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Abstract The problem of steady, laminar, free convection
flow of a particulate suspension over an infinite, perme-
able, inclined, and isothermal flat plate in the presence of a
transverse magnetic field and fluid heat absorption effects
is studied numerically. The problem accounts for partic-
ulate viscous effects which are absent from most two-
phase models. An analytical solution is developed for the
particle-phase density distribution and numerical solu-
tions for the velocity and temperature profiles of both
phases are obtained by using an implicit and iterative
finite-difference method. A parametric study illustrating
the influence of the magnetic field, heat absorption effects
and particle loading is conducted. The obtained results for
velocity, temperature and skin-friction coefficients for
both phases as well as the Nusselt number are illustrated
graphically to show the features of the solution.

Nomenclature
Bo Magnetic induction

c Fluid-phase specific heat

Cf Fluid-phase skin coefficient of friction

D Diffusion coefficient

f Any dependent variable

g Gravitational acceleration

Gr Grashof number

H Dimensionless gravitational acceleration

k Fluid-Phase thermal conductivity

L Characteristic length

M Hartmann number

N Interphase momentum transfer coefficient

NT Interphase heat transfer coefficient

Nu Nusselt number

P Fluid-phase pressure

Pr Fluid-phase Prandtl number

qo Dimensional heat absorption coefficient

Qp Dimensionless particle-phase density

Rv Wall suction velocity

S Dimensionless heat absorption coefficient

Sc Inverse Schmidt number

T Fluid-phase temperature

u Fluid-phase x-component of velocity

U Fluid-phase dimensionless tangential velocity

v Fluid-phase y-component of velocity

V Fluid-phase dimensionless normal velocity

x, y Cartesian coordinates

Y Dimensionless normal distance

Greek symbols
a Velocity inverse Stokes number

b Particle-phase to fluid viscosity ratio
�bb Volume expansion coefficient

c Specific heats ratio

e Temperature inverse Stokes number

h Fluid-phase dimensionless temperature

j Particle loading

l Fluid-phase dynamic viscosity

m Fluid-phase kinematic viscosity

q Fluid-phase density

ro Fluid-phase electrical conductivity

/ Tilt angle

x Particle-phase wall slip coefficient

Subscripts
( )n Numerical scheme grid position index

( )p Particle phase

( )w Plate wall

( )¥ Very large distance away from the plate surface
(ambient condition)

1
Introduction
Hydromagnetic flows are found in many industrial appli-
cations. Moreau [1] listed some of these numerous
industrial processes. Gebhart et al. [4] indicated that early
interest in such flows arose in astrophysics, geophysics,
and controlled nuclear fusion. Many authors and
researchers have reported a large bulk of solutions and
results for such flows [1–9]. The study of heat absorption
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effects in moving fluids is also gaining wide attention in
view of several physical problems faced in industry such as
those dealing with chemical reactions and those concerned
dissociating fluids. Example of this type of problems can
be found in the paper by Chamkha [10].

The common ground for most of these studies is that
they are solved and analyzed by assuming a pure fluid with
no contaminants that will effect the heat transfer or the
resultant type of fluid flow. While this assumption
approximates the reality in many cases quite well espe-
cially for low contamination levels, it is not, however, valid
in a lot of other cases in which the contaminants in the
fluid play a major role in altering the resultant flow and
heat transfer characteristics. A survey of the technical lit-
erature concluded that no work has been done on the
problem of hydromagnetic free or natural convection heat
transfer from surfaces for a particulate (fluid-particle)
suspension. Recently, the present authors [11] have
reported analytical solutions for free convection flow of a
particulate suspension past an infinite permeable vertical
plate. In those solutions the particle-phase density distri-
bution was assumed to be uniform across the domain of
interest. This assumption greatly simplified the governing
equations which in turn facilitated the development of the
analytical solutions. The above referenced work has been
extended further [12] by assuming the particle-phase
density distribution to be a variable and considering the
effect of plate’s inclination. These assumption resulted in a
set of nonlinear ordinary differential equations from which
only the particle-phase density distribution possessed an
analytical solution. The remaining equations had to be
solved numerically. Furthermore, the present authors [13]
have reported analytical solutions for hydromagnetic free
convection of a particulate suspension from an infinite
permeable inclined plate with heat absorption for uniform
particle phase density. The present work is a continuation
to the above effort. In the present work, the particle-phase
density distribution is assumed to be a variable in the
presence of a transverse magnetic field with a heat
absorbing fluid. This assumption will result in a set of
nonlinear ordinary differential equations, from which only
the particle-phase density distribution possess an analyt-
ical solution. The remaining equations must be solved
numerically.

