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Abstract
Purpose – The purpose of this work is to study heat and mass transfer from mixed convection flow
of polar fluid along a plate in porous media with chemical reaction.
Design/methodology/approach – The governing equations for this problem are solved numerically.
Findings – Polar fluids behave very differently from Newtonian fluids.
Originality/value – This work is original as little work has been reported for polar fluids.
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Nomenclature
C, D
Ca; Cd
Cf
Cp
Cw
C1
Da
F
g

¼ species concentration and mass
diffusivity, respectively
¼ coefficients of couple stress
viscosities
¼ local skin-friction coefficient
¼ specific heat at constant pressure
¼ surface concentration
¼ species concentration far from the
surface
¼ Darcy number
¼ dimensionless velocity component
¼ acceleration due to gravity

¼ empirical
constant
in
the
second-order resistance term
Gr,Gr * ¼ Grashof
numbers
due
to
temperature and concentration,
respectively
I
¼ a constant of dimension equal to
that of the moment of inertia of unit
mass
k
¼ thermal conductivity of fluid
k1
¼ first-order chemical reaction rate
K
¼ permeability of the porous medium
L
¼ characteristic length
G
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N
Nux
Pr
qw
Q0
Q
Re
Sc
Shx
T
Tw
T1
u, v
U1
x, y

¼ ratio of the Grashof numbers
¼ local Nusselt number
¼ Prandtl number
¼ heat transfer coefficient
¼ heat generation coefficient
¼ heat generation or absorption
parameter
¼ local Reynolds number
¼ Schmidt number
¼ local Sherwood number
¼ temperature in the boundary layer
¼ temperature at the wall
¼ temperature of fluid far away from
the wall
¼ components of velocities along and
perpendicular to the plate,
respectively
¼ free stream velocity (at edge of
boundary layer)
¼ coordinate system

Greek symbols
a; b
¼ material parameters characterizing
the polarity of the fluid
b,b * ¼ volumetric coefficients of the
thermal and concentration
expansions, respectively

g
G
D
Q, F
v
l, l *
j; h
r
1
m
mr
n
nr
V

¼ spin gradient velocity
¼ Forchheimer’s drag parameter
¼ chemical reaction parameter
¼ dimensionless temperature and
concentration, respectively
¼ angular velocity of rotation of
particles
¼ buoyancy parameters due to
temperature and concentration
gradients, respectively
¼ transformed variables
¼ density of the fluid
¼ porosity of the porous medium
¼ dynamic viscosity of the fluid
¼ rotational viscosity
¼ kinematic viscosity
¼ rotational kinematic viscosity
¼ dimensionless angular velocity

Subscripts
C
¼ of concentration
T
¼ of temperature
w, 1 ¼ conditions at the wall and infinity,
respectively
j; h
¼ denote the partial derivatives w.r.t.
these variables, respectively

1. Introduction
Mixed convection flow through porous media occurs in a variety of technological
and industrial applications, as well as in many natural circumstances, such as storage of
nuclear waste material, packed-bed reactors, pollutant dispersion in aquifers,
geothermal extraction, industrial and agricultural distribution, ground water flows,
cooling of electronic components, thermal insulation engineering, food processing, casting
and welding of manufacturing processes, the dispersion of chemical contaminants
in various processes in the chemical industry and in the environment, soil pollution,
fibrous insulation and even for obtaining approximate solutions for flow through
turbo-machinery. Comprehensive theories and experiments of thermal convection in
porous media and review of literature, with special emphasis on practical applications,
have been reported in the recent books by Nield and Bejan (2006), Ingham and Pop (2005),
Vafai (2005), Ingham et al. (2004) and Bejan et al. (2004). Merkin (1980, 1985) has studied
dual solutions occurring in the problem of the mixed convection flow over a vertical
surface through a porous medium with constant temperature for the case of opposing flow.
Aly et al. (2003) and Nazar and Pop (2004) have investigated the existence of dual solutions
for mixed convection in porous medium. Chin et al. (2007) have investigated the
steady mixed convection boundary layer flow over a vertical impermeable surface
embedded in a porous medium when the viscosity of the fluid varies inversely as a linear
function of the temperature. In this study, both the cases of assisting and opposing flows
are considered.

