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Abstract

An analysis has been performed to study the natural convection flow over a thin vertical cylinder which is

moving with a constant velocity in a non-Darcy high-porosity ambient medium. Both constant wall tem-

perature and constant heat flux conditions have been considered. The coupled non-linear parabolic partial

differential equations have been solved numerically by using an implicit finite-difference scheme. The heat

transfer is found to be significantly affected by the inertia and porosity parameters, and the Prandtl number,

whereas the skin friction is weakly affected. The heat transfer for the constant heat flux case is more than

that of the constant wall temperature case and this difference increases with the Prandtl number. The heat

transfer increases with the buoyancy force, but the skin friction is slightly reduced.
� 2003 Elsevier Science Ltd. All rights reserved.
1. Introduction

The natural convection flow on a vertical surface embedded in porous media occurs in many
important engineering problems such as in the design of pebble-bed nuclear reactors, catalytic
reactors and compact heat exchangers, in geothermal energy convection, in petroleum reservoirs,
in use of fibrous materials in the thermal insulation of buildings, in nuclear wastes etc.
Excellent reviews of the natural convection flows in porous media have been presented by

Combarnous and Bories [1], Bejan [2,3] and Tien and Vafai [4]. The non-Darcy effects on the
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natural convection boundary layer on an isothermal vertical flat plate immersed in a high-porosity
medium were studied by Chen et al. [5]. Chen and Lin [6] extended the analysis of Chen et al. [5] to
include the effect of thermal stratification. Chamkha [7] further extended the analysis of Chen and
Lin to include the effects of the magnetic field. Minto et al. [8] have studied the natural convection
flow driven by an exothermic reaction on a vertical surface embedded in porous media. The
natural convection flow being driven by an exothermic reaction over a vertical surface embedded
in porous media. Rees and Pop [9] examined the effect of the variable permeability on the free
convection flow on a vertical surface in a porous medium.
Flow over cylinders is considered to be two-dimensional if the body radius is large compared

to the boundary layer thickness. For a thin or slender cylinder, the radius of the cylinder may be
of the same order as the boundary layer thickness. Therefore, the flow may be considered as
axisymmetric instead of two-dimensional. In this case, the governing equations contain the
transverse curvature term which influences both the velocity and temperature fields. The effect of
the transverse curvature is important in certain applications such as wire and fibre drawing
where an accurate prediction is required and a thick boundary layer can exist on slender or near
slender bodies. The natural convection from the outer surface of an isothermal vertical thin
cylinder was investigated by a number of authors [10–17]. The methods that were used to solve
this problem are, the heat balance integral [10,11], local non-similarity [12], two-point finite-
difference [13], the perturbation expansion [14–16] and the method of extended perturbation
series [17]. Recently, Pantokratoras [18] considered the natural convection flow of pure and
saline water over a vertical iso-thermal cylinder and obtained the solution by using an implicit
finite-difference scheme.
The flow and heat transfer in the boundary layer induced by a surface moving with uniform

velocity in an otherwise ambient fluid have many applications in the field of metallurgy and
chemical engineering. Sakiadis [19] was the first to study the boundary layer velocity in an am-
bient fluid. However, his investigation was restricted to the momentum transfer in the boundary
layer. Bourne and Elliston [20] extended the above problem by including the energy equation. In
[19,20], Karman–Pohlhausen integral technique was used. The accuracy of the integral solutions
was tested by Karnis and Pechoc [21] who used a power-series expansion procedure. According to
their study, the Karman–Pohlhausen method under estimates the Nusselt number by 8–10% in the
range 0:76 Pr6 10. Choi [22] examined the effect of variable properties of air on the boundary
layer flow over a cylinder moving with a constant velocity in an ambient fluid and obtained the
solution by using a finite-difference scheme. Na and Pop [23] studied the flow and heat transfer
problem over a longitudinal circular cylinder moving in a parallel or reversely to a free stream and
obtained the solution of the governing equations by using a finite-difference method. The above
studies [19–23] dealt with the forced convection flow and the effect of the buoyancy forces was not
considered.
This analysis considers the natural convection flow over a thin vertical cylinder moving with a