2
Problem description and governing equations
Consider steady, laminar, hydromagnetic free convection
flow of a fluid-particle suspension over an isothermal and
permeable infinitely long inclined flat plate. Uniform fluid-
phase suction is imposed at the plate surface. In addition,
a uniform magnetic field is applied normal to the flow
direction (or the plate surface) at all times. Far from the
plate wall, the fluid phase is stagnant and is maintained at
a constant temperature T¥ while the particle phase is
having a uniform density distribution and is affected by
the gravitational force (see Fig. 1). The plate is allowed to
tilt about its lower base in the range of ±60� measured
from the plate’s vertical position. The temperature of the
wall Tw will be assumed to be greater than that of the
ambient fluid T¥ at all times.

The fluid is assumed to be Newtonian, electrically
conducting and heat absorbing and has constant proper-
ties in the range of the study conditions except for the
density in the buoyancy term. As mentioned before, the
magnetic field is assumed to be normal to the plate surface
regardless of the plate orientation as shown in Fig. 2. The
induced magnetic and electrical fields as well as the Hall
effect of magnetohydrodynamics are all assumed to be
negligible and the magnetic Reynolds number, electrical
displacement and convection are all assumed to be small.
Only the fluid phase will be affected by the presence of the
magnetic field since it is assumed to be electrically con-
ducting. However, the particle phase will not be affected by
that field directly since it is assumed to be electrically non-
conducting (insulator). Nevertheless, it will be influenced
indirectly by the magnetic field due to the interphase drag
mechanism between the phases.

In this study, the particle phase is assumed to be made
of non-uniformly distributed spherical particles all having
one size and is endowed by a constant viscosity and dif-
fusivity. The particle-phase viscosity can be thought of as a
natural consequence of the averaging processes involved
in representing a discrete system of particles as a contin-
uum (see, for example, Drew [14] and Drew and Segal
[15]). Also, the particle-phase viscous effects can be used
to model particle-particle interaction and particle-wall
interaction in relatively dense suspensions. These effects

Fig. 1. The general configuration of the problem

Fig. 2. The transverse magnetic field orientation
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have been investigated previously by many authors such as
Tsuo and Gidaspow [16] and Gadiraju et al. [17]. Both the
fluid and the particle phases are modelled as interacting
continua exchanging both momentum and heat transfer as
discussed by Marble [18]. The volume fraction of sus-
pended particles is considered small compared to that of
the fluid phase.

The governing equations for the problem under con-
sideration are based on the balance laws of mass, linear
momentum, and energy for both the fluid and the particle
phases. Since the plate is assumed to be infinite, all
dependent variables will be functions of the independent
variable y only. Taking all the previous assumptions into
consideration, the governing equations can be written as

dv

dy
¼ 0 ð1Þ

l
d2u

dy2 � qv
du

dy
� dP

dx
� qpNðu� upÞ � qg cos /� roB2

ou ¼ 0

ð2Þ

k
d2T

dy2 � qcv
dT

dy
þ qpcpNTðTp � TÞ þ qoðT� T1Þ ¼ 0

ð3Þ

Dp

d2qp

dy2 �
dðqpvpÞ

dy
¼ 0 ð4Þ

mp
d

dy
qp

dup

dy

� �
� qpvp

dup

dy
þ qpNðu� upÞ � qpg cos / ¼ 0

ð5Þ

2mp
d

dy
qp

dvp

dy

� �
� qpvp

dvp

dy
þ qpNðv� vpÞ þ qpg sin / ¼ 0

ð6Þ

kp

qp

d

dy
qp

dTp

dy

� �
� qpcpvp

dTp

dy
� qpcpNTðTp � TÞ ¼ 0

ð7Þ

The boundary conditions for this problem are

vð0Þ ¼ �vw

uð0Þ ¼ 0; uð1Þ ¼ 0

Tð0Þ ¼ Tw; Tð1Þ ¼ T1

qpð0Þ ¼ qpw; qpð1Þ ¼ qp1

upð0Þ ¼ xs
dup

dy
y¼0

�� ; upð1Þ ¼ �
g

N
cos /

Tpð0Þ ¼ Tw; Tpð1Þ ¼ T1

ð8Þ

where xs is the dimensional particle-phase wall slip coef-
ficient. To date, the exact form of boundary conditions
to be satisfied by a particle phase at a given surface is

unknown. Since the particle phase may resemble a rarefied
gas and undergoes slip at a boundary, then a boundary
condition borrowed from rarefied gas dynamics as done
by previous authors (Soo [19] and Chamkha [20]) will be
employed in this study. It should be mentioned that, in
writing Equations (1) through (7), both viscous dissipa-
tion and Joule heating are neglected.

