2
Grashof number, Gr = gβ(Tb − Tc)(ro − ri)3 / n2f
local heat transfer coefficient, W m–2 K–1
thermal conductivity, W m–1 K–1
Nusselt number, Nu = h(ro − ri) / kf
Prandtl number, Pr = nf / αf
volumetric rate of heat generation, W/m3
heat flux, W m–2
heat generation parameter, Q = q(ro − ri)2 / νf(Th − Ti)
dimensional radius of circle, m
dimensionless radius of circle
dimensional temperature, °K
dimensional x and y components of velocity, m s–1
dimensionless velocities, U = u / (ro − ri), V = v / (ro − ri)
dimensionless coordinates, X = x / (ro − ri), Y = y / (ro − ri)
dimensional coordinates, m
Greek Symbols

α:
β:
φ:
ϕ:
n:
θ:
ρ:
µ:

fluid thermal diffusivity, m2 s–1
thermal expansion coefficient, K–1
nanoparticle volume fraction
angular coordinate, °
kinematic viscosity, m2 s–1
dimensionless temperature, θ = (T − Tc) / (Tb − Tc)
density, kg m–3
dynamic viscosity, N s m–2
Subscripts

b:
c:
f:
i:
nf:
o:
s:

boundary
cold
fluid
inner
nanofluid
outer
solid particle
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2. Problem Formulation
Figure 1 shows a schematic diagram of a differentially heated annulus. The fluid in the annulus
is water-based nanofluid containing Al2O3 nanoparticles and generates heat internally. The nanofluid
is assumed incompressible and the flow is considered to be laminar. It is taken that water and
nanoparticles are in thermal equilibrium and no slip occurs between them. The inner circle with radius
ri is heated uniformly by a heat flux q and the outer circle of radius ro is kept at a constant temperature
Tc. The thermophysical properties of the nanofluid are given in Table 1. The density of the nanofluid
is approximated by the Boussinesq model. The viscosity of the nanofluid is considered a variable
property that varies with volume fraction of nanoparticles.
The governing equations for laminar, steady-state natural convection in an annulus filled with
water–alumina nanofluid in terms of the Navier–Stokes and energy equations are given as
Continuity equation:
(1)
x-momentum equation:
(2)
y-momentum equation:
(3)
Energy equation:
(4)

Fig. 1. Schematic diagram of the annulus and coordinate system.
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Table 1. Thermophysical Properties of Fluid and Nanoparticles

where ρnf = (1 − φ)ρf + φρs is the density, (ρCp)nf = (1 − φ)(ρCp)f + φ(ρCp)s is the heat capacitance,
βnf = (1 − φ)βf + φβs is the thermal expansion coefficient, and αnf = knf / (ρCp)nf is the thermal diffusivity.
The effective thermal conductivity of the nanofluid is approximated by the Chon et al. model
[14]:
(5)
where kb is the Boltzmann constant, 1.3807 × 10–23 J/K, and l is the mean path of the base fluid particles
given as 0.17 nm (Chon et al. [14]).
This model is found to be appropriate for studying heat transfer enhancement using nanofluids
by Abu-Nada [25]. In addition, the viscosity of the nanofluid can be approximated as viscosity of a
base fluid µf containing a dilute suspension of fine spherical particles. In the current study, the viscosity
of the nanofluid is considered by using two models, namely, the Pak and Cho correlation [26] and the
Brinkman model [27]. These equations are given as
(6)
(7)
The above equations are non-dimensionalized by using the following dimensionless dependent and independent variables:

Then the corresponding dimensionless equations are

(8)
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(9)

(10)

(11)
where Pr = nf / αf is the Prandtl number, Ra = gβfqw(ro − ri)4 / nfαfkf is the Rayleigh number, and
Q = q(ro − ri)2 / nf(Th − Tc) is the internal heat generation parameter.
The corresponding boundary conditions take the following form:
at all solid boundaries U = V = 0
at the outer boundary θ = 0
at the inner boundary ∂θ / ∂N = −1
The local and average Nusselt numbers at the heated surface of the enclosure may be
expressed, respectively, as
(12)
__
__ __
The mean temperature of the fluid in the enclosure is given by θav = ∫θdV / V, where V is the
annulus volume.
3. Numerical Implementation
The Galerkin finite element method [28, 29] is used to solve the non-dimensional governing
equations along with boundary conditions for the considered problem. The equation of continuity has
been used as a constraint due to mass conservation and this restriction may be used to find the pressure
distribution. The penalty finite element method [30] is used to solve Eqs. (9)–(11), where the pressure
P is eliminated by a penalty constraint ξ, and the incompressibility criteria given by Eq. (8) which
can be expressed as
(13)
The continuity equation is automatically fulfilled for large values of ξ. Then the velocity
components (U, V), and temperature (θ) are expanded using a basis set {Φ}Nk=1 as

