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Abstract An analysis is performed to study the unsteady
combined forced and free convection flow (mixed con-
vection flow) of a viscous incompressible electrically
conducting fluid in the vicinity of an axisymmetric
stagnation point adjacent to a heated vertical surface.
The unsteadiness in the flow and temperature fields is
due to the free stream velocity, which varies arbitrarily
with time. Both constant wall temperature and constant
heat flux conditions are considered in this analysis. By
using suitable transformations, the Navier–Stokes and
energy equations with four independent variables (x, y,
z, t) are reduced to a system of partial differential
equations with two independent variables (g, s). These
transformations also uncouple the momentum and
energy equations resulting in a primary axisymmetric
flow, in an energy equation dependent on the primary
flow and in a buoyancy-induced secondary flow depen-
dent on both primary flow and energy. The resulting
system of partial differential equations has been solved
numerically by using both implicit finite-difference
scheme and differential-difference method. An interest-
ing result is that for a decelerating free stream velocity,
flow reversal occurs in the primary flow after certain
instant of time and the magnetic field delays or prevents
the flow reversal. The surface heat transfer and the
surface shear stress in the primary flow increase with the
magnetic field, but the surface shear stress in the buoy-
ancy-induced secondary flow decreases. Further the heat

transfer increases with the Prandtl number, but the
surface shear stress in the secondary flow decreases.

List of symbols

Cf specific heat of the fluid
Cfx local skin friction coefficient
f dimensionless stream function
g acceleration due to gravity
Gr Grashof number
Grx local Grashof number
M magnetic parameter
Nux local Nusselt number
Pr Prandtl number
Rem magnetic Reynolds number
x, y, z Cartesian co-ordinates
T temperature
u, v, w velocity components along radial and axial

directions
b volumetric coefficient of thermal expansion
g, n transformed co-ordinates
h dimensionless temperature
l coefficient of viscosity
m kinematic viscosity
qf density of the fluid
Y dimensional stream function

Subscripts

w, ¥ conditions at the wall and in the ambient fluid

Superscript

¢ derivative with respect to g

1 Introduction

The combined forced and free convection flow (mixed
convective flow) is encountered in several industrial
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and technical applications, which include nuclear
reactors cooled during emergency shutdown, electronic
devices cooled by fans, heat exchangers placed in a
low-velocity environment, solar central receivers ex-
pand to wind current. Sparrow et al. [1] were the first
to investigate the effect of buoyancy forces on the
forced convection flow over a vertical flat plate and
obtained the similarity solution when both the wall
temperature and external flow vary with the streamwise
distance from the leading edge of the plate in a par-
ticular manner. Sparrow and Gregg [2] further ob-
tained the nonsimilar solution of the mixed convection
flow over a vertical plate by using a series solution
method. Merkin [3] investigated the mixed convection
flow over an isothermal vertical plate when the buoy-
ancy forces aid or oppose the forced convection flow.
Two series solutions were obtained, one of which is
valid near the leading edge and the other is valid
asymptotically. In the region where the series solutions
are not valid, the equations were solved numerically.
Oosthuizen and Hart [4] studied the mixed convection
flow over a heated vertical plate by using the finite-
difference method. Mucoglu and Chen [5] considered
the mixed convection flow over an inclined surface for
both constant wall temperature and constant heat flux
cases. The governing boundary layer equations were
solved by using an implicit finite-difference scheme
developed by Keller [6] as well as by local nonsimilarity
method [7]. The similarity solutions for the mixed
convection on a vertical plate for constant heat flux
conditions on the wall were obtained by Merkin and
Mahmood [8]. The influence of the inclination angle
and the Prandtl number on the mixed convection flow

