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Abstract
The laminar steady nonsimilar natural convection ﬂow of a gases over an isothermal vertical cone has
been investigated where the thermal conductivity, dynamic viscosity and speciﬁc heat at constant pressure
are assumed to have a power-law variation with absolute temperature. The density is taken as inversely
proportional to the absolute temperature, whereas the Prandtl number is assumed to be constant. The
nonlinear coupled parabolic partial diﬀerential equations have been solved numerically by using an implicit
ﬁnite-diﬀerence scheme. The variable gas properties signiﬁcantly aﬀects the heat transfer and skin friction.
The heat transfer and skin friction decrease with increasing wall temperature ratio and the streamwise
distance. The heat transfer increases with suction, but decreases with injection.
Ó 2003 Elsevier Ltd. All rights reserved.
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1. Introduction
Natural convection phenomena arise in nature as well as in industries when a heated surface
is brought into contact with a mass of ﬂuid. Consequently, the temperature diﬀerence causes
density variations leading to buoyancy forces. This mode of heat transfer is encountered in
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atmospheric and oceanic circulations, in the handling of spent nuclear reactor fuel assembles,
in the design of solar energy collectors, in the process of frost formation involving low-temperature surfaces etc. Natural convection from a vertical surface with constant ﬂuid properties
been extensively studied. Gebhart et al. [1] have presented an overview of natural convection
ﬂows. In many problems the ﬂuid properties are not constant. Sparrow and Gregg [2] studied
the eﬀects of the ariable ﬂuid properties on the free convection ﬂow over an isothermal vertical
ﬂat plate. Brown [3] examined the eﬀect of the coeﬃcient of volumetric expansion on the
natural convection heat transfer. Gray and Giogins [4] discussed the validity of the Boussinesq
approximation and studied the free convection ﬂows with ﬂuid properties varying linearly with
temperature. Miyamoto [5] considered the eﬀect of the variable ﬂuid properties on transient
and steady state natural convection ﬂows on an isothermal vertical surface. Clausing and
Kempka [6] presented their experimental study of the inﬂuence of the variable ﬂuid properties
on the natural convection on a vertical plate. Shang and Wang [7] examined the eﬀect of the
power-law variations of the thermal conductivity and dynamic viscosity with temperature, on
the free convection ﬂow of gases over an isothermal vertical surface and obtained a self-similar
solution of the boundary layer equations. Recently, Pantokratoras [8] has studied the eﬀect of
the variable ﬂuid properties on the natural convection ﬂow of pure and saline water along a
vertical isothermal cylinder.
The present analysis deals with the eﬀect of the thermophysical quantities of gases on the steady
laminar natural convection ﬂow over an isothermal vertical cone where the dynamic viscosity
l / T W1 , the thermal conductivity K / T W2 and the speciﬁc heat at a constant pressure Cp / T W3 .
Here T is the absolute temperature and W1 , W2 and W3 are positive constants. The gas density q is
assumed to vary inversely as T and Prandtl number Pr is taken as a constant. The nonlinear
coupled parabolic partial diﬀerential equations have been solved numerically by using an implicit
ﬁnite-diﬀerence scheme similar to that of Blottner [9]. The results corresponding to the constant
ﬂuid properties have been compared with those of Watanabe [10].
2. Analysis
Let us consider a vertical circular cone (Fig. 1) with a semi-vertical angle X placed in an
otherwise ambient ﬂuid with constant temperature T1 . The surface of the cone is maintained at a
constant temperature Tw . Here we have assumed power-law variations of gas viscosity, thermal
conductivity and speciﬁc heat with temperature [7]. The density is taken to be inversely proportional to temperature and the Prandtl number is assumed to be constant. It is possible to neglect
the eﬀect of the buoyancy induced streamwise pressure gradient if X 6 X0 [11]. Under the above
assumptions, the conservation equations for the steady laminar boundary layer ﬂow over an
isothermal vertical cone can be expressed as,
o
o
ðqruÞ þ ðqrvÞ ¼ 0;
ox
oy




ou
ou
o
ou
q u þv
¼
l
þ gbðT  T1 Þ cos X;
ox
oy
oy
oy

ð1Þ
ð2Þ
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Fig. 1. The coordinate system.
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The boundary conditions on the wall are the no-slip conditions and far away from the surface
these are given by ambient conditions. These conditions are expressed as,
uðx; 0Þ ¼ 0;

vðx; 0Þ ¼ vw ;

uðx; 1Þ ¼ 0;
uð0; yÞ ¼ 0;

T ðx; 0Þ ¼ Tw ;
ð4Þ

T ðx; 1Þ þ T1 ;
T ð0; yÞ þ T1 ;

y > 0:

Here x is the distance along the surface of the cone from the apex; x ¼ 0 is the leading edge y;
measures the distance normally outward; u and v are the velocity components along the x and y
directions, respectively; q is the density; K and l are the thermal conductivity and dynamic viscosity, respectively; Cp is the speciﬁc heat at a constant pressure; T is the temperature; g is the
acceleration due to gravity; rð¼ x sin lÞ is the local cone radius; b is the volumetric coeﬃcient of
thermal expansion; and the subscripts w and 1 denote conditions at the wall and in the ambient
ﬂuid, respectively.
It is convenient to transform the governing equations (1)–(3) to dimensionless form by applying
the following transformations
X ¼ x=L;

Y ¼ y=L;

R ¼ r=L;

h ¼ ðT  T1 Þ=ðTw  T1 Þ;
Pr ¼ l1 Cp1 =K1 :

U ¼ uL=m1

R ¼ X sin X;

V ¼ vL=m1 ;

GrL ¼ gbðTw  T1 ÞL3 =m21 ;

ð5Þ
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Consequently, Eqs. (1)–(3) reduce to
o
o
ðqURÞ þ
ðqURÞ ¼ 0;
oX
oY


oU
oU q1 o
l oU
U
þV
¼
þ GrL h cos X;
oX
oY
q oY l1 oY


oh
oh q1 Cp1 1 o
K oh
U
Pr
þV
¼
:
oX
oY
oY K1 oY
q Cp

ð6Þ
ð7Þ
ð8Þ

The boundary conditions (4) can be re-written as
V ðX ; 0Þ ¼ Vw ¼ L=m1 ;

UðX ; 0Þ ¼ 0;
UðX ; 1Þ ¼ 0;

ð9Þ

hðX ; 1Þ ¼ 0:

Here X and Y are the dimensionless distances along and perpendicular to the surface; U and V
are the dimensionless velocity components along X and Y directions; h is the dimensionless
temperature; L is the characteristic length; R is the dimensionless local radius of the cone; Pr is the
Prandtl number; and GrL is the Grashof number.
In order to reduce the number of equations from three to two, we introduce the stream function
W and use the transformations given by
qUR ¼ q1 ow=oY ; qVR ¼ q1 ow=oX ; n ¼ X ;
Z Y
1=4
g ¼ ðGrL =nÞ
ðq=q1 Þ dY ; wðX ; Y Þ ¼ RGrL1=4 n3=4 f ðn; gÞ;
0

U ¼ U  f 0 ðn; gÞ;

U  ¼ ðGrL nÞ1=2 ;

A ¼ ðTw  T1 Þ=T1 ;

V ¼ ðq1 =qÞGrL1=4 n1=4 ½ð7=4Þf þ nof =on;
fw ¼ Bn

1=4

;

q1 =q ¼ T =T1 ;

K=K1 ¼ ðT =T1 ÞW2 ;

T =T1 ¼ 1 þ Ah;

l=l1 ¼ ðT =T1 Þ ;

Cp =Cp1 ¼ ðT =T1 ÞW3 ;

N ¼ ql=q1 l1 ¼ ðT =T1 ÞW1 1 ;

ð10Þ
W1

W3 ¼ W2  W1 ;

N1 ¼ qK=q1 K1 ðT =T1 ÞW2 1 ;

B ¼ 21 GrL1=4 ðqw =q1 ÞVw :

In Eq. (6)–(8), we ﬁnd that Eq. (6) is identically satisﬁed and Eqs. (7) and (8) reduce to
ðNf 00 Þ0 þ ð7=4Þff 00  21 f 02 þ h cos X ¼ nðf 0 of 0 =on  f 00 of =onÞ;
0

ðN1 h0 Þ þ ð7=4ÞPrðCp =Cp1 Þf h0 ¼ PrðCp =Cp1 Þnðf 0 oh=on  h0 of =onÞ:

ð11Þ
ð12Þ
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Table 1
The value of the parameters, Pr, W1 , W2 , and W3
Pr
W1
W2
W3

Ar

H2

Air

N2

CO

O2

Water vapour

0.622
0.72
0.73
0.01

0.68
0.68
0.80
0.12

0.70
0.68
0.81
0.13

0.71
0.67
0.76
0.09

0.72
0.71
0.83
0.12

0.733
0.694
0.860
0.166

1.0
1.04
1.185
0.145

The boundary conditions (9) can be expressed as
f ðn; 0Þ ¼ fw ¼ Bn1=4 ; f 0 ðn; 0Þ ¼ 0;
f 0 ðn; 1Þ ¼ hðn; 1Þ ¼ 0:

hðn; 0Þ  1;