Problems involving combined heat and mass transfer in presence of chemical
reaction are of great importance in many processes such as drying, distribution
of temperature and moisture over agricultural fields and groves of fruit trees, damage
of crops due to freezing, evaporation at the surface of a water body, energy transfer in
a wet cooling tower and flow in a desert cooler, heat and mass transfer occur
simultaneously. Chemical reactions can be modeled as either homogeneous or
heterogeneous processes. This depends on whether they occur at an interface or a single
phase volume reaction. A homogeneous reaction is one that occurs uniformly throughout
a given phase. The species generation in a homogeneous reaction is the same as the
internal source of heat generation. On the other hand, heterogeneous reaction takes place
in a restricted area or within the boundary of a phase. The order of the chemical reaction
depends on several factors. One of the simplest chemical reactions is the first-order
reaction in which the rate of reaction is directly proportional to the species concentration.
Seddeek (2005) has studied, using the finite element method, the effects of chemical
reaction, variable viscosity, thermophoresis, and heat generation/absorption on a
boundary layer hydromagnetic flow with heat and mass transfer over a heat surface.
Kandasamy et al. (2005a, b) have examined the effects of chemical reaction, heat and
mass transfer on with or without MHD flow with heat source/suction. Raptis and
Perdikis (2006) have examined the effects of viscous flow over a non-linearly stretching
sheet in the presence of chemical reaction and magnetic field.
Non-Newtonian boundary layer flows through porous medium with heat and mass
transfer are seen in such wide applications as fluid film lubrication, analysis of polymer in
chemical engineering, etc. The boundary layer flows for such fluids have been discussed
by many research workers. Here, we shall restrict our analysis to a special family of
non-Newtonian fluids, the so-called polar fluid, whose constitutive equations are
characterized by Aero et al. (1965) and D’ep (1968), exhibits a boundary layer phenomenon.
In the literature, the fluids which sustain couple stresses, called polar fluids, model those
fluids with micro-structures, which are mechanically significant when the characteristic
dimension of the problem is of the same order of magnitude as the size of the
micro-structure. Extensive reviews of the theory can be found in the review article by
Cowin (1974). Since the micro-structure size is the same as the average pore size, it is
pertinent to study the flow of polar fluids through a porous medium. Examples of
fluids which can be modeled as polar fluids are mud, crude oil, body fluids, lubricants with
polymer additives, etc. The effects of couple stresses on the flow through a porous medium
have been studied by Patil and Hiremath (1992). Hiremath and Patil (1993) have examined
the effects of free convection on the oscillatory flow of a couple stress fluids through a
porous medium. The effects of MHD on unsteady free convection flow past a vertical
porous plate was investigated by Helmy (1998). Raptis and Takhar (1999) have discussed
steady flow of a polar fluid through a porous medium by using Forchheimer’s model. Kim
(2001) has analyzed unsteady MHD convection flow of polar fluids past a vertical moving
porous plate in a porous medium. Analytical solutions for the problem of the flow of a polar
fluid past a vertical porous plate in the presence of couple stresses and radiation, where the
temperature of the plate is assumed to oscillate about a mean value were reported by
Ogulu (2005). Patil and Kulkarni (2008) have examined the effects of chemical reaction on
free convective flow of a polar fluid through a porous medium in the presence of internal
heat generation. Patil (2008) has studied the effects of free convection on the oscillatory
flow of a polar fluid through a porous medium in presence of variable heat flux. Patil
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and Kulkarni (2009) have examined free convective oscillatory flow of a polar fluid
through a porous medium in the presence of oscillating suction and temperature.
The aim of the present study is to investigate the effects of chemical reaction and
internal heat generation or absorption on the double diffusive mixed convection flow of
a polar fluid through a porous medium in the presence of couple stresses. The flow
configuration is modeled as hot vertical plate maintained at a constant temperature
and constant species concentration bounding the porous region filled with water
containing soluble and insoluble chemical materials. The system of non-linear coupled
non-similar partial differential equations governing the flow is solved numerically
using the method of quasi-linearization and an implicit finite difference scheme Inouye
and Tate (1974) and also in a recent paper by Patil et al. (2010). The study reveals that
the flow field is considerably influenced by the polar effects in presence of linear
chemical reaction, heat source or sink and couple stresses.
2. Mathematical formulation
Consider steady, laminar, two-dimensional mixed convection flow of a viscous
incompressible polar fluid through a porous medium bounded by a semi-infinite
vertical porous plate embedded in a non-Darcian porous medium. The X-axis is taken
along the vertical plate and the Y-axis is normal to it. The velocity, angular velocity,
temperature and concentration fields are given by (u,v,0), (0,0,v), T and C, respectively.
Figure 1 shows the coordinate system and physical model for the flow configuration.
The surface is maintained at a constant temperature TW and constant species
concentration CW different from the free stream temperature T1 and concentration

Figure 1.
The physical model and
coordinate system

C1 sufficiently away from the surface and allows a constant suction. A heat source is
placed within the flow to allow possible heat generation or absorption effects. The
concentration of diffusing species is assumed to be very small in comparison with
other chemical species far from the surface C1 and is infinitely small. Hence, the Soret
and Dufour effects are neglected. A homogeneous first-order chemical reaction is
assumed to take place in the flow. All thermo-physical properties of the fluid in the
flow model are assumed to be constant except the density variations causing the body
force term in the momentum equation. The Boussinesq approximation is invoked for
the fluid properties to relate density changes to temperature and concentration
changes, and to couple in this way the temperature and concentration fields to the flow
field (Schlichting, 2000). Under the above assumptions, the equations of conservation of
mass, momentum, angular momentum, energy and concentration governing the mixed
convection boundary layer flow through porous medium are given by Aero et al. (1965)
and Hossain et al. (1994):

›u › v
þ ¼ 0;
›x ›y
u

ð1Þ

›u
›u
›2 u
›v
þ v ¼ ðn þ nr Þ 2 þ 2nr
þ g½bðT 2 T 1 Þ þ g b * ðC 2 C 1 Þ
›x
›y
›y
›y
2


1ðn þ nr Þ
G1 2 
ðu 2 U 1 Þ 2 1=2 u 2 2 U 21 ;
K
K

›v
›v g ›2 v
þv
¼
;
›x
›y
I ›y 2

ð3Þ

›T
›T
l ›2 T
Q0
þv
¼
þ
ðT 2 T 1 Þ;
›x
›y
rC P ›y 2 rC P

ð4Þ

›C
›C
›2 C
þv
¼ D 2 2 k1 ðC 2 C 1 Þ
›x
›y
›y

ð5Þ

u

u

ð2Þ

u

where g ¼ ðC a þ C d ÞI 21 and all parameters appearing in the subsequent and
following equations are defined in the Nomenclature section.
The appropriate boundary conditions for the problem under consideration are
given by:
›v
›2 u
y ¼ 0 : u ¼ 0; v ¼ 0;
¼ 2m 2 ; T ¼ T w ; C ¼ C w ;
›y
›y
ð6Þ
y ! 1 : u ! U 1 ; v ! 0; T ! T 1 ; C ! C 1 :
The boundary conditions (6) are derived from the assumption that the couple stresses
are dominant during the rotation of the particles (D’ep, 1968). Further, m is a constant
and 0 # m # 1. The case m ¼ 0, which corresponds to ð›v=›yÞ ¼ 0 at the wall
represents concentrated particle flows in which the micro elements close to the wall
surface are not able to rotate. This case is known as strong concentration of micro
elements. The case m ¼ 0.5, which corresponds to the vanishing of antisymmetric
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part of the stress tensor and indicates weak concentration of micro elements. The case
m ¼ 1.0, which corresponds to the modeling of turbulent boundary layer flows.
Here, we shall consider the case of m ¼ 0.5.
Defining the stream function cðx; yÞ in the usual way as:
u¼