over an inclined plate for both constant wall temper-
ature and constant wall heat flux conditions was con-
sidered by Wickern [9, 10] and the governing boundary
layer equations were solved by employing an implicit
finite-difference scheme. Watanabe [11] studied the ef-
fects of surface suction/injection on the mixed con-
vection flow over the vertical surface for the constant
wall temperature (CWT) case and the governing partial
differential equations were solved by the differential-
difference method [12]. Ramachandran et al. [13] ana-
lyzed the mixed convection in 2D stagnation flow
adjacent to a vertical surface for both cases of an
arbitrary wall temperature and arbitrary surface heat
flux variations and obtained similarity solutions. The
resulting ordinary differential equations were solved by
the fourth-order Runge–Kutta integration scheme
along with the Nachtsheim–Swigert shooting technique
[14]. The mixed convection flow at a 2D stagnation
point on a heated horizontal boundary was studied by
Amin and Riley [15]. The forced convection is a stag-
nation point flow and the free convection part is due to
a pressure gradient that is induced by the temperature
variations along the boundary.

The studies mentioned above dealt with the steady
flows, but many problems of practical interest may be
unsteady. The unsteadiness is due to the change in the
free stream velocity and (or) wall temperature (heat
flux) or due to both. Brown and Riley [16] studied the
temporal development of the free convection flow past
a suddenly heated semi-infinite vertical plate. The
unsteadiness in the flow field was induced by the step-
change in the wall temperature (heat flux) and (or) in
the free stream velocity. They found that in the initial
stage in the flow is governed by one-dimensional flow
model and the early stage of the departure from this is
described by a local solution. On the other hand,
Ingham [17] reconsidered the problem of Brown and
Riley [16] where the wall temperature was suddenly
raised from the ambient temperature T¥ to Tw (Tw =
T¥ + Ax

m, where A and m are positive constants and
x is the distance measured from the leading edge of
the plate) and obtained the solutions of the governing
equations by using both numerical and asymptotic
methods. Sammakia et al [18] and Harris et al. [19]
have, respectively, studied the transient mixed and free
convection flows past a heated vertical flat surface and
the governing partial differential equations were solved
by the finite-difference scheme. Seshadri et al. [20]
investigated the unsteady mixed convection in the
stagnation flow adjacent to a heated vertical flat plate.
The unsteadiness in the problem was introduced by
the impulsive motion of the free stream velocity and
by sudden increase in the wall temperature (heat flux).
The boundary layer equations were solved by using an
implicit finite-difference scheme starting from the ini-
tial steady state to the final steady state. Wang [21]
studied the steady natural convection in the axisym-
metric stagnation-point flow on a heated vertical sur-
face and obtained the similarity solution.Fig. 1 Physical Model
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It may be remarked that Rott and Lewellen [22],
Chawla and Verma [23] and Thacker et al. [24] have
shown that the axisymmetric character in rotating flows
is destroyed when translocational velocity or buoyancy
force is imposed on the flow field. The buoyancy force in
the free or mixed convection flow in the axisymmetric
stagnation-point flow also destroys the axisymmetric
nature of the flow [21]. Consequently, the flow field de-
pends on all the three space variables (x, y, z).

The aim of this analysis is to study the unsteady
mixed convection in the axisymmetric stagnation-point
flow adjacent to a heated vertical surface in the pres-
ence of a magnetic field. Both constant wall tempera-
ture and constant heat flux conditions are considered.
By using suitable transformations the Navier–Stokes
equations and the energy equation which are repre-
sented by a system of partial differential equations with
four independent variables (x, y, z, t) governing the
flow can be reduced to a system of partial differential
equations with two independent variables (g, s). Also
these transformations uncouple the momentum and
energy equations in a primary axisymmetric flow in an
energy equation dependent on the primary flow and in
a buoyancy induced secondary flow dependent on both
primary flow and energy. The resulting system of par-
tial differential equations with two independent vari-
ables (g, s) have been solved by using an implicit finite
difference scheme similar to that of Blottner [25] and
also by the differential-difference method [12]. The
steady-state results have been compared with those of
Sparrow et al. [26]. The present analysis may be re-
garded as an extension of the work of Wang [21] to
include the effects of unsteadiness, free stream velocity
and the magnetic field. Also it may be considered as
the axisymmetric and magnetic counterpart of the
problem considered in [20]. For decelerating free
stream velocity, the flow reversal occurs after certain
instant of time and the magnetic field delays or pre-
vents this reversal of flow. The magnetic field also re-
tards the growth of the buoyancy-induced secondary
flow. Hence the present study could be useful in nu-
clear engineering where the flow reversal could be de-
layed or prevented and the secondary flow could be
controlled by the application of the magnetic field.