ð13Þ

Here n and g are the transformed coordinates; W is the dimensionless stream function; f is the
transformed stream function; W1 W2 and W3 are positive constants; N and N1 are functions of h; A
is the temperature ratio deﬁned in Eq. (1) and A > 0 for Tw > T1 and A < 0 for Tw < T1 ; fw is the
mass transfer function; B is a constant if the normal velocity at the wall Vw is constant and B P 0
according to whether there is suction or injection; U  is the hypothetical or equivalent velocity at
the edge of the boundary layer.
Following Shang and Wang [7] we have taken power-law variations of the thermophysical
properties of the gases with temperature as given in Eq. (1). These are found to be in good
agreement with the experimental values [7]. The values of W1 , W2 , W3 and Pr for various gases are
given in Table 1. When the gases have constant properties, W1 ¼ W2 ¼ 1, W3 ¼ 0. Hence
N ¼ N1 ¼ Cp =Cp1 ¼ 1.
The local skin friction and heat transfer coeﬃcients can be expressed as
Cfx ¼ lw ðou=oyÞy¼0 =q1 ðU  m1 =LÞ2 ¼ ð1 þ AÞW1 1 Grx1=4 f 00 ðn; 0Þ;
Nux ¼ Kw ðoT =oyÞy¼0 x=K1 ðTw  T1 Þ ¼ ð1 þ AÞW2 1 Grx1=4 h0 ðn; 0Þ;

ð14Þ

where Cfx is the local skin friction coeﬃcient, Nux is the local Nusselt number, m is the kinematic
viscosity and Grx ð¼ gbðTw  T1 Þx3 =m21 Þ is the Grashof number deﬁned with respect to x.
3. Methods of solution
The partial diﬀerential equations (11) and (12) under the conditions (13) have been solved
numerically using an implicit ﬁnite-diﬀerence scheme similar to that of Blottner [9]. All the ﬁrst
order derivatives with respect to n have been replaced by two-point backward diﬀerence formulae
oR=on ¼ ðRi;j  Ri1;j Þ=Dn;

ð15Þ

where R is the dependent variable f 0 or h and i and j are the node locations along n and g
directions, respectively. The third-order partial diﬀerential equation (11) is converted to a
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second-order by substitutions f 0 ¼ F . The second-order equations are discretized by using threepoint central diﬀerence formulae while the ﬁrst-order derivatives with respect to g are discretized
by using the trapezoidal rule. At each line of constant n, a system of algebraic equations is solved
iteratively by using the Thomas algorithm (see Blottner [9]). The same process is repeated for the
next n value and the equations are solved line by line until the desired n value is reached. A
convergence criterion based on the relative diﬀerence between the current and previous iterations
has been used. When this diﬀerence becomes 105 , the solution is assumed to have converged and
the iterative process is terminated.
We have carried out the sensitivity analysis of the step size Dn and Dg and the edge of the
boundary layer g1 on the solution. Finally we have taken Dg ¼ 0:025, Dn ¼ 0:05, g1 ¼ 12.

4. Results and discussion
Eqs. (11) and (12) under the conditions (13) have been solved numerically by using an implicit
ﬁnite diﬀerence scheme described earlier. In order to assess the accuracy of our method, we have
compared our skin friction and heat transfer results for n ¼ 0, X ¼ p=6, Pr ¼ 0:73, W1 ¼ W2 ¼ 1,
W3 ¼ 0 (self-similar ﬂow with constant ﬂuid properties) with those Watanabe [10]. The results are
found to be in good agreement and the comparison is presented in Table 2.
The eﬀect of wall temperature ratio A (A > 0 for Tw > T1 and A < 0 for Tw < T ) on the velocity
and temperature proﬁles, f 0 ðn; gÞ and hðn; gÞ, for Ar, N2 and water vapour n ¼ 1, X ¼ p=6,
B ¼ 0:5 is in shown in Figs. 2 and 3. The maximum velocity for A > 0 ðTw > T1 Þ is more than
that for A < 0 (Tw < T1 Þ, because for gases the viscosity increases with temperature. Consequently
the boundary layer thickness increases. Also the momentum and thermal boundary layers for
water vapour or N2 is less that that of Ar, because the Prandtl number Pr for water vapour
(Pr ¼ 1:0) or N2 (Pr ¼ 0:7) is more than that of Ar (Pr ¼ 0:622). The increase in Pr results in
thinner boundary layers.
Figs. 4 and 5 present the eﬀect of semi-vertical angle of the cone X on the velocity and temperature proﬁles, f 0 ðn; gÞ and hðn; gÞ, for Ar and water vapour when A ¼ 1, B ¼ 0:5, n ¼ 1. Both
Table 2
Comparison of skin friction and heat transfer parameters, f 00 ð0Þ and h0 ð0Þ, for n ¼ 0, Pr ¼ 0:73, X ¼ p=6, W1 ¼ W2 ¼ 1,
W3 ¼ 0
B

Present results

0.7
0.5
0.3
0.1
0
)0.1
)0.3
)0.5

Watanabe [10]

f ð0Þ

h ð0Þ

f 00 (0)

h0 (0)

0.41721
0.59018
0.81003
0.87496
0.84017
0.77053
0.58664
0.42012

3.99125
2.81342
1.78663
0.98408
0.67746
0.43779
0.13978
0.02756

0.41776
0.59075
0.81037
0.87550
0.84043
0.77029
0.58642
0.42002

3.99260
2.81470
1.78792
0.98535
0.67894
0.43799
0.13997
0.02743

00

0
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Fig. 2. Eﬀect of the wall temperature ratio, A, on the velocity proﬁles, f 0 (n; g), for Ar, N2 and water vapour.