constant velocity in a non-Darcy high-porosity ambient medium. Both constant wall temperature
and constant heat flux conditions are included in the analysis. The coupled non-linear parabolic
partial differential equations governing the flow have been solved numerically by using an implicit
finite-difference scheme similar to that of Blottner [24]. The results have been compared with those
of Karnis and Pechc [21], Tsou et al. [25], Erickson et al. [26], Griffin and Thorne [27] and
Moutsoglou and Chen [28].
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2. Analysis

Let us consider a thin vertical circular cylinder of radius Rmaintained at a uniform temperature
Tw or at a uniform heat flux qw and convecting naturally to an environment at temperature T1.
The radial coordinate r is measured from the axis of the cylinder and the axial coordinate x is
measured vertically upward such that x ¼ 0 corresponds to the leading edge where the boundary
layer thickness is zero. The cylinder moves with a constant velocity U0 along the axial direction x
in a non-Darcy high-porosity medium. Fig. 1 shows the physical model and the coordinate sys-
tem. The fluid properties are assumed to be constant except the density changes which give rise to
the buoyancy forces. Under the above assumptions, the equations of continuity, momentum and
energy under boundary layer approximations governing the natural convection flow over a thin
vertical cylinder in a non-Darcy high-porosity medium can be expressed as [6,7,12,21,23]:
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The boundary conditions are the no-slip conditions at the surface and the ambient conditions far
away from the surface and these are expressed as,
Fig. 1. Physical model and coordinate system.
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uðx;RÞ ¼ U0; vðx;RÞ ¼ 0; uðx;1Þ ¼ 0; T ðx;1Þ ¼ T1;

T ðx;RÞ ¼ Tw for the constant wall temperature case ðCWT caseÞ;
oT ðx;RÞ=or ¼ �qw=K1 for the constant heat flux case ðCSH caseÞ;
uðo; rÞ ¼ 0; T ð0; rÞ ¼ T1; r > R:

ð4Þ
Here x and r are the axial and radial coordinates, respectively; u and v are the velocity components
along the x and r directions respectively; T is the temperature; m is the kinematic viscosity; e is the
porosity; K� is the permeability of the medium; C� is the inertia coefficient; g is the acceleration
due to the gravity; b is the volumetric coefficient of thermal expansion; a is the thermal diffusivity;
R is the radius of the cylinder; U0 is the uniform velocity of the cylinder; qw is the surface heat flux,
K1 is the thermal conductivity; and the subscripts w and 1 denote conditions at the wall and in
the ambient fluid, respectively.
It is convenient to reduce the number of equations from three to two as well as to transform

them to dimensionless form. This can be done by applying the following transformations
n ¼ 2R�1ðmx=U0Þ1=2; g ¼ ð2RÞ�1ðr2 � R2ÞðU0=mxÞ1=2;

u ¼ r�1ow=or; v ¼ �r�1ow=ox;

wðx; rÞ ¼ RðmU0xÞ1=2f ðn; gÞ; T � T1 ¼ ðTw � T1Þhðn; gÞ;

Gr ¼ gbðTw � T1ÞR3=m2; Re ¼ U0R=m; k ¼ Gr=Re; K ¼ K�=R2;

C ¼ RRe C�; Pr ¼ m=a; u ¼ U0f 0ðn; gÞ;

v ¼ �ðR=rÞðmU0=xÞ1=2½2�1f þ nof =on � gf 0


ð5Þ
to Eqs. (1)–(3) and we find that (1) is identically satisfied and (2) and (3) for the constant wall
temperature case (CWT case) reduce to,
e�1ð1þ ngÞf 000 þ ð2eÞ�1ðn þ e�1f Þf 00 þ ðn=2Þ2ðkh � K�1f 0 � Cf 02Þ
¼ e�2nðf 0of 0=on � f 00of =onÞ; ð6Þ