904

›c
;
›y

v¼2

›c
;
›x

ð7Þ

and substituting the following non-dimensional quantities:
 1=2
x
U1
j¼ ; h¼
y; c ðx; yÞ ¼ ðnU 1 xÞ1=2 f ðj; hÞ;
nx
L
 1=2
U1
v¼
U 1 Vðj; hÞ;
nx

u ¼ U1

›f
;
›h

v¼2

ðnU 1 xÞ1=2
ð f ðj; hÞ þ 2jf j 2 hf h Þ;
2x

Re ¼

U 1L
;
n

Da ¼

K
;
1L 2

Pr ¼

g b * ðC W 2 C 1 ÞL 3
;
n2

rnC p
;
k

D¼

k1 L
;
U1

nr
;
n

b¼

In
;
g

ðT 2 T 1 Þ ¼ ðT W 2 T 1 ÞQðj; hÞ;

ðC 2 C 1 Þ ¼ ðC W 2 C 1 ÞFðj; hÞ;
Gr * ¼

a¼

l¼
Sc ¼

Q¼
Gr
;
Re2

n
;
D

Q0 L
;
rC p U 1

l* ¼
G¼

Gr ¼

Gr *
;
Re2

ð8Þ

gbðT W 2 T 1 ÞL 3
;
n2

N¼

l*
;
l

G1 3=2
K 1=2

into equations (2)-(5) obtains the following non-dimensional equations:
f
j
Gj
2a
Fh 2
ðF 2 1Þ 2
ðF 2 2 1Þ þ
Vh
Da Re
ð1 þ aÞ
ð1 þ aÞ
2ð1 þ aÞ
l
j
½FF j 2 f j F h 
þ
jðQ þ N FÞ ¼
ð1 þ aÞ
ð1 þ aÞ

F hh þ

f
b
Vhh þ b Vh þ FV ¼ bj ½FVj 2 f j Vh ;
2
2
Qhh þ

Fhh þ

ð9Þ

ð10Þ

Pr f
Qh þ Pr QjQ ¼ Pr j ½FQj 2 f j Qh ;
2

ð11Þ

Scf
Fh 2 ScDjF ¼ Scj ½FFj 2 f j Fh ;
2

ð12Þ
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and the boundary conditions (6) reduce to the following non-dimensional form:

h¼0:

1
Vh ¼ 2 F hh ; Q ¼ 1; F ¼ 1;
2
F ! 1; V ! 0; Q ! 0; F ! 0:

F ¼ 0;

h!1:

ð13Þ

The momentum equation (9) is coupled with all the other equations of the system.
The material parameter a appearing in equation (9) is the non-dimensional parameter
representing the ratio between the rotational kinematic viscosity (nr ) and kinematic
viscosity (n). Another material parameter b appearing in equation (10) is a
non-dimensional parameter representing the ratio between the kinematic viscosity
and coefficients of couple stress viscosities. Both of the material parameters a
and b characterize the polarity of the fluid. When a ¼ 0 and b ¼ 0, the problem
reduces to the corresponding Newtonian fluid case. The ratio of Grashof numbers
N appearing in equation (9) is the non-dimensional parameter representing the ratio
between the buoyancy force due to concentration difference and the buoyancy force
due to temperature difference. N is zero for no buoyancy effect due to mass diffusion,
infinite for no buoyancy effect due to thermal diffusion, and is unity for thermal and
mass buoyancy forces of the same strength. It is also positive (. 0) for the case in
which the combined buoyancy forces are driving or assisting the flow and negative
(, 0) when the buoyancy forces are opposing each other. The heat generation or
absorption parameter Q appearing in equation (11) is the non-dimensional parameter
based on the amount of heat generated or absorbed per unit volume is Q0 ðT 2 T 1 Þ;
Q0 being constant coefficient, which may take either positive or negative values. The
source term represents the heat generation when Q is positive (. 0) and the heat
absorption when Q is negative (, 0). Q is zero for no heat source. The chemical
reaction parameter D appearing in equation (12) is the non-dimensional parameter
representing the generation or consumption of the diffusing species. D is positive
(. 0) for species generation, negative (, 0) for species consumption and is zero for no
chemical reaction.
The quantities of physical interest, namely, the skin-friction coefficient ðRe1=2 C f Þ,
wall couple stress coefficient Cmf, local Nusselt number ðRe21=2 Nux Þ and the local
Sherwood number ðRe21=2 Shx Þ are defined, respectively, as follows:
C f ¼ ðm þ mr Þ

›u=›y
ð1=2ÞrU 21

¼ 2ð1 þ aÞj

21=2

C mf

Nux ¼ 2x

¼ 2ð1 þ aÞRe21=2 j 21=2 F h ðj; 0Þ; i:e: C f Re1=2

ð14Þ

F h ðj; 0Þ:
 
g ›v
U1
¼
ðjbÞ21 Vh ðj; 0Þ:
¼
I mU 1 ›y
mL

›T=›y
¼ 2Re1=2 j 1=2 Qh ðj; 0Þ; i:e: Re21=2 Nux
ðT w ðxÞ 2 T 1 Þ

¼ 2j 1=2 Qh ðj; 0Þ:

ð15Þ

ð16Þ
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Shx ¼ 2x

›C=›y
¼ 2Re1=2 j 1=2 Fh ðj;0Þ; i:e: Re21=2 Shx ¼ 2j 1=2 Fh ðj;0Þ: ð17Þ
ðC w ðxÞ 2 C 1 Þ

3. Method of solution
The set of non-dimensional equations (9)-(12) under the boundary conditions (13) have
been solved numerically using an implicit finite difference scheme in combination with
the quasi-linearization technique by Inouye and Tate (1974) and also in a recent paper
by Patil et al. (2010). An iterative sequence of linear equations is carefully constructed
to approximate the nonlinear equations (9)-(12) under the boundary conditions (13)
achieving quadratic convergence and monotonicity. By applying quasi-linearization
technique, the non-linear coupled ordinary differential equations (9)-(12) with the
boundary conditions (13) are replaced by the following sequence of linear ordinary
differential equations:
i ðiþ1Þ
F ðiþ1Þ
þ Ai2 F ðiþ1Þ þ Ai3 F ðiþ1Þ
þ Ai4 Vðiþ1Þ
þ Ai5 Qðiþ1Þ þ Ai6 Fðiþ1Þ ¼ Ai7 ; ð18Þ
hh þ A1 F h
h
j
i ðiþ1Þ
Vðiþ1Þ
þ B2i Vði þ 1Þ þ B3i Vðij þ 1Þ þ Bðiþ1Þ
F ði þ 1Þ ¼ B5i ;
hh þ B1 Vh
4