The hydrostatic gradient pressure in Equation (2) is
approximated as

dP

dx
¼ qp1

Nup1 � q1g cos / ð9Þ

where

up1 ¼ �
g cos /

N
ð10Þ

This approximations can be easily obtained by evalu-
ating Equations (1) through (7) at y = ¥. Using Boussinesq
approximation [21] to couple the fluid momentum equa-
tion to the temperature field and substituting Equa-
tions (9) and (10), Equation (2) can be written as

l
d2u

dy2 � q1v
du

dy
� qpNðu� upÞ þ qp1

g cos /

þ q1g �bbðT� T1Þ cos /� roB2
ou ¼ 0 ð11Þ

where �bb is the volume expansion coefficient.
Equations (1), (3) through (7), and (11) constitute the

governing equations of the problem. These equations
represent a generalization of the dusty-gas equations dis-
cussed by Marble [18] to include particle-phase viscosity
and diffusivity, and fluid-phase hydromagnetic, absorp-
tion, and buoyancy effects.

To nondimensionalize the above governing equations,
the following variables and parameters are used

Y ¼ yGr1=4

L
; U ¼ uL

mGr1=2
; V ¼ vL

mGr1=4

Up ¼
upL

mGr1=2
; Vp ¼

vpL

mGr1=4
; h ¼ T� T1

Tw � T1

hp ¼
Tp � T1
Tw � T1

; Qp ¼
qp

qp1

; S ¼ qoL2

lcGr1=2

j ¼
qp1

q1
; a ¼ NL2

mGr1=2
; H ¼ gL3

m2Gr

c ¼ cp

c
; e ¼ NTL2

mGr1=2
; b ¼ mp

m

M2 ¼ roB2
oL2

lGr1=2
; Pr ¼ lc

k
; Prp ¼

lpcp

kp

Sc ¼ Dp

m
; Gr ¼ g �bbðTw � T1ÞL3

m2

ð12Þ

When the above defined quantities are substituted in
Equations (1), (3) through (7), and (11) and after simpli-
fying the following dimensionless equations will result
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dV

dY
¼ 0 ð13Þ

d2U

dY2 �V
dU

dY
� ajQpðU�UpÞ �M2Uþ ðjHþ hÞ cos / ¼ 0

ð14Þ

Pr�1 d2h

dY2 �V
dh
dY
þ cejQpðhp � hÞ þ Sh ¼ 0 ð15Þ

Sc
d2Qp

d2Y
�Vp

dQp

dY
¼ 0 ð16Þ

bQp

d2Up

dY2 þ b
dQp

dY

dUp

dY
�VpQp

dUp

dY

þ aQpðU�UpÞ �HQp cos / ¼ 0 ð17Þ

2b
d

dY
Qp

dVP

dY

� �
�QpVp

dVp

dY
þ aQpðV�VPÞ

þHGr
1
4Qp sin / ¼ 0 ð18Þ

bPr�1
p Qp

d2hp

dY2 þbPr�1
p

dQp

dY

dhp

dY
�VpQp

dhp

dY
þ eQpðh�hpÞ¼ 0

ð19Þ

The dimensionless boundary conditions become as
follows

Vð0Þ ¼ �Rv

Uð0Þ ¼ 0; Uð1Þ ¼ 0

hð0Þ ¼ 1; hð1Þ ¼ 0

Qpð0Þ ¼ Qpo; Qpð1Þ ¼ 1

Upð0Þ ¼ x
dUp

dY
y¼0

�� ; Upð1Þ ¼
H

a
cos /

hpð0Þ ¼ 1; hpð1Þ ¼ 0

ð20Þ

where Rv = vwL/(vGr1/4) and x = xs Gr1/4/L are the
dimensionless fluid-phase suction velocity and the parti-
cle-phase slip coefficient. It should be noted that Rv, Qpo,
and x are all assumed to be constant.

The fluid-phase skin friction coefficient Cf, the particle-
phase skin friction coefficient Cfp and the Nusselt number
Nu are defined, respectively, as

Cf ¼
l du

dy y¼0

��
1
2 q m

L

� �2
Gr3=4

¼ 2
dU

dY
Y¼0j ð21Þ

Cfp ¼
lp

dup

dy y¼0

��
1
2 q m

L

� �2
Gr3=4

¼ 2jb
dUp

dY
Y¼0j ð22Þ

Nu ¼ hL

kGr1=4
¼ � dh

dY
Y¼0j ð23Þ

3
Particle-phase density analytical solution
Integrating Equation (13) and applying the boundary
condition for V yields

V ¼ �Rv ð24Þ

Assuming that Vp is constant throughout the domain of
interest, and substituting Equation (24) into (18) and
rearranging gives

Vp ¼
H

a
Gr

1
4 sin /� Rv ¼ P ð25Þ

Obviously, for a vertical plate (/ = 0) both V and Vp will
have the same wall suction velocity Rv.