Fig. 3. Eﬀect of the wall temperature ratio, A, on the temperature proﬁles, h(n; g), for Ar, N2 and water vapour.

the momentum and thermal boundary layer thicknesses increase with X. The increase in X implies
that the magnitude of the buoyancy force is reduced (see Eq. (11)). Hence the deriving mechanism
of the ﬂow becomes weak which in turn causes thicker boundary layers.
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Fig. 4. Eﬀect of the semi-vertical angle of the cone, X, on the velocity proﬁles f 0 (n; g), for Ar and water vapour.

Fig. 5. Eﬀect of the semi-vertical angle of the cone, X, on the temperature proﬁles, h (n; g), for Ar and water vapour.

Figs. 6–13 present the variation of the local skin friction coeﬃcient, Grx1=4 Cfx , and the local
Nusselt number, Grx1=4 Nux , with the streamwise distance n (0 6 n 6 2) for Ar, air, O2 and water
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Fig. 6. Eﬀect of the wall temperature ratio, A, on the variations of the local skin friction coeﬃcient, Grx1=4 Cfx , with the
streamwise distance n for Ar.

Fig. 7. Eﬀect of the wall temperature ratio, A, on the variations of the local Nusselt number, Grx1=4 Nux , with the
streamwise distance n for Ar.
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Fig. 8. Eﬀect of the wall temperature ratio, A, on the variations of the local skin friction coeﬃcient, Grx1=4 Cfx , with the
streamwise distance n for air.

Fig. 9. Eﬀect of the wall temperature ratio, A, on the variations of the local Nusselt number, Grx1=4 Nux , with the
streamwise distance n for air.
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Fig. 10. Eﬀect of the wall temperature ratio, A, on the variations of the local skin friction coeﬃcient, Grx1=4 Cfx , with the
streamwise distance n for a O2 .

Fig. 11. Eﬀect of the wall temperature ratio, A, on the variations of the local Nusselt number, Grx1=4 Nux , with the
streamwise distance n for O2 .
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Fig. 12. Eﬀect of the wall temperature ratio, A, on the variations of the local skin friction coeﬃcient, Grx1=4 Cfx , with the
streamwise distance n for water vapour.

Fig. 13. Eﬀect of the wall temperature ratio, A, on the variations of the local Nusselt number, Grx1=4 Nux , with the
streamwise distance n for water vapour.
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Fig. 14. Eﬀect of the mass transfer parameter, B, on the variations of the local Nusselt number, Grx1=4 Nux , with the
streamwise distance n for air.

vapour for several values of A. Since the corresponding results for H2 , N2 and CO are qualitatively
similar to these results, for the sake of brevity, they are not shown here. Both the skin friction and
the Nusselt number decrease with increasing streamwise distance n, because the momentum and
thermal boundary layers grow with n. Also for a ﬁxed n location, the skin friction coeﬃcient
and the Nusselt number decrease with increasing A. The reason for this behaviour is that the
increase in A implies heating of the wall which in turn increases the viscosity of the gas. Consequently, both the momentum and thermal boundary layers increase which results in lower heat
transfer and shear stress. Thus the variable gas properties exert a strong inﬂuence on the skin
friction and heat transfer. In the case of water vapour, the trend of A on the heat transfer and skin
friction is opposite to that of Ar, air and O2 . A ¼ 0 implies that Tw ¼ T1 and the problem reduces
to that with constant properties (W1 ¼ W2 ¼ 1, W3 ¼ 0, N ¼ N1 ¼ 1). Since the results for A ¼ 0 lie
between A ¼ 0:25 and A ¼ 0:25, for the sake of clarity, they are not shown here.
The eﬀect of the mass transfer parameter B on the local Nusselt number, Grx1=4 Nux , for air is
displayed in Fig. 14. Since the suction (B > 0) reduces the thermal boundary layer, the Nusselt
number increases with suction, but decreases with increasing injection (B < 0).

5. Conclusions
The local skin friction and Nusselt number decrease with increasing wall temperature or
streamwise distance. The variable gas properties signiﬁcantly aﬀect the heat transfer and skin
friction. The eﬀect of the wall temperature on the heat transfer and skin friction for water vapour
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is found to be opposite to that of argon, air and oxygen. The heat transfer decreases with injection, but it increases with suction.
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