ð19Þ

i ðiþ1Þ
Qðiþ1Þ
þ C 2i Qðiþ1Þ þ C 3i Qðiþ1Þ
þ C 4i F ðiþ1Þ ¼ C 5i ;
hh þ C 1 Qh
j

ð20Þ

i ðiþ1Þ
þ D2i Fðiþ1Þ þ D3i Fðiþ1Þ
þ D4i F ðiþ1Þ ¼ D5i ;
Fðiþ1Þ
hh þ D1 Fh
j

ð21Þ

where:
Ai1 ¼ ð1 þ aÞ21




f
þ jf j ;
2

Ai2 ¼ 2j




1
F j þ 2GF
;
þ
Da Re
ð1 þ aÞ

Ai3 ¼ 2

j
F;
1þa

2a
j
j
l; Ai6 ¼
lN ;
; Ai5 ¼
1þa
1þa
1þa
 2



GF þ FF j
1
G
f
b
i
i
A7 ¼ 2j
þ
; B1 ¼ b þ jf j ; B2i ¼ F;
þ
ð1 þ aÞ
2
Da Re ð1 þ aÞ
2




V
V
B3i ¼ 2bjF; B4i ¼ b
2 jVj ; B5i ¼ b
2 jVj F;
2
2


f
C 1i ¼ Pr þ jf j ; C 2i ¼ Pr jQ; C 3i ¼ 2Pr jF; C 4i ¼ 2Pr jQj ;
2


f
i
i
C 5 ¼ 2Pr jQj F; D1 ¼ Sc þ jf j ; D2i ¼ 2ScjD; D3i ¼ 2ScjF;
2
Ai4 ¼

D4i ¼ 2ScjFj ;

D5i ¼ 2ScjFFj :

The coefficient functions with iterative index i are known and the functions with
iterative index (i þ 1) are to be determined. The boundary conditions are given by:

F ðiþ1Þ ¼ 0;
F

ðiþ1Þ

! 1;

1
Vðiþ1Þ
¼ 2 F ðiþ1Þ
;
h
2 hh
V

ðiþ1Þ

! 0;

Q

Qðiþ1Þ ¼ 1;

ðiþ1Þ

Fðiþ1Þ ¼ 1 at h ¼ 0;
ð22Þ

! 0;

F

ðiþ1Þ
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! 0 as h ! 1

Since the method is explained by Inouye and Tate (1974) and also in a recent paper by
Patil et al. (2010), its detailed analysis is not presented here for the sake of brevity.
In brief, the non-linear coupled ordinary differential equations were replaced by an
iterative sequence of linear equations following quasi-linearization technique. The
resulting sequences of linear ordinary differential equations were expressed in
difference form using central difference scheme in h-direction. In each iteration step,
the equations were then reduced to a system of linear algebraic equations with a block
tri-diagonal structure which is solved by using the Varga’s algorithm (Varga, 2000).
To ensure the convergence of the numerical solution to exact solution, the step size
Dh and the edge of the boundary layer have been optimized and the result presented
here are independent of the step size at least up to the fifth decimal place. The step size
of Dh has been taken as 0.001. A convergence criterion based on the relative difference
between the current and previous iteration values is employed. When the difference
reaches less than 102 5, the solution is assumed to have converged and the iterative process
is terminated.
4. Result and discussion
The numerical computations have been carried out for various values of the
parameters, namely, a(0.0 # a # 1.5), b(2.0 # b # 10.0), N(2 1.0 # N # 5.0),
l(2 0.4 # l # 100.0), Sc(0.22 # Sc # 2.57), Q(21.0 # Q # 1.0), D(2 0.5 # D # 0.5),
G(0 # G # 2), Pr(0.7 # Pr # 7.0) and Da(1.0 # Da # 1000000.0). The edge of the
boundary layer h1 is taken between 3.0 and 10.0 depending on the values of the
parameters. The results have been obtained for both polar fluid and corresponding
flow problem of a Newtonian (viscous) fluid.
The effects of the ratio of buoyancy forces parameter (N) and the Darcy number (Da)
on the velocity F(j,h), angular velocity V(j,h), temperature Q(j,h) and concentration
F(j,h) profiles are shown in Figures 2-9. The velocity F(j,h) and skin-friction
coefficient (Re1/2Cf) profiles for different values buoyancy ratio parameter (N) and
Darcy number (Da) are shown in Figures 2 and 3, respectively. It is observed from
Figure 2 that, for positive values of the ratio of buoyancy forces aiding flow (N . 0),
the buoyancy forces show significant overshoot in the velocity profiles near the wall.
The physical reason is that the due to combined effects of assisting buoyancy forces
due to thermal and concentration gradients and heat generation acts like a favorable
pressure gradient which enhances the fluid acceleration. The magnitude of the
overshoot decreases for negative values of the buoyancy ratio opposing flow (N , 0).
Further, it is observed that the velocity decreases in the presence of a porous medium
as compared to the case without a porous medium ðDa ! 1Þ. The effects of N (the ratio
of buoyancy forces) and Darcy number (Da) on the skin-friction coefficient ðRe1=2 C f Þ
when l ¼ 1.0, b ¼ 2.0, Sc ¼ 2.57, D ¼ 0.5, Pr ¼ 0.7, Re ¼ 10.0, a ¼ 0.5, G ¼ 1 and
Q ¼ 0.5 are shown in Figure 3. The results reveal that the skin-friction coefficient
(Re1/2Cf) increases with N for both negative and positive values monotonously. This
is due to the fact that the increase of N enhances the fluid acceleration and hence,
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Figure 2.
Effects of N and Da on
velocity profile for l ¼ 2,
a ¼ 1, b ¼ 2, D ¼ 0.5,
j ¼ 0.5, G ¼ 1, Re ¼ 5,
Sc ¼ 0.22, Q ¼ 0.5 and
Pr ¼ 0.7