2 Formulation and analysis

Let us consider that a fluid stream impinges on a wall
at right angles to it and flows away radially in all
directions. Such a flow occurs in the vicinity of a
stagnation point of a body of revolution in a flow
parallel to the axis. We use the Cartesian coordinate
system (x, y, z), shown in Fig. 1. We assume that the
wall is at z=0, the stagnation point is at the origin and
the flow is in the direction of the negative z-axis. The
buoyancy force acts along the negative x-axis. We
consider the unsteady, incompressible mixed convection
of a viscous electrically conducting fluid in an axi-

symmetric stagnation flow near a vertical flat plate. The
unsteadiness in the flow field is introduced by the time-
dependent free stream velocity. Let U, V and W are the
velocity components in the x, y and z directions in the
potential flow and u, v and w are the corresponding
velocity components in the viscous flow. The surface is
kept at a constant temperature or at a constant heat
flux. The wall temperature Tw or the heat flux at the
surface qw and free stream temperature T¥ are con-
stants with Tw > T¥. The density variations are ne-
glected except where necessary for driving the
buoyancy force. The magnetic field B is applied normal
to the surface (i.e., in the z-direction). It is assumed
that the magnetic Reynolds number Rem=l0r V*L
<< 1, where l0 is the magnetic permeability, r is the
electrical conductivity, and V* and L are the charac-
teristic velocity and length, respectively. Under this
assumption, it is possible to neglect the induced mag-
netic field in comparison to the applied magnetic field.
The vertical plate is assumed to be electrically non-
conducting and the fluid is taken to be electrically
conducting. The viscous dissipation and Ohmic heating
terms are not included in the energy equation since
they are, generally, small in the vicinity of the stagna-
tion point. Under the above assumptions, the Navier–
Stokes equations and the energy equation governing
the unsteady flow in the vicinity of an axisymmetric
stagnation flow adjacent to a vertical plate can be ex-
pressed as [13, 21, 24, 27].

ux þ vy þ wz ¼ 0; ð1Þ

ut þ uux þ vuy þ wuz ¼ �q�1px þ mr2uþ g bðT � T1Þ
� q�1qB2u; ð2Þ

vt þ uvx þ vvy þ wvz ¼ �q�1py þ mr2vþ q�1rB2v; ð3Þ

wt þ uwx þ vwy þ wwz ¼ �q�1pz þ mr2w; ð4Þ

Fig. 2 Comparison of the Nusselt number Rex
–1/2 Nux, for the

CWT case, obtained by finite-difference and different-difference
methods
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Tt ¼ uTx þ vTy þ wTz ¼ ar2T ; ð5Þ

where

r2 ¼ @2

@x2
þ @2

@y2
þ @2

@z2
: ð6Þ

The initial conditions (i.e., conditions at time t=0) are
given by

u ¼ ui; v ¼ vi; w ¼ wi; p ¼ pi; T ¼ Ti: ð7Þ

The boundary conditions can be expressed as,

u ¼ v ¼ w ¼ 0; p ¼ p0; T ¼ Tw

at z ¼ 0; x � 0; y � 0;

u! U ; v! V ; w! W ; T ! T1
as z!1; x � 0; y � 0;

u ¼U ; v¼ V ; w¼W ; T ¼ T1 at x¼ 0; y> 0; z> 0;
u ¼U ; v¼ V ; w¼W ; T ¼ T1 at y¼ 0; x> 0; z> 0:

ð8Þ

Here p is the static pressure, q and m are the density
and kinematic viscosity, respectively, p0 is the stagnation
pressure, T is the temperature, the subscript i denotes
initial conditions, the subscripts w and ¥ denote condi-
tions at the wall and in the free stream, respectively, and
the subscripts t, x, y and z denote derivatives with
respect to t, x, y, z, respectively. a is the thermal diffu-

Fig. 3 Effect of magnetic
parameter M on the velocity
profiles in the primary flow,
f¢(g, s)

Fig. 4 Effect of magnetic
parameter M on the velocity
profiles in the secondary flow,
s(g, s)
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sivity, g is the magnitude of gravitational acceleration
and b is the volumetric coefficient of thermal expansion.

Equations 1, 2, 3, 4, 5 are partial differential equa-
tions with four independent variables (t, x, y, z). How-
ever, it is possible to reduce Eqs. 1, 2, 3, 4, 5 to partial
differential equations with two independent variables (g,
s) if the potential velocity components in x and y-
directions are of the form

U ¼ ax /ðsÞ; V ¼ ay /ðsÞ; s ¼ at;

a ¼ @U
@x

� �
s¼0 ¼

@V
@y

� �

s¼0
¼ 0; /ð0Þ ¼ 1:

ð9Þ

Then from the continuity equation

W ¼ �2a /ðsÞz: ð10Þ

Using the unsteady Bernoulli equation, the pressure p is
given by

p0 � p ¼ 2�1qa2

��
/2 þM/þ @/

@s

�
ðx2 þ y2Þ

þ 2

�
2/2 � d/

ds

�
z2
�
; ð11Þ

where

M ¼ rB2

qa
: ð12Þ

Now, we apply the following transformations

Fig. 5 Effect of magnetic
parameter M on the
temperature profiles, h (g, s)

Fig. 6 Effect of magnetic
parameter M on the pressure
profiles P(g, s)
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g¼ a
m

� �1=2
z; s¼at; u¼ax/ðsÞf 0ðg;sÞþgbðT�T1Þa�1sðg;sÞ;

v¼ay/ðsÞf 0ðg;sÞ; w¼�2ðamÞ1=2/ðsÞf ðg;sÞ;
hðg;sÞ¼ T�T1

Tw�T1
; Pr¼m

a;

p0�p¼2�1qa2 /2þM/þd/
ds

� �
ðx2þy2Þþ2 m

a

� �
P ðg;sÞ

h i
;

ð13Þ

to Eqs. 1, 2, 3, 4, 5 and we find that Eq. 1 is identically
satisfied Eqs. 2, 3, 4, 5 reduce to

f 000 þ /ð2ff 00 þ 1� f 02Þ þMð1� f 0Þ

þ /�1
d/
ds
ð1� f 0Þ � @f 0

@s
¼ 0 ð14Þ

s00 þ /ð2fs0 � f 0sÞ þ h�Ms� @s
@s
¼ 0; ð15Þ

Pr�1h00 þ 2/f h0 � @h
@s
¼ 0; ð16Þ

P � 2/ðf 0 þ /f 2Þ � 2
@

@s

Zg

0

ð/f Þ@g; ð17Þ

where the pressure P is written after integration which
satisfies the boundary condition. The initial conditions
are

f ¼ fi; s ¼ si; h ¼ hI ; at s ¼ 0; ð18Þ

and the boundary conditions are

f ¼ f 0 ¼ s ¼ 0; h ¼ 1 at g ¼ 0;
f 0 ! 1; s! 0; h! 0 as g!1: ð19Þ

Fig. 7 Effect of magnetic
parameter M on the surface
shear stress in the primary flow,
f¢¢(0, s), for accelerating flow

Fig. 8 Effect of magnetic
parameter M on the surface
shear stress in the secondary
flow, s¢(0, s), for accelerating
flow