Substituting Equation (25) into (16) yields

Sc
d2Qp

d2Y
�P

dQp

dY
¼ 0 ð26Þ

The above equation is a linear, second order, ordinary
differential equation which is uncoupled from all other
equations. Therefore, Equation (26) can be solved inde-
pendently from the other system of equations. The solu-
tion of Equation (26) subject the required boundary
conditions can be shown to be

Qp ¼ 1þ ðQp0 � 1Þ exp
P
Sc

Y

� �
ð27Þ

This solution has been reported previously by the
present authors [12]. However, it is repeated here be-
cause Equation (27) is a corner stone in the solution of
the present problem. An important observation in the
above solution needs further elaboration. A physically
acceptable solution for Qp requires that Pi be always
negative. If Pi is allowed to attain a positive value, the
exponential in Equation (27) will grow without limits
towards infinity, which is, obviously, not a valid solution.
Physically, the requirement that Pi be negative means
that the particle-phase normal velocity must be negative,
i.e. towards the plate, to ensure a continuous flow of
particles to compensate for the lost particles through the
suction and to sustain the requirement of constant par-
ticle-phase density at the wall surface. If Vp is allowed to
be positive, i.e. away from the plate surface, all the par-
ticles will be cleaned away from the vicinity of the plate
and the wall boundary condition for Qp can not be met.
The requirement of Pi to be always negative or at most
zero was also required in the analytical and numerical
solutions reported previously by the current authors (see
Ramadan and Chamkha [12, 13]).

4
Numerical technique
After substituting all of the results obtained in the previous
section into the governing equations, the following equa-
tions will result
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d2U

dY2 þRv
dU

dY
� ajQpðU�UpÞ �M2Uþ ðjHþ hÞ cos/¼ 0

ð28Þ

Pr�1 d2h

dY2þRv
dh
dY
þ cejQpðhp � hÞ þ Sh¼ 0 ð29Þ

bQp

d2Up

dY2 þ b
dQp

dY

dUp

dY
�PQp

dUp

dY

þ aQpðU�UpÞ �HQp cos/¼ 0

ð30Þ

bPr�1
p Qp

d2hp

dY2 þbPr�1
p

dQp

dY

dhp

dY
�PQp

dhp

dY
þ eQpðh�hpÞ ¼ 0

ð31Þ

where

dQp

dY
¼ P

Sc
ðQp0� 1Þ exp

P
Sc

Y

� �
; ð32Þ

Qp is given by Equation (27) and Pi is given by Equa-
tion (25). The above set of equations is obviously coupled
and nonlinear and possess no closed-form solution.
Therefore, they must be solved numerically for the flow
and heat transfer variables.

To solve the above set of ordinary differential equa-
tions, a finite difference approximation is adopted. Equa-
tions (28) through (31) have the general form of

s1f 00 þ s2f 0 þ s3f þ s4 ¼ 0 ð33Þ

where f is any dependent variable, a prime denotes a dif-
ferentiation with respect to Y, and the s’s are constants
and/or functions of the independent variable. To approx-
imate f¢ and f¢¢, a three-point central difference represen-
tation is used with constant step size throughout the
computational domain. This yields

f 0 ¼ 1

2DY
ðfnþ1 � fn�1Þ ð34Þ

f 00 ¼ 1

ðDYÞ2
ðfn�1 � 2fn þ fnþ1Þ ð35Þ

where DY is the step size, and the subscript n corresponds
to the nth point in the Y direction, as shown in Fig. 3.

Substituting Equations (34) and (35) into Equa-
tion (33) and rearranging yields

Afn�1 þ Bfn þ Cfnþ1 ¼ D ð36Þ

where

A ¼ 1

DY

s1

DY
� s2

2

� �
ð37Þ

B ¼ s3 �
2s1

ðDYÞ2
ð38Þ

C ¼ 1

DY

s1

DY
þ s2

2

� �
ð39Þ

D ¼ �s4 ð40Þ

When Equation (36) is repeated for every grid point in
the domain, a tridiagonal system of algebraic equations
will result. The Thomas algorithm is used to solve these
algebraic equations (see Chapra and Canale [22]).