Figure 3.
Effects of N and Da on
skin-friction coefficient for
Re ¼ 10, a ¼ 0.5, b ¼ 2,
l ¼ 1, D ¼ 0.5, Q ¼ 0.5,
Pr ¼ 0.7, Sc ¼ 2.57 and
G¼1
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Figure 4.
Effects of N and Da on
angular velocity profile for
l ¼ 2, a ¼ 1, b ¼ 2,
D ¼ 0.5, j ¼ 0.5, G ¼ 1,
Re ¼ 5, Sc ¼ 0.22, Q ¼ 0.5
and Pr ¼ 0.7

Figure 5.
Effects of N and Da on
couple stress coefficient
for Re ¼ 10, a ¼ 0.5,
b ¼ 2, l ¼ 1, D ¼ 0.5,
Q ¼ 0.5, Pr ¼ 0.7,
Sc ¼ 2.57 and G ¼ 1

HFF
23,5

910

Figure 6.
Effects of N and Da on
temperature profile for
l ¼ 2, a ¼ 1, b ¼ 2,
D ¼ 0.5, j ¼ 0.5, G ¼ 1,
Re ¼ 5, Sc ¼ 0.22, Q ¼ 0.5
and Pr ¼ 0.7

Figure 7.
Effects of N and Da on
heat transfer coefficient
for Re ¼ 10, a ¼ 0.5,
b ¼ 2, l ¼ 1, D ¼ 0.5,
Q ¼ 0.5, Pr ¼ 0.7,
Sc ¼ 2.57 and G ¼ 1
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Figure 8.
Effects of N and Da on
concentration profile for
l ¼ 2, a ¼ 1, b ¼ 2,
D ¼ 0.5, j ¼ 0.5, G ¼ 1,
Re ¼ 5, Sc ¼ 0.22, Q ¼ 0.5
and Pr ¼ 0.7

Figure 9.
Effects of N and Da on
mass transfer coefficient
for Re ¼ 10, a ¼ 0.5,
b ¼ 2, l ¼ 1, D ¼ 0.5,
Q ¼ 0.5, Pr ¼ 0.7,
Sc ¼ 2.57 and G ¼ 1
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the skin-friction coefficient increases. In particular for Da ¼ 1.0 (porous medium
present) at j ¼ 1.0, the skin-friction coefficient (Re1/2Cf) increases approximately
54 percent as N increases from 1.0 to 5.0 while for without the porous medium
(Da ! 1), the skin-friction coefficient (Re1/2Cf) increases approximately 55 percent
when N increases from N ¼ 1.0 to 5.0.
In Figures 4 and 5, the angular velocity V(j,h) and the wall couple stress coefficient
(Cmf) profiles are displayed for different values buoyancy ratio parameter (N) and
Darcy number (Da), respectively. The negative values of the dimensionless angular
velocity indicate that the micro-rotation of substructures in the polar fluid is
clock-wise. It is observed that the variation of N leads to a decrease in the angular
velocity. Further, the angular velocity is found to increase in the porous medium
(Da ¼ 1.0) for (N , 0), as compared to the case without a porous medium (Da ! 1).
The wall couple stress coefficient (Cmf) increases with N monotonously with increasing
values of j. In particular, at j ¼ 1.0, (Cmf) increases approximately 125 percent as
N increases from 1.0 to 5.0 with a porous medium (Da ¼ 1.0) while for the case without
a porous medium ðDa ! 1Þ, the wall couple stress coefficient ðC mf Þ increases
approximately 131 percent when N increases from N ¼ 1.0 to 5.0.
The temperature Q(j,h) and heat transfer coefficient (Re2 1/2Nux) profiles are
plotted in Figures 6 and 7 for different values buoyancy ratio parameter (N) and Darcy
number (Da), respectively. The results indicate that an increase in the buoyancy ratio
parameter (N) clearly induces a strong reduction in the temperature of the fluid and
thus results into the thinner thermal boundary layer. It is further observed that the heat
transfer coefficient (Re2 1/2Nux) increases with N near the surface and reduces further
as it moves away from the surface. It is also observed that with N # 0, the heat transfer
coefficient ðRe21=2 Nux Þ is found to reduce in the absence of the porous medium
ðDa ! 1Þ near the surface as compared to the case when the porous medium is present
(Da ¼ 1.0). When N . 0, the heat transfer coefficient ðRe21=2 Nux Þ is found to increase
away from the surface in the case when the porous medium is present as compared to
the case without the porous medium ðDa ! 1Þ. In particular, at j ¼ 1.0, (Re2 1/2Nux)
increases approximately 40 percent as N increases from 1.0 to 5.0 with the porous
medium (Da ¼ 1.0) while for the case without the porous medium (Da ! 1),
(Re2 1/2Nux) increases approximately 42 percent when N increases from N ¼ 1.0 to 5.0.
In Figures 8 and 9, the concentration Fðj; hÞ and the mass transfer coefficient
ðRe21=2 Shx Þ profiles are depicted for different values of the buoyancy ratio parameter
(N) and the Darcy number (Da), respectively. It is seen that the concentration profile
decreases with increasing values of N. The concentration profiles remain unchanged
with or without the porous medium. The behavior of the mass transfer rate
ðRe21=2 Shx Þ is the same as in the case of the heat transfer coefficient ðRe21=2 Nux Þ.
In particular, at j ¼ 1.0, (Re2 1/2Shx) increases approximately 5 percent as N increases
from 1.0 to 5.0 in the presence of the porous medium (Da ¼ 1.0) as well as in the
absence of the porous medium (Da ! 1).
The effects of the buoyancy parameter (l) and material parameter (a) on the
velocity Fðj; hÞ, angular velocity Vðj; hÞ, temperature Qðj; hÞ and concentration
Fðj; hÞ profiles are shown in Figures 10-17, respectively. The velocity F(j,h) and the
skin-friction coefficient (Re1/2Cf) profiles are shown in Figures 10 and 11, respectively,
for different values of buoyancy parameter (l) and material parameter (a). It is
observed from the Figure 6 that, for buoyancy aiding flow (l . 0), the buoyancy force
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Figure 10.
Effects of l and a on
velocity profile for N ¼ 1,
Da ¼ 1, b ¼ 2, D ¼ 0.5,
j ¼ 0.5, G ¼ 1, Re ¼ 5,
Sc ¼ 0.22, Q ¼ 0.5 and
Pr ¼ 0.7