392



The steady-state equations (i.e., at s=0) are obtained
from Eqs. 14, 15, 16, 17 by putting s=¶/¶s=0, /=1,
d//ds=0 in them. These steady-state equations are

f 000 þ 2ff 00 þ 1� f 02 þMð1� f 0Þ ¼ 0; ð20Þ

s00 þ 2fs0 � f 0sþ h�Ms ¼ 0; ð21Þ

Pr�1h00 þ 2f h0 ¼ 0; ð22Þ

P ¼ 2ðf 0 þ f 2Þ; ð23Þ

with boundary conditions,

f ð0Þ ¼ f 0ð0Þ ¼ sð0Þ ¼ hð0Þ ¼ 0;
f 0ð1Þ � 1 ¼ sð1Þ ¼ hð1Þ ¼ 0:

ð24Þ

Here g and s are the transformed independent vari-
ables, f¢ and s are the dimensionless velocities in the

primary and secondary flows, respectively (i.e., in x and
y directions, respectively), P is the dimensionless pres-
sure, a is the velocity gradient in the potential flow at
time s=0, u (s) is a function of time s and is chosen such
that both u and du/ds are continuous functions, Pr is
the Prandtl number, M is the magnetic parameter and
prime denotes derivative with respect to g.

It may be remarked that Eqs. 14, 15, 16, 17, 18, 19,
20, 21, 22, 23, 24 represent both Navier-Stokes equa-
tions as well as boundary layer equations in the axi-
symmetric stagnation point region. However, for
boundary layer equations, Eqs. 17 and 23 are not
required, because the pressure is assumed to be constant
across the boundary layer. The steady-state Eqs. 20 and
22 are identical to those of Sparrow et al. [27].

The above equations are not only valid for the CWT
case, but they are also valid for the constant heat flux
(CHF) case except that

Fig. 9 Effect of magnetic
parameter M on the Nusselt
number, Rex

)1/2 Nux, for
accelerating flow

Fig. 10 Effect of magnetic
parameter M on the surface
shear stress in the primary flow,
f¢¢(0, s), for decelerating flow
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hðg; sÞ ¼ a
m

� �1=2 k
qw

� �
ðT � T1Þ; ð25Þ

u ¼ ax /ðsÞf 0ðg; sÞ þ m
a

� �1=2gb qw
ka

� �
sðg; sÞ; ð26Þ

and the boundary conditions h=1 at g=0 in Eqs. 19
and 24 should be replaced by h¢=)1 at g=0.

The equations of physical interest are the Nusselt
number and the skin friction coefficient. For the CWT
case they are given by

Nux ¼ �x
@T
@z

� �
z¼0

Tw � T1
¼ �Re1=2x h0ð0; sÞ; ð27Þ

Cfx ¼
l @u

@z

� �
z¼0

qU2
0

¼ Re1=2x / f 00ð0; sÞ þ k s0ð0; sÞ½ �; ð28Þ

where

Rex¼
ax2

m
; U0¼ ax; k¼Grx

Re2x
; Grx¼ gb

ðTw�T1Þx3
m2

:

ð29Þ

The corresponding expressions for the CHF case are

Nux ¼
Re1=2x

hð0; sÞ ; ð30Þ

Cfx ¼ Re�1=2x /f 00ð0; sÞ þ k�s0ð0; sÞ½ �; ð31Þ

where

k� ¼ Gr�x
Re5=2x

; Gr�x ¼ gb qwx4 ðkm2Þ: ð32Þ

Fig. 11 Effect of magnetic
parameter M on the surface
shear stress in the secondary
flow, s¢(0, s), for decelerating
flow

Fig. 12 Effect of magnetic
parameter M on the Nusselt
number, Rex

)1/2 Nux, for
decelerating flow
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Here Nux is the local Nusselt number, Cfx is the local
skin friction coefficient, Rex is the local Reynolds num-
ber, Grx and Grx* are the local Grashof numbers for the
CWT and CHF cases, respectively, k and k* are the
buoyancy parameters for the CWT and CHF cases,
respectively, qw is the constant heat flux at the wall, m0 is
the free stream velocity at s=0, k is the thermal con-
ductivity, and l is the coefficient of viscosity.