Pr�1ð1þ ngÞh00 þ 2�1ðPr�1n þ f Þh0 ¼ nðf 0oh=on � h0of =onÞ: ð7Þ
The boundary conditions (4) for the CWT case can be expressed as
f ðn; 0Þ ¼ 0; f 0ðn; 0Þ ¼ 1; hðn; 0Þ ¼ 1; f 0ðn;1Þ ¼ hðn;1Þ ¼ 0: ð8Þ
Similarly, the governing equations for the constant heat flux case (CHF case) can be written as
e�1ð1þ ngÞf 000 þ ð2eÞ�1ðn þ e�1f Þf 00 þ ðn=2Þ3k�h � ðn=2Þ2ðK�1f 0 þ Cf 02Þ
¼ e�2nðf 0of 0=on � f 00of =onÞ; ð9Þ



H.S. Takhar et al. / International Journal of Engineering Science 41 (2003) 1935–1950 1939
Pr�1ð1þ ngÞh00 þ 2�1ðPr�1n þ f Þh0 � 2�1f 0h ¼ nðf 0oh=on � h0of =onÞ ð10Þ
with the boundary conditions
f ðn; 0Þ ¼ 0; f 0ðn; 0Þ ¼ 1; h0ðn; 0Þ ¼ �1; f 0ðn;1Þ ¼ hðn;1Þ ¼ 0; ð11Þ
where
T ðx; rÞ � T1 ¼ ðqw=K1Þðmx=U0Þ1=2hðn; gÞ; k� ¼ Gr�=Re; Gr� ¼ gbqwR4=ðK1m2Þ: ð12Þ
Here n and g are the transformed coordinates; w and f are the dimensional and dimensionless
stream functions, respectively; f 0 is the dimensionless velocity in the axial direction; h is the di-
mensionless temperature; Pr is the Prandtl number; Re is the Reynolds number; Gr and Gr� are the
Grashof numbers for the CWT and CHF cases, respectively; k and k� are the buoyancy para-
meters for the CWT and CHF cases, respectively; K is the dimensionless permeability parameter;
C is the dimensionless interia coefficient; and a prime denotes derivative with respect to g.
It may be remarked that equations governing the flow over the vertical cylinder can be reduced

to those of the flat plate if R ! 1 (ng ! 0). Eqs. (6) and (7) for k ¼ 0 (without buoyancy force),
e ¼ 1 (uniform medium), K�1 ¼ C ¼ 0 (in the absence of the permeability and inertia parameters),
R ! 1 (flat plate case), n ¼ 0 (self-similar flow) area identical to those of [25–27]. Further, for
e ¼ 1, K�1 þ C ¼ 0, R ! 1 (ng ¼ 0), Eqs. (6) and (7) are the same as those of Moutsoglou and
Chen [28] if we replace kn by n1. Here no=on ¼ n1o=on1. Also for k ¼ K�1 ¼ C ¼ 0, e ¼ 1, Eqs. (6)
and (7) reduce to those of Karnis and Pechoo [21].
The quantities of physical interest are the local Nusselt number Nux and the local skin friction

coefficient Cfx and these are expressed as
Nux ¼ �xðoT=orÞr¼2=ðTw � T1Þ ¼ �Re1=2x h0ðn; 0Þ for CWT case;
Nux ¼ Re1=2x =hðn; 0Þ for the CHF case;
Cfx ¼ �lðou=orÞr¼R=qU

2
0 ¼ �Re�1=2x f 00ðn; 0Þ;

ð13Þ
where l is the coefficient of viscosity and q is the density of the fluid.
3. Method of solution