Figure 11.
Effects of l and a on
skin-friction coefficient for
Re ¼ 10, Da ¼ 1, b ¼ 2,
N ¼ 1, D ¼ 0.5, Q ¼ 0.5,
Pr ¼ 0.7, Sc ¼ 2.57 and
G¼1
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Figure 12.
Effects of l and a on
angular velocity profile for
N ¼ 1, Da ¼ 1, b ¼ 2,
D ¼ 0.5, j ¼ 0.5, G ¼ 1,
Re ¼ 5, Sc ¼ 0.22, Q ¼ 0.5
and Pr ¼ 0.7

Figure 13.
Effects of l and a on
couple stress coefficient
for Re ¼ 10, Da ¼ 1,
b ¼ 2, N ¼ 1, D ¼ 0.5,
Q ¼ 0.5, Pr ¼ 0.7,
Sc ¼ 2.57 and G ¼ 1
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Figure 14.
Effects of l and a on
temperature profile for
N ¼ 1, Da ¼ 1, b ¼ 2,
D ¼ 0.5, j ¼ 0.5, G ¼ 1,
Re ¼ 5, Sc ¼ 0.22, Q ¼ 0.5
and Pr ¼ 0.7

Figure 15.
Effects of l and a on heat
transfer coefficient for
Re ¼ 10, Da ¼ 1, b ¼ 2,
N ¼ 1, D ¼ 0.5, Q ¼ 0.5,
Pr ¼ 0.7, Sc ¼ 2.57 and
G¼1
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Figure 16.
Effects of l and a on
concentration profile for
N ¼ 1, Da ¼ 1, b ¼ 2,
D ¼ 0.5, j ¼ 0.5, G ¼ 1,
Re ¼ 5, Sc ¼ 0.22, Q ¼ 0.5
and Pr ¼ 0.7

Figure 17.
Effects of l and a on mass
transfer coefficient for
Re ¼ 10, Da ¼ 1, b ¼ 2,
N ¼ 1, D ¼ 0.5, Q ¼ 0.5,
Pr ¼ 0.7, Sc ¼ 2.57 and
G¼1

shows significant overshoot in the velocity profiles with the material parameter a.
As explained before, the physical reason is that the due to combined effects of assisting
buoyancy forces due to thermal and concentration gradients and heat generation acts
like a favorable pressure gradient which enhances the fluid acceleration. Further, it is
observed that the velocity decreases with increasing values of the material parameter a
near the surface and further, increases as it moves away from the surface. However, the
velocity of the polar fluid flow decreases as compared to the Newtonian fluid case
ða ¼ 0; b ¼ 0Þ. The effects of the buoyancy parameter ðlÞ and material parameter ðaÞ
on the skin-friction coefficient ðRe1=2 C f Þ when N ¼ 1.0, b ¼ 2.0, Sc ¼ 2.57, D ¼ 0.5,
Pr ¼ 0.7, Re ¼ 10.0, Da ¼ 1.0, G ¼ 1 and Q ¼ 0.5 are shown in Figure 11. It is observed
that the skin-friction coefficient ðRe1=2 C f Þ increases with the buoyancy parameter (l)
considerably. This is due to the fact that the increase of (l) enhances the fluid
acceleration and hence, the skin-friction coefficient ðRe1=2 C f Þ increases. In particular, for
a ¼ 0.5 at j ¼ 1.0, the skin-friction coefficient ðRe1=2 C f Þ increases approximately
125 percent as l increases from 1.0 to 5.0 while for a ¼ 1.5 the skin-friction coefficient
ðRe1=2 C f Þ increases approximately 108 percent when l increases from l ¼ 1.0 to 5.0.
However, the skin-friction coefficient ðRe1=2 C f Þ for the Newtonian fluid case (a ¼ 0,
b ¼ 0) increases approximately 136 percent when l increases from l ¼ 1.0 to 5.0.
The angular velocity V(j,h) and wall couple stress coefficient (Cmf) profiles are plotted in
Figures 12 and 13, respectively, for different values buoyancy parameter (l) and material
paramete (a). It is noted that the variation of l leads to a considerable decrease
(in magnitude) in the angular velocity. Further, the angular velocity is found to decrease
with an increasing value of the material parameter (a). The wall couple stress coefficient
ðC mf Þ increases with l monotonously for increasing values of j. In particular, at j ¼ 1.0,
(Cmf) increases approximately 252 percent as l decreases from 1.0 to 5.0 when a ¼ 0.5
while for a ¼ 1.5 the wall couple stress coefficient (Cmf) increases approximately
244 percent when l decreases from l ¼ 1.0 to 5.0.
The effects of the buoyancy forces parameter (l) and the material parameter (a) on
temperature Qðj; hÞ and heat transfer rate ðRe21=2 Nux Þ profiles are shown in
Figures 14 and 15. These results indicate that an increase in the material parameter (a)
clearly induces a strong increase in the temperature of the fluid and thus, resulting in a
thicker thermal boundary layer while an increase in the buoyancy parameter (l)
induces a strong reduction in the fluid temperature and hence, yielding a thinner
thermal boundary layer. It is further observed that the heat transfer coefficient
ðRe21=2 Nux Þ increases with (l) near the plate and decreases steadily with increasing
values of j while it decreases with increasing values of the material parameter (a)
throughout. In particular, at j ¼ 1.0, ðRe21=2 Nux Þ decreases approximately 106 percent
as ðlÞ increases from 1.0 to 5.0 for both at a ¼ 0.5 as well as a ¼ 1.5.
Figures 16 and 17 show the influence of the buoyancy parameter (l) and the
material parameter (a) on the concentration Fðj; hÞ and mass transfer rate
ðRe21=2 Shx Þ, respectively. It is noted that an increase in the value of (l) leads to a
fall in the concentration profile while it enhances as the material parameter (a)
increases. It is further observed that the mass transfer coefficient (Re2 1/2Shx) increases
monotonously with (l) for increasing values of j while it decreases with increasing
values of the material parameter (a). In particular, at j ¼ 1.0, (Re2 1/2Shx) increases
approximately 11 percent as (l) increases from 1.0 to 5.0 for a ¼ 0.5 while for a ¼ 1.5,
(Re2 1/2Shx) increases approximately 10 percent when (l) increases from 1.0 to 5.0.
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Figure 18.
Effects of b and a on
velocity profile for N ¼ 1,
Da ¼ 1, l ¼ 5, D ¼ 0.5,
j ¼ 0.5, G ¼ 1, Re ¼ 5,
Sc ¼ 0.22, Q ¼ 0.5 and
Pr ¼ 0.7