3 Finite-difference method

The parabolic partial differential equations 14, 15, 16
under initial and boundary conditions (18) and (19) have
been solved numerically by using an implicit, iterative,
triagonal finite difference scheme similar to those of
Blottner [25]. All the first-order derivatives with respect

to s is replaced by two-point backward difference for-
mulae of the form

@R
@s
¼ Ri;j � Ri�i;j

rs
; ð33Þ

where R is any dependent variable, and i and j are the
node locations along s and g directions, respectively.
First the third-order partial differential equation 14 is
converted into a second-order by substituting f ¢=F.
Then the second-order partial differential equations for
F, s and u are discretized by using three-point central-
differential formulae while all the first-order derivatives
are discretized by employing the trapezoidal rule. At
each line of constant s, a system of algebraic equations is
obtained. The function f is evaluated from the relation
f ¼

R g
0 F @g: The nonlinear terms are evaluated at the

previous iteration. These algebraic equations are solved

Fig. 13 Effect of the Prandtl
number, Pr, on the surface
shear stress in the secondary
flow, s¢(0, s)

Fig. 14 Effects of Pr on the
Nusselt number Rex

)1/2 Nux
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iteratively by using the Thomas algorithms (see Blottner
[25]). The same process is repeated for the next s value
and the problem is solved line by line until the required s
value is reached. A convergence criterion based on the
relative difference between the current and previous
iterations has been used. When this difference reaches
10)5, the solution is assumed to have converged and the
iterative process is terminated.

We have examined the effect of the grid size Dg and
Ds and the edge of the boundary layer g¥ on the solu-
tion. The results presented here are independent of the
grid size and g¥ at least up to three decimal place.

4 Differential-difference method

The partial differential equations 14, 15, 16 under
initial and boundary conditions (18) and (19) have
also been solved by using the differential-difference
method [12]. In this method, we have to solve ordin-
ary differential equations instead of partial differential
equations. Further, these ordinary differential equa-
tions are converted to integral equations and then
solved by an iterative numerical quadrature. The re-
sults are found to be nearly same as those obtained by
the finite-difference method, but the computational
time is much less.

First, we replace the derivatives with respect to s at
s = sI=ih (i=0, 1, 2,...), where h is a constant interval,
by using four-point Gregory–Newton’s formula. Equa-
tions 14, 15, 16 can be replaced by the following or-
dinary differential equations

f
000

i þ 2/ðihÞfif
00

i � M þ /�1ðihÞ d/ðihÞ
ds

� �� �
ðf 0i � 1Þ

� 6hð Þ�1ð11f 01 � 18f 0i�1 þ 9f 0i�2 � 2f 0i�3Þ ¼ 0; ð34Þ

s00i þ 2/ðihÞfis0i � ðM þ f 0i Þsi þ hi � ð6hÞ�1

� ð11si � 18si�1 þ 9si�2 � 2si�3Þ ¼ 0; ð35Þ

h00i þ 2Pr/ðihÞfih
0
i � Prð6hÞ�1ð110i � 18hi�1

þ 9hi�2 � 2hI�3Þ ¼ 0; ð36Þ

where

hðsÞ ¼ 1þ es2;
d/
ds
¼ 2es; /ðihÞ ¼ 1þ eðihÞ2;

d/ðihÞ
ds

¼ 2eðihÞ: ð37Þ

The boundary conditions (19) can be re-written as

fið0Þ ¼ f 0i ð0Þ ¼ sið0Þ ¼ hIð0Þ � 1 ¼ 0;
f 0i ð1Þ � 1 ¼ sið1Þ ¼ hIð1Þ ¼ 0:

ð38Þ

We can now express the solutions of Eqs. 34, 35, 36
with relation (37) and boundary conditions (38) at the

ith station sI = ih in terms of the following integral
equations

f 0i ¼
Zg

0

EðgÞ
Zg

0

GðgÞ
EðgÞ �

Zg

0

EðgÞ
Zg

0

GðgÞ
EðgÞ dg dg

2

4

3

5 HðgÞ
Hð1Þ ;

ð39Þ

fi ¼
Zg

0

f 0i dg; ð40Þ

si ¼
Zg

0

EðgÞ
Zg

0

LðgÞ
EðgÞdg dg

�
Zg

0

EðgÞ
Zg

0

LðgÞ
EðgÞ dg dg

2

4

3

5 HðgÞ
Hð1Þ ; ð41Þ

f 0i ¼ 1þ
Zg

0

E1ðgÞ
Zg

0

NðgÞ
E1ðgÞ

dg dg

�
Zg

0

E1ðgÞ
Zg

0

NðgÞ
E1ðgÞ

dg dg

2

4

3

5 H1ðgÞ
H1ð1Þ

; ð42Þ

where

EðgÞ ¼ e�2/ðihÞ fi ; HðgÞ ¼
Zg

0

EðgÞ dg;

GðgÞ ¼ M þ /�1ðihÞ d/ðihÞ
ds

� �
ðf 0i � 1Þ þ ð6hÞ�1

� ð11f 0i � 18f 0i�1 þ 9f 0i�2 � 2f 0i�3Þ;
L(g) ¼ ðM þ f 0iÞ si � hi þ ð6hÞ�1

� ð11si � 18si�1 þ 9si�2 � 2si�3Þ;

EiðgÞ ¼ e�2Pr/ðihÞ fi ; HiðgÞ ¼
Zg

0

EiðgÞdg

NðgÞ ¼ Prð6hÞ�1 ð11hi � 18hi�1 þ 9hi�2 � 2hi�3Þ: ð43Þ

The integral equations 39, 40, 41, 42 have been solved
by an iterative numerical quadrature using the Simp-
son’s rule. Equations 39, 40, 41, 42 involved f¢i, si and hI
at si)1, si)2 and si)3. When these equations are deter-
mined, we can get f¢i, fi, si and hi from Eqs. 39, 40, 41, 42.
The initial solutions f0, f¢0, h0 at s = 0 are the solutions
of the ordinary differential equations 20, 21 and 22 un-
der boundary conditions (24), which are solved numer-
ically by using Runge-Kutta subroutine [28]. Similarly,
fi(g), f¢i(g), si(g) and hI(g) at s=s1 and s=s2 are obtained
from equations similar to those of Eqs. 34, 35, 36, where
the derivatives with respect to s are, respectively,
replaced by two-point and three-point difference for-
mulae instead of four-point formula used in Eqs. 34, 35,
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36. After these starting solutions have been obtained, we
can solve Eqs. 39, 40, 41 and 42. The convergence cri-
terion is based on the relative difference between the
current and previous iterations. When this difference
reaches 10)5, the solution is assumed to have converted
and the iterative process is terminated. The results are
found to be in very good agreement with those of the
finite difference method. The maximum difference is
about 1%.

5 Results and discussion

Equations 14, 15, 16 under initial and boundary condi-
tions (18) and (19) have been solved by using implicit
finite-difference scheme and differential-difference
method as described earlier. In order to assess the accu-
racy of our methods, we have compared the surface
shear stress for the primary flow (f¢¢(0)) and the surface
heat transfer ()h¢(0)) for the CWT case when the flow is
steady with the tabulated results of Sparrow et al. [26].
The results are found to be in very good agreement. The
maximum difference is found to be less than 0.5%.
Hence, for the sake of brevity, the comparison is not
presented here. The Nusselt number (Rex

)1/2 Nux) for
the CWT case obtained by the differential-difference
method, when h(s)=1+es2, e=0.2, Pr=0.7, is com-
pared with that obtained by the finite-difference method.
The results are in very good agreement. The comparison
is shown in Fig. 1.