The solution starts by guessing an initial solution for
each of the variables U, Up, h, and hp. These solutions are
used to produce new solutions by substituting these initial
guesses in the respective equations and solving the
resulting tridiagonal matrix for each variable in a row. The
new solution for each variable is then used as an initial
guess and the above procedure is repeated for a further
modified solution until convergence is achieved.

5
Results and discussion
The effects of the square of the Hartmann number, M2, are
shown in Fig. 4 through Fig. 6. Increasing the Hartmann
number has the effect of damping the fluid and the particle
phases velocity profiles. This is because the application of
a transverse magnetic field normal to the flow direction
will result in a resistive force (Lorentz force) similar to the
drag force which tends to resist the fluid flow and thus
reducing its velocity. In the absence of viscous dissipation
and Joule heating, it appears that the Hartmann number
has no effect on the thermal layers and the temperature
profiles of both the fluid and the particle phases as shown
in Fig. 6. Thus, the Hartmann number has no effect on the
Nusselt number.

Fig. 3. Finite difference grid representation Fig. 4. Effect of Hartmann number on the fluid velocity profiles
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The effects of the heat absorption coefficient, S, are
shown in Fig. 7 through Fig. 10. In general, the effect of
heat absorption is to damp the flow and heat transfer
characteristics of both phases and to reduce the thickness
of both the velocity and the thermal layers. This result is
expected since, with heat absorption, less energy is used to
enhance the buoyancy effects while the majority of the
energy is absorbed by the fluid. These behaviors are clearly
illustrated in the decreases in V, Up, and h as |S| increases
shown in Fig. 7 through Fig. 10, respectively.

The effects of the ratio of the particle-phase density to
the fluid density or the particle loading, j, are shown in
Fig. 11 through Fig. 14. As the value of j is increased, the
amount of drag experienced by the fluid from the particle
phase increases, and vice versa. This increase in interphase
drag tends to reduce the velocities of both phases as shown
in Fig. 11 and Fig. 12. The temperature profiles are also
affected in the sense that a given amount of energy is
distributed on a larger mass of particles as the value of j
becomes bigger and vice versa. This explains the decrease

Fig. 6. Effect of Hartmann number on the fluid- and particle-phase
temperature profiles

Fig. 7. Effect of heat absorption on the fluid velocity profiles

Fig. 8. Effect of heat absorption on the particle-phase velocity profiles

Fig. 9. Effect of heat absorption on the fluid temperature profiles

Fig. 10. Effect of heat absorption on the particle-phase temperature
profiles

Fig. 5. Effect of Hartmann number on the particle-phase velocity
profiles
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in the profiles of both h and hp as the particle loading
increases shown in Fig. 13 and Fig. 14, respectively.

The combined effects of the magnetic field and heat
absorption on the coefficients of friction of both phases are
shown in Fig. 15 and Fig. 16, respectively. The observed
reduction of Cf with the increase of both of these effects is
due to the damping effect that they produce on the flow.
The same damping effect on the fluid will impose a smaller
opposing force to the particle motion due to the gravity
force. This has the effect of increasing Cfp as these
damping effects are increased.

Finally, the effect of heat absorption on the Nusselt
number is shown in Fig. 17. The Nusselt number increases

with the increase of the heat absorption. This is due to the
fact that as the heat absorption increases, the plate tends to
supply more energy through its wall to maintain the
constant temperature of the wall, and hence the Nusselt
number increases.

6
Conclusion
The mathematical modeling for free convection flow of a
particulate suspension over an infinite, inclined, perme-
able, and isothermal plate in the presence of both magnetic

Fig. 11. Effect of j on the fluid-phase velocity profiles

Fig. 12. Effect of j on the particle-phase velocity profiles Fig. 15. Effects of Hartmann number on the fluid- and particle-phase
skin friction coefficients

Fig. 13. Effect of j on the fluid-phase temperature profiles

Fig. 14. Effect of j on the particle-phase temperature profiles

Fig. 16. Effects of heat absorption on the fluid- and particle-phase
skin friction coefficients
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field and fluid heat absorption effects was studied. The
employed model accounted for both particle viscous and
diffusive effects. The particle-phase density distribution
was assumed to be variable in the domain of interest. An
analytical solution was developed for the particle-phase
density and a numerical solution was obtained for the
remaining variables. The general effects of the magnetic
field and the heat absorbing fluid were found to damp the
flow and the thermal profiles. However, the Nusselt
number was found to enhance with the heat absorption
effects. While the fluid-phase skin friction coefficient de-
creased with the increase of the magnetic field strength or
the heat absorption effects, the particle-phase skin friction
coefficient was increased. This was due to the damping
effect that both the magnetic and heat absorption effects
introduced on the flow.
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