Eqs. (6) and (7) under conditions (8) and Eqs. (9) and (10) under conditions (11) have been
solved by using an implicit, iterative tridiagonal finite-difference scheme similar to that of Blottner
[24]. All the first-order derivatives with respect to n have been replaced by two-point backward
difference formulae
oM=on ¼ ðMi;j �Mi�1;jÞ=Dn ð14Þ
where M represents any dependent variable f or h, and i and j are the node locations along the n
and g directions. Equations (6) and (9) are converted into second-order equations by substituting
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f 0 ¼ F . Then the second-order partial differential equations are discretized by using three-point
central difference formulae and all the first-order derivatives with respect to g are discretized by
employing the trapezoidal rule. The non-linear terms are evaluated at the previous iteration. At
each step of constant n, a system of algebraic equations have been solved iteratively by using the
Thomas algorithm [24]. The same procedure is repeated for the next n value and the equations are
solved line by line until the desired n value is reached. A convergence criterion based on the
relative difference between the current and previous iterations is used. When this difference reaches
10�5, the solution is assumed to have converged and the iterative process is terminated.
We have carried out the sensitivity analysis of the effect of step sizes Dg and Dn, and the edge of

the boundary layer g1 on the solution. Finally, the computations were carried out with Dg ¼ 0:05,
Dn ¼ 0:025, g1 ¼ 25.
4. Results and discussion

Eqs. (6) and (7) under conditions (8) and Eqs. (9) and (10) under conditions (11) have been
solved numerically by using an implicit finite-difference scheme as described earlier. In order to
validate our results, we have compared the velocity profile u=U0 ¼ f 0 for k ¼ K�1 ¼ C ¼ 0
(without buoyancy force, inertia and permeability parameters), e ¼ 1 (uniform medium), n ¼ 0
(self-similar flow) with the theoretical and experimental results of Tsou et al. [25]. The comparison
is shown in Fig. 2. The velocity profile is found to be in very good agreement with the theoretical
results. It also agrees well with the experimental results near the wall. Further, the Nusselt number
Nux for the CWT case when k ¼ K�1 ¼ C ¼ 0, e ¼ 1 has been compared with the theoretical
values of Erickson et al. [26] and the experimental values of Griffin and Thorne [27]. The com-
parison is presented in Fig. 3. The results are found to be in good agreement with the theoretical
and experimental values when the wall velocity U0P 8:92. We have also compared the Nusselt
number (Re�1=2x Nux) for the CWT case when k ¼ K�1 ¼ C ¼ 0, e ¼ 1 with that of Karnis and
Pechoc [21]. The results are found to be in good agreement and the comparison is presented in
Fig. 2. Comparison of the velocity profile u=U0 for n ¼ k ¼ K�1 ¼ C ¼ 0, e ¼ 1 with that of Tsou et al. [25].



Fig. 3. Comparison of the Nusselt number Nux for the CWT case when n ¼ k ¼ K�1 ¼ C ¼ 0, e ¼ 1 with that of Er-
ickson et al. [26] and Griffin and Thorne [27].
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Table 1. The surface shear stress (�f 00ðn1; 0Þ) and the surface heat transfer (�h0ðn1; 0Þ) for the
CWT case when e ¼ 1, K�1 ¼ C ¼ 0, R ! 1 (ng ¼ 0) have been compared with those of
Moutsoglou and Chen [28]. For direct comparison we have to replace kn by n1. Hence
no=on ¼ n1o=on1. These results are in excellent agreement. The comparison is given in Table 2.
Figs. 4 and 5 present the effect of the buoyancy force k or k� on the skin friction coefficient and

the Nusselt number (Re1=2x Cfx, Re�1=2x Nux) for both CWT and CHF cases when C ¼ 100, K�1 ¼ 1,
Pr ¼ 5:4, e ¼ 0:9. The Nusselt number for the CHF case is found to be significantly higher than
that of the CWT case, but its effect on the skin friction coefficient is rather small. The reason for
this trend is that for the CHF case the wall temperature for Pr ¼ 5:4 is much lower than that of the
Table 1

Comparison of heat transfer results (Re�1=2x Nux) for the constant wall temperature case when k ¼ K�1 ¼ C ¼ 0, e ¼ 1
n Present results Karnis and Pechoc [21]