The effects of the material parameters (a) and (b) on the velocity F(j,h) and the
angular velocity V(j,h) profiles are shown in Figures 18-21. Figures 18 and 19 show the
velocity F(j,h) and the skin-friction coefficient (Re1/2Cf) profiles for different values of
the material parameter b, respectively. It is noted that the velocity profile decreases
with increasing values of the material parameters (a) and (b). It clearly indicates that
couple stresses are dominant during the rotation of the particles. It is further noted that
the skin-friction coefficient (Re1/2Cf) increases slightly with increasing values of the
material parameters ðaÞ and ðbÞ. In particular, at j ¼ 1.0, (Re1/2Cf) increases
approximately 2 percent as (b) increases from 2.0 to 10.0 for a ¼ 0.5 while for a ¼ 1.5,
(Re1/2Cf) increases approximately 4 percent when (b) increases from 2.0 to 10.0.
Figures 20 and 21 show the angular velocity V(h) and the wall couple stress
coefficient (Cmf) profiles for different values of the material parameter b, respectively.
It is observed that the effects of the material parameter b on the dimensionless angular
velocity are significant. An increase in the value of the material parameter b causes a
rise in the dimensionless angular velocity which clearly indicates that the couple
stresses are dominant during the rotation of the particles. The effects of (a) and (b) (the
material parameters) on the wall couple stress coefficient (Cmf) when l ¼ 5.0, Da ¼ 1.0,
N ¼ 1.0, Sc ¼ 2.57, D ¼ 0.5, Pr ¼ 0.7, Re ¼ 10.0, G ¼ 1 and Q ¼ 0.5 are shown in
Figure 21. It is observed that the wall couple stress coefficient (Cfm) increases as b
increases significantly with increasing values of j. In particular, at j ¼ 1.0, (Cmf)
decreases approximately 80 percent as (b) increases from 2.0 to 10.0 for both cases at
a ¼ 0.5 as well as at a ¼ 1.5.
The effects of the heat generation or absorption parameter (Q) and the Prandtl
number (Pr) on the temperature Q(j,h) profile are shown in Figure 22 for l ¼ 2.0,
Sc ¼ 0.22, N ¼ 1.0, D ¼ 0.5, Re ¼ 10.0, j ¼ 1.0, Da ¼ 1.0, b ¼ 2.0, G ¼ 1 and a ¼ 1.0.
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Figure 19.
Effects of a and b on
skin-friction coefficient for
Re ¼ 10, Da ¼ 1, l ¼ 5,
N ¼ 1, D ¼ 0.5, Q ¼ 0.5,
Pr ¼ 0.7, Sc ¼ 2.57 and
G¼1

Figure 20.
Effects of b Sand a on
angular velocity profile for
N ¼ 1, Da ¼ 1, l ¼ 5,
D ¼ 0.5, j ¼ 0.5, G ¼ 1,
Re ¼ 5, Sc ¼ 0.22, Q ¼ 0.5
and Pr ¼ 0.7

HFF
23,5

920

Figure 21.
Effects of a and b on
skin-friction coefficient for
Re ¼ 10, Da ¼ 1, l ¼ 5,
N ¼ 1, D ¼ 0.5, Q ¼ 0.5,
Pr ¼ 0.7, Sc ¼ 2.57 and
G¼1

It is noted that owing to the presence of heat generation or a heat source effect (Q . 0)
within the boundary layer, the thermal state of the fluid increases. As a result,
the temperature of the fluid increases everywhere away from the boundaries for which
it is maintained constant there. Further, the thermal boundary layer thickness and the
negative wall slope of the temperature distribution enhance. Conversely, the presence
of heat absorption or a heat sink effect (Q , 0) within the boundary layer produces the
opposite effect, namely, it has the tendency to reduce the fluid temperature, the thermal
boundary layer thickness and the negative wall slope of the temperature distribution.
This causes the thermal buoyancy effects to decrease resulting in a net reduction in the
fluid velocity. These behaviors are clearly observed from Figure 22 in which
the magnitude of temperature field decreases for (Q , 0). Moreover, it is also observed
that the thickness of the thermal (temperature) boundary layer decreases as the heat
absorption or heat sink effect increases. Figure 23 shows the variations of the heat
transfer coefficient (Re2 1/2Nux) for different values of the heat generation or absorption
parameter (Q), for l ¼ 2.0, Sc ¼ 2.57, N ¼ 1.0, D ¼ 0.5, Re ¼ 10.0, j ¼ 1.0, Da ¼ 1.0,
b ¼ 2.0, G ¼ 1 and a ¼ 1.0, respectively. It is clear from the Figure 23 that increasing
the heat generation parameter Q results in increases in the skin-friction coefficient and
decreases in the heat transfer rate (Re2 1/2Nux). In addition, it is seen that the effect of
increasing the Prandtl number Pr is to enhance the heat transfer rate and to decrease
the skin-friction coefficient due to reduction in the fluid velocity. It should be noted that
as the Prandtl number Pr increases, both the fluid temperature and velocity decrease.
As a result, the negative wall slopes of the temperature distribution increases
generating an increase in the local Nusselt number and a decrease in the skin-friction
coefficient. The opposite effect is obtained for heat absorption effects. In particular, at
j ¼ 1.0, (Re2 1/2Nux) increases approximately 22 percent as (Q) increases from 0.0 to 1.0
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Figure 22.
Effects of Q and Pr on
temperature profile for
N ¼ 1, Da ¼ 1, l ¼ 2,
D ¼ 0.5, j ¼ 0.5, G ¼ 1,
Re ¼ 5, Sc ¼ 0.22, a ¼ l
and b ¼ 2