Figures 2, 3, 4, 5 and 6 present the effect of the
magnetic parameter M on the primary flow velocity,
f ¢(g, s), secondary flow velocity, s(g, s), temperature,
h(g, s), and pressure P (g, s), for both CWT and CHF
cases when h (s)=1+es2, e=0.2, s=1, Pr=0.7. Since
the magnetic field exerts a stabilizing effect on the flow
and temperature fields, the velocity profiles in the pri-
mary flow (f¢ (g, s) and pressure (P(g, s)) increase with
M, but the temperature (h (g, s)) decreases. Also the
magnetic parameter M reduces the secondary flow
velocity (s(g, s)) as is evident from Fig. 4. The secondary
flow velocity, s(g, s), and temperature, h(g, s) depend
strongly on the nature of the boundary conditions on the
temperature h (i.e., whether wall temperature or heat
flux is constant at the wall). The velocity, s(g, s) and the
temperature, h(g, s), for the CHF case are more higher
than those of the CWT case. The primary flow velocity,
f¢(g, s), and the pressure, P(g, s), are independent of
these conditions (see Eqs. 14 and 17).

Figures 7, 8 and 9 show the effect of the magnetic
parameter M on the surface shear stresses in the primary
and secondary flows (f¢¢(0, s), s¢(0, s)) and the Nusselt
number (Rex

)1/2 Nux) for both CWT and CHF cases
when h(s)=1+es2, e=0.2, Pr=0.7. The surface shear
stress for the primary flow (f¢¢(0, s)) and Nusselt number
(Rex

)1/2 Nux) increases with M, but the surface shear
stress for the secondary flow (s¢(0, s)) decreases. This
behavior is due to the fact that the primary flow and
temperature field are accelerated by the magnetic

parameter M which results in increase in velocity and
temperature gradients and hence in Nusselt number. On
the other hand, the magnetic parameter M reduces the
secondary flow. Consequently, the secondary flow shear
stress (s¢(0, s)) decreases with increasing M. For the
CWT case, when Pr=0.7 and s=1. The shear stress for
the primary flow (f¢¢(0, s)) and the Nusselt number
(Rex

)1/2 Nux) increase by 60 and 10%, respectively, as
M increases from 0 to 4, whereas the secondary flow
shear stress (s¢(0, s)) decreases by about 33%. For a fixed
M and s, the Nusselt number for the CWT case is higher
than that of the CHF case, whereas for the secondary
flow shear stress (s¢(0, s)) it is the other way around.
Also the difference increases with time s. Further the
skin friction coefficient (Rex

1/2 Cfx) for the CWT and
CHF cases increase wit the buoyancy parameter k or k*.

The corresponding results for the shear stresses f¢¢(0,
s) and s¢(0, s) and the Nusselt number (Rex

)1/2 Nux) for
decelerating free stream velocity, /(s)=1)es2, e=0.2,
are displayed in Figs. 10, 11 and 12. The results are
qualitatively similar to those of the accelerating flow (/
(s)=1+es2, e=0.2) except that the shear stress for the
primary flow (f¢(0, s)) and the Nusselt number (Rex

)1/2

Nux) decrease with increasing time s. However, one
interesting result is that the primary flow shear stress
(f¢¢(0, s)) forM=0, s=1.83 vanish and beyond this value
it becomes negative. This implies that there is a flow
reversal in the primary flow velocity profiles (f¢(g, s). The
magnetic field delays or prevents the flow reversal.
However, the vanishing of the shear stress does not
imply separation for unsteady flows [29]. The results of
the decelerating flow are not the mirror reflection of the
accelerating flow.

Figures 13 and 14 show the effect of the Prandtl
number Pr on the surface shear stress for the secondary
flow (s¢(0, s)) and the Nusselt number (Rex

)1/2 Nux) for
the CWT and CHF cases when u