M Pr ¼ 0:7 Pr ¼ 1:0 Pr ¼ 0:7 Pr ¼ 1:0
0.0001 0.35144 0.44411 0.35288 0.44754

0.001 0.35434 0.44761 0.36070 0.45570

0.005 0.36261 0.45613 0.37467 0.47026

0.01 0.37054 0.46427 0.38499 0.48103

0.04 0.40504 0.49895 0.41930 0.51682

0.05 0.41443 0.50817 0.42719 0.52506

0.06 0.42328 0.51667 0.43425 0.53243



Table 2

Comparison of surface shear stresses, f 00ðn1; 0Þ and the surface heat transfer, �h0ðn1; 0Þ for the constant wall temper-
ature case when K�1 ¼ C ¼ 0, e ¼ 1, R ! 1ðng ¼ 0Þ
Pr n1 Present results Moutsoglou and Chen [28]

f 00ðn1; 0Þ �h0ðn1; 0Þ f 00ðn1; 0Þ �h0ðn1; 0Þ
0.7 0 )0.44372 0.34922 )0.44915 0.34924

0.7 0.5 )0.10556 0.41317 )0.10558 0.41320

0.7 1.0 0.119423 0.45502 0.19425 0.45505

0.7 1.5 0.47217 0.47761 0.47214 0.47764

0.7 2.0 0.73556 0.50035 0.73552 0.50031

0.7 3.0 1.23107 0.53685 1.23103 0.53681

0.7 4.0 1.69657 0.56613 1.69652 0.56609

0.7 5.0 2.13993 0.59090 2.13988 0.59086

0.7 0 )0.44372 1.38698 )0.28376 1.41322

0.7 0.5 )0.28373 1.41317 )0.44375 1.38703

0.7 1.0 0.02107 1.43706 )0.12876 1.43712

0.7 1.5 )0.12874 1.45932 0.02105 1.45938

0.7 2.0 0.16883 1.48032 0.16880 1.48026

0.7 3.0 0.45321 1.53647 0.45318 1.53641

0.7 4.0 0.72694 1.55340 0.72697 1.55334

0.7 5.0 0.99207 1.58517 0.99201 1.58510

Fig. 4. Effect of k or k� on Re1=2x Cfx for CWT and CHF cases.
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CWT case. Also the thermal boundary layer thickness for the CHF case is less than that of the CWT
case. This results in higher Nusselt number for the CHF case as compared to that of the
CWT case. However, the skin friction (Re1=2x Cfx) is affected very little. Hence the results for the
CHF case are rather indistinguishable from those of the CWT case on this scale. The reason for
very weak dependence is that the wall conditions have only indirect effect on the momentum



Fig. 5. Effect of k or k� on Re�1=2x Nux for CWT and CHF cases.
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equation. Since the positive buoyancy force (k or k� > 0) implies favourable pressure gradient, the
fluid motion within the boundary layer is accelerated causing reduction in the thermal boundary
layers. Consequently, the Nusselt number for the CWT and CHF cases increases with k or k�. On
the other hand, there is a slight reduction in the skin-friction coefficient (Re1=2x Cfx) with increasing
k or k�. As k or k� increases, fluid velocity near the wall increases, but the difference between the
wall and fluid velocities decreases. This results in slight reduction in the skin friction with in-
creasing k or k�. The effect of the buoyancy parameter k or k� increases with the curvature pa-
rameter n, because k or k� is multiplied by n (see Eqs. (6) and (9)). Further, for a fixed k or k� the
skin friction increases with n, but the Nusselt number decreases. This is due to the fact that the
momentum boundary layer reduces with increasing n which results in lower value of the radial
velocity f . This reduction in f causes a reduction in the Nusselt number. On the other hand, the
skin friction increases with n due to a reduction in the momentum boundary layer thickness.
Figs. 6 and 7 display the effect of the porosity parameter e on the velocity and temperature

profiles (f 0ðn; gÞ, hðn; gÞ for both CWT and CHF cases for C ¼ 100, K ¼ 1, Pr ¼ 5:4, k or k� ¼ 3,
n ¼ 1. Since e ¼ 1 corresponds to a uniform medium, decreasing e implies less resistance is offered
by the medium. Consequently, the axial velocity (f 0ðn; gÞ) is increased as e is reduced, but the
temperature hðn; gÞ is reduced.
The effect of the porosity parameter e on the skin friction coefficient and the Nusselt number