Figure 23.
Effects of Q and Pr on heat
transfer rate for Re ¼ 10,
Da ¼ 1, l ¼ 2, N ¼ 1,
D ¼ 0.5, a ¼ 1, b ¼ 2,
Sc ¼ 2.57 and G ¼ 1
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Figure 24.
Effects of D and Sc on
concentration profile for
N ¼ 1, Da ¼ 1, l ¼ 2,
Q ¼ 0.5, j ¼ 0.5, G ¼ 1,
Re ¼ 5, Pr ¼ 0.7, a ¼ 1
and b ¼ 2

for Pr ¼ 0.7 while for Pr ¼ 7.0, (Re2 1/2Nux) increases approximately 253 percent when
(Q) increases from 0.0 to 1.0.
Figures 24 and 25 shows the variations of the concentration F(j,h) and the mass
transfer rate (Re2 1/2Shx) profiles for various values of the Schmidt number Sc and the
chemical reaction parameter D, respectively. It shows that the magnitude of the velocity
and concentration distributions increase when the chemical reaction parameter D , 0
(species consumption or destructive chemical reaction) is increased. An increase in the
concentration of the diffusing species increases the mass diffusion and, in turn, the fluid
velocity and temperature increase. On the contrary, for D . 0 (species generation or
constructive chemical reaction) as D increases, the velocity distribution decreases so that
the concentration reduces. The values of the Schmidt number (Sc) are chosen to be more
realistic, 0.22 and 2.57, representing diffusing chemical species of most common interest
like water and Propyl Benzene, etc. at 258C at one atmospheric pressure. It is observed that
the concentration and velocity boundary layers are decreased as the Schmidt number Sc is
increased. The physical reason is that the Schmidt number Sc leads to a thinning of the
concentration boundary layer. As a result, the concentration of the fluid decreases and this
leads to a decrease in the fluid velocity. The variation of the mass transfer rate (Re2 1/2Shx)
is shown in Figure 25. The mass transfer rate (Re2 1/2Shx) increases for D . 0 while it
decreases for D , 0. In particular, at j ¼ 1.0, (Re2 1/2Shx) increases approximately
34 percent as (D) increases from 0.0 to 1.0 for Sc ¼ 0.22 while for Sc ¼ 2.57, (Re2 1/2Shx)
increases approximately 56 percent when (D) increases from 0.0 to 1.0. However, the mass
transfer coefficient (Re2 1/2Shx) decreases approximately 93 percent as (D) decreases from
0.0 to 21.0 for Sc ¼ 0.22 while for Sc ¼ 2.57, (Re2 1/2Shx) decreases approximately
about154 percent when (D) decreases from 0.0 to 21.0.
Figures 26 and 27 shows the variations of the velocity profile F(j,h) and the
skin-friction coefficient (Re1/2Cf) for various values of the Forchheimer’s drag
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Figure 25.
Effects of D and Sc on heat
transfer rate for Re ¼ 10,
Da ¼ 1, l ¼ 2, N ¼ 1,
Q ¼ 0.5, a ¼ 1, b ¼ 2,
Pr ¼ 0.7 and G ¼ 1

Figure 26.
Effects of G on velocity
profile for N ¼ 1, Da ¼ 1,
b ¼ 2, l ¼ 2, D ¼ 1,
j ¼ 0.5, a ¼ 1, Re ¼ 5,
Sc ¼ 0.22, Q ¼ l and
Pr ¼ 0.7
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Figure 27.
Effects of G on
skin-friction coefficient for
Re ¼ 10, Da ¼ 1, l ¼ 2,
N ¼ 1, D ¼ 1, a ¼ 1,
b ¼ 2, Sc ¼ 0.22, Q ¼ 0.5
and Pr ¼ 0.7

parameter G when l ¼ 2.0, Sc ¼ 2.57, N ¼ 1.0, D ¼ 0.5, Re ¼ 10.0, j ¼ 1.0, Da ¼ 1.0,
b ¼ 2.0 and a ¼ 1.0, respectively. It shows that the magnitude of the velocity
distribution decreases when Forchheimer’s drag parameter G is increased while the
skin-friction coefficient (Re1/2Cf) increases for an increasing value of Forchheimer’s
drag parameter G. In particular, (Re1/2Cf) increases approximately about 5 percent
when G increases from 0.0 to 2.0 at j ¼ 1.
5. Conclusions
A detailed numerical study was carried out for mixed convection flow of a polar fluid
along a vertical plate embedded in a non-Darcian porous medium in the presence
of internal heat generation or absorption and a homogeneous first-order chemical
reaction. The governing equations are formulated and transformed into a set
of non-similar differential equations using suitable variable transformations. This set
of non-similar, coupled, nonlinear, partial differential equations is solved using an
implicit finite-difference scheme in combination with quasi-linearization technique.
Conclusions of the study are as follows:
.
The buoyancy parameter l and the ratio of buoyancy forces N cause overshoot
in the velocity profile.
.
The effects of the material parameters a and b on the velocity, angular velocity,
temperature and the concentration profile are significant.
.
The velocity of the polar fluid is lower as compared to the Newtonian fluid
velocity under the same conditions.
.
Higher Prandtl numbers Pr ¼ 7.0 (water) cause thinner thermal boundary layers
in the presence of heat generation or absorption (Q . 0 or Q , 0). The heat

.

.
.

generation effect (Q . 0) causes thicker velocity and thermal boundary layers
while the heat absorption effect (Q , 0) has the tendency to reduce the velocity
and thermal boundary-layer thicknesses.
The velocity profile decreases in the presence of a porous medium as compared
to the case without a porous medium.
The velocity profile decreases as Forchheimer’s drag parameter G increases.
The effects of the chemical reaction parameter D and the Schmidt number Sc are
significant on the concentration and mass transfer rate.
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