(14)
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The Galerkin finite element technique yields the subsequent nonlinear residual equations for
Eqs. (9), (10), and (11) respectively at nodes of the internal domain Ω:

(15)

(16)

(17)
Three-point Gaussian quadrature is used to evaluate the integrals in these equations. The
non-linear residual Eqs. (15), (16), and (17) are solved using the Newton–Raphson method to
determine the coefficients of the expansions in Eq. (14). The convergence of solutions is assumed
when the relative error for each variable between consecutive iterations is recorded below the
convergence criterion ε such that |Ψn+1 − Ψn| ≤ 10−4, where n is the number of iterations and Ψ is a
function of U, V, and θ.
4. Mesh Generation
In the finite element method, mesh generation is the technique to subdivide a domain into a
set of sub-domains, called finite elements, control volume, etc. The discrete locations are defined by
the numerical grid, at which the variables are to be calculated. It is basically a discrete representation
of the geometric domain on which the problem is to be solved. The computational domains with
irregular geometries by a collection of finite elements make the method a valuable practical tool for
the solution of boundary value problems arising in various fields of engineering. Figure 2 displays
the finite element mesh of the present physical domain.
4.1 Grid-independent test
An extensive mesh testing procedure is conducted to guarantee a grid-independent solution
for Ra = 104, Pr = 6.2, φ = 10%, Q = 0, Dp = 5, and D = 0.2 in a horizontal annulus. In the present
work, we examine five different non-uniform grid systems with the following number of elements
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Fig. 2. Mesh generation of the annulus.

Fig. 3. Grid-independency study for Pr = 6.2,
Gr = 104, Q = 1, Dp = 5, D = 0.2, and φ = 10%.
[Color figure can be viewed in the online issue,
which is available at
wileyonlinelibrary.com/journal/htj.]

within the resolution field: 1569, 2730, 3516, 4657, and 5426. The numerical scheme is carried out
for a highly precise key in the average Nusselt number Nu for the aforesaid elements to develop an
understanding of the grid fineness as shown in Fig. 3. The corresponding detail data is displayed in
Table 2. The scale of the average Nusselt number for 4657 elements shows little difference with the
results obtained for the other elements. Hence, considering the non-uniform grid system of 4657
elements is preferred for the computation.
4.2 Code validation
The model validation is an important part of a numerical investigation. Hence, the outcome
of the present numerical code is benchmarked against the numerical result of Abu-Nada [16] which
was reported for the effects of variable viscosity and thermal conductivity of Al2O3–water nanofluid
on heat transfer enhancement in natural convection in an annulus. The comparison is conducted while
employing the dimensionless parameters Ra = 105, L/D = 0.8, φ = 4%, and Pr = 0.7 for both the
streamlines and isotherms. This validation boosts the confidence in our numerical code to carry on
Table 2. Grid Sensitivity Check at Pr = 6.2, Gr = 104, Q = 1, Dp = 5, D = 0.2, and φ = 10%
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Fig. 4. Comparison between present work and Abu-Nada [21] for Ra = 105, L/D = 0.8, φ = 4%,
and Pr = 0.7.
with the above-stated objective of the current investigation. As shown in Fig. 4, the new model is able
to reproduce the published result of Abu-Nada [25].
5. Results and Discussion
In this section, numerical results of streamlines and isotherms for various values of the heat
generation parameter Q, mean diameter of the nanoparticles Dp, and the diameter of inner cirle D are
displayed. The considered values of Q, Dp, and D are Q (= 0, 1, 5, and 10), Dp (= 5, 25, 50, and 100)
and D (= 0.1, 0.2, 0.4, and 0.6). For this investigation, Rayleigh number (Ra), Prandtl number (Pr),
and solid volume fraction (φ) are kept fixed at 104, 6.2, and 10%, respectively. In addition, the values
of the local and average Nusselt numbers as well as mean temperature of the nanofluid in the annulus
have been calculated for different mentioned parameters for both the Pak and Cho correlation [26]
and the Brinkman model [27].
Figures 5(a) and 5(b) indicate the influence of different values of the internal heat generation
parameter (Q) on the velocity and temperature profiles in an annulus filled with water–alumina
nanofluid while Dp and D are fixed at 5 and 0.2, respectively. The streamlines and isotherms for both
models are almost similar. For Q = 0, the flow field is characterized by two primary revolving cells
that occupy the bulk of the annulus. The right and left eddies move in clockwise and counter-clockwise
directions, respectively. In addition it appears from Fig. 5(a) that the overall feature of the streamlines
is not perturbed by varying Q from 0 to 10 in the free convection regime except when the size of the
cells reduces.
The corresponding isothermal lines in Fig. 5(b) become more bent and take a circular shape
in the upper and lower portions of the annulus, respectively, whereas initially (Q = 0), they are almost
flat. It is important to note that the isotherms are clustered near the heat source of the annulus for the
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absence of internal heat generation. This indicates a temperature gradient in the normal direction in
this region. The strength of the flow circulation is much higher for high Q values. The thick boundary
layer diminishes with the escalating values of Q. In addition, the isothermal lines occupy the whole
annulus due to the fact that an increase in Q raises the internal energy of the fluid. This is true for both
models. However, the increase in the thermal gradients at the heated inner circular surface is much
higher for the Pak and Cho model [26] than for the Brinkman model [27]. This means that higher heat
transfer rates are predicted by the Pak and Cho model [26] than for the Brinkman model [27] as will
be seen in the subsequent figures.
To study the effect of the mean nanoparticle diameter on the heat transfer, the nanoparticle
diameter is varied between 5 nm and 100 nm, while Q = 1 and D = 0.2. The streamlines and temperature
contours are presented in Figs. 6(a) and 6(b). As the mean nanoparticle diameter increases, the
corresponding velocity boundary layer grows down and hence the heat transfer enhancement is
reduced. Notice that the fluids suspended with Al2O3 nanoparticles for the Pak and Cho model [26]

Fig. 6. Effect of Dp on (a) streamlines and (b)
isotherms with Q = 1, D = 0.2 (colored lines
for Pak and Cho model and black lines for
Brinkman model). [Color figure can be
viewed in the online issue, which is available
at wileyonlinelibrary.com/journal/htj.]

Fig. 5. Effect of Q on (a) streamlines and (b)
isotherms with Dp = 5, D = 0.2 (colored lines
for Pak and Cho model and black lines for
Brinkman model). [Color figure can be
viewed in the online issue, which is available
at wileyonlinelibrary.com/journal/htj.]
546

mitigate the fluid flow in the annulus, except for Dp = 5 nm, when compared with the Brinkman model
[27]. This phenomenon is mainly caused by the effective dynamic viscosity, which dominates the
heat transfer characteristic of the nanofluid flow. Two circular cells are formed at relatively low values
of the mean diameter of the nanoparticles (Dp). The shape of these cells becomes smaller with a
growing Dp. The value of the absolute circulation strength and the thermal current activities lessen
with an increase in the mean nanoparticle diameter for both models. It is worth noting that as the mean
diameter of the nanoparticles decreases, the thickness of the thermal plume above the inner cylinder
increases which indicates a steep temperature gradient and hence an increase in the overall heat
transfer within the annulus. This fact, due to a solid concentration of nanoparticles, does not have
considerable effect when the buoyancy force is low at the conduction mode.
The effect of the physical parameter (diameter of inner circle D) on the velocity and
temperature profiles is depicted in Figs. 7(a) and 7(b) when Q = 1 and Dp = 5. It is important to note
that with the variation of D from 0.1 to 0.6, a similarity in the velocity and temperature fields between
the two types of considered models is observed. The vortices created in the velocity field become
compressed near the outer surface due to the enhanced physical parameter. The corresponding
isothermal lines are also clustered. The strength of the flow circulation and the thermal current

Fig. 7. Effect of D on (a) streamlines and (b) isotherms with Q = 1, Dp = 5 (colored lines for Pak
and Cho model and black lines for Brinkman model). [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com/journal/htj.]
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activities are much more activated with the falling D. For D = 0.6, the isothermal lines become more
circular than the case of D = 0.1 in the entire region of the annulus. This is true for both the considered
models. However, the increase in the thermal gradients is much higher for the Pak and Cho model
[26] than for the Brinkman model [27]. This means that higher heat transfer rates are predicted by the
Pak and Cho model [26] than for the Brinkman model [27] for diminishing values of D as seen in
Fig. 7(b).
The average Nusselt number (Nu) along the hot surface from the numerical results for various
values of Q, Dp, and D are depicted in Figs. 8(i)–8(iii), respectively. It is well known that Nu, a

Fig. 8. Plots of (i) Nu with Q, (ii) Nu with Dp, and (iii) Nu with D. [Color figure can be viewed in
the online issue, which is available at wileyonlinelibrary.com/journal/htj.]
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Fig. 9. Average temperature of the fluid
inside the annulus for the influences of (i) Q,
(ii) Dp, and (iii) D. [Color figure can be
viewed in the online issue, which is available
at wileyonlinelibrary.com/journal/htj.]

Fig. 10. Plots of (i) Nulocal, (ii) Nu, and (iii)
temperature distribution with angular
displacement ϕ. [Color figure can be viewed
in the online issue, which is available at
wileyonlinelibrary.com/journal/htj.]

measure of heat transfer, is optimized at the lowest Q, Dp, and D for the Pak and Cho model [26], the
Brinkman model [27], and clear water. In the case of a nanofluid, the heat transfer rate is more effective
for the Pak and Cho model [26] than for the Brinkman model [27]. But when compared to the base
fluid, this rate of heat transfer is more effective for a nanofluid as shown in Figs. 8(ii)–8(iii). This
mitigation of heat transfer is mainly attributed to the effective dynamic viscosity which is predominant
in the natural convection of nanofluids for low effective thermal conductivity.
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As Q = q(ro − ri)2 / nf(Th − Tc), so increasing heat generation decreases the temperature difference between hot and cold boundaries. Thus the rate of heat transfer diminishes. Again a rising D
enhances the heated portion of the annulus. So the average heat transfer decreases. As the mean
nanoparticle diameter Dp increases, the corresponding flow velocity decreases and hence the heat
transfer enhancement is reduced. Notice that the fluids suspended with Al2O3 nanoparticles mitigate
the fluid flow in the cavity except for Dp = 5 nm when compared with the pure fluid. This phenomenon
is mainly caused by the effective dynamic viscosity, which dominates the heat transfer characteristic
of the nanofluid flow as the knf / kf reaches unity.
Furthermore, the percent devalues in Nu for the increases in the parameters Q and D using the
Pak and Cho model [26], Brinkman model [27], and the base fluid (φ = 0%) are 32%, 30%, and 26%,
respectively, and 39%, 36%, and 32%, respectively. The average Nusselt number increases by 12%
and 8% as the mean nanoparticle diameter is reduced from 100 to 5 nm with the Pak and Cho model
[26] and Brinkman model [27], respectively.
Figures 9(i)–9(iii) plot the mean temperature (θav) for both type of fluids in the annulus for
the controlling parameters Q, Dp, and D. It is observed from these figures that θav grows sequentially
with increasing values of Q, Dp, and D. This is expected because growing values of these parameters
enhance the potency of thermal behavior inside the boundary layer.
The local Nusselt number (Nulocal), average Nusselt number (Nu), and the bulk temperature
(θ) along with the angular displacement ϕ are depicted in Figs. 10(i)–10(iii). The values of Nulocal
and Nu diminish slightly up to ϕ = 90° and beyond this region they rise for the case of a nanofluid (φ
= 10%) using both employed models and base fluid (φ = 0%). Also, the bulk temperature of the fluid
(nano and pure) grows sharply up to ϕ ≤ 90° and in the region 90° < ϕ ≤ 360° it grows down
sequentially. Using the Pak and Cho model [26], the temperature distribution is higher than the
Brinkman model [27] as well as the clear water case.
6. Conclusion
The current investigation is concerned with heat and fluid flow of natural convection in an
annulus with a water–alumina nanofluid. The results of this work illustrate that the heat transfer
characteristics of the nanofluid can be enhanced as the nanoparticle mean diameter is reduced from
100 nm to 5 nm. These phenomena can be attributed to the dominant effect of the Brownian motion
caused by heat convection. The increase of nanofluid temperature is found to augment the mean
nanoparticle diameter inside the annulus. However, the heat transfer rate of the nanofluid compared
with the pure fluid becomes more significant as the dimensionless internal heat generation parameter
and the diameter of inner circle reduce from 10 to 0 and 0.6 to 0.1, respectively. This effect of
nanofluids is mainly caused by the effective dynamic viscosity. The mean temperature (θav) of the
fluids inside the boundary layer is also established for the effect of Q, Dp, and D where transport
activities can be manipulated. For variable viscosity considering this geometry, the Pak and Cho model
[26] plays a more momentous role for transferring heat than the Brinkman model [27]. Future work
is recommended to extend the current investigation to a model with concentration distributions of
nanoparticles. This model will aid in examining the contribution of the effect of particle migration in
augmenting the heat transfer in the present configuration.
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