(Re1=2x Cfx, Re�1=2x Nux) for both CWT and CHF cases are shown in Figs. 8 and 9 when C ¼ 100,
K ¼ 1, Pr ¼ 5:4, k ¼ k� ¼ 3. The skin friction coefficient increases with e, but the Nusselt number
decreases. This is due to the fact that the velocity gradient increases with e, but the temperature



Fig. 6. Effect of e on f 0ðn; gÞ for CWT and CHF cases.

Fig. 7. Effect of e on hðn; gÞ for CWT and CHF cases.
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Fig. 8. Effect of e on Re1=2x Cfx for CWT and CHF cases.

Fig. 9. Effect of e on Re�1=2x Nux for CWT and CHF cases.
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gradient decreases. In the range of 06 n < 0:3, an opposite trend is observed. As mentioned
earlier, the constant wall temperature and constant heat flux boundary conditions have stronger
effect on the Nusselt number than on the skin friction.
Figs. 10 and 11 present the effect of the permeability parameter K on the skin friction coefficient

and the Nusselt number (Re1=2x Cfx, Re�1=2x Nux) for both CWT and CHF cases when C ¼ 100,
Pr ¼ 5:4, e ¼ 0:9, k ¼ k� ¼ 3. It can be seen that both skin friction and Nusselt number are weakly
dependent on K.
Figs. 12 and 13 display the effect of the inertia parameter C on the skin friction coefficient and

the Nusselt number (Re1=2x Cfx, Re�1=2x Nux) for both CWT and CHF cases when K ¼ 1, Pr ¼ 5:4,
e ¼ 0:9, k ¼ k� ¼ 3. The inertia parameter C is found to have significant effect on both skin
friction and Nusselt number. As C increases, the fluid motion in the boundary layer is accelerated
causing reduction in the momentum boundary layer. Consequently, the velocity gradient and
hence the skin friction coefficient increase with C. On the other hand, the radial velocity f ðn; gÞ
decreases with increasing C due to the reduction in the boundary layer thickness. Consequently,
the Nusselt number decreases with increasing C.
Fig. 14 shows the effect of the Prandtl number Pr on the Nusselt number (Re�1=2x Nux) for both

CWT and CHF cases when C ¼ 100, K ¼ 1, e ¼ 0:9, k ¼ k� ¼ 3. The increase in the Prandtl
number implies thinning of thermal boundary layer. Hence the temperature gradient and Nusselt
number increases with Pr. This trend is valid for both CWT and CHF cases as well as for all values
of the curvature parameter n.
Fig. 10. Effect of K on Re1=2x Cfx for CWT and CHF cases.



Fig. 12. Effect of C on Re1=2x Cfx for CWT and CHF cases.

Fig. 11. Effect of K on Re�1=2x Nux for CWT and CHF cases.
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Fig. 14. Effect of Pr on Re�1=2x Nux for CWT and CHF cases.

Fig. 13. Effect of C on Re�1=2x Nux for CWT and CHF cases.
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5. Conclusions

The Nusselt number and the skin friction are significantly affected by the inertia and porosity
parameters, whereas the effect of the permeability parameter on them is rather small. The Prandtl
number and the buoyancy force influence significantly the Nusselt number, but the skin friction
coefficient is very little affected. The Nusselt number for the constant heat flux case is significantly
more than that of the constant wall temperature case, whereas there is very little difference in the
skin fractions for the constant wall temperature and constant heat flux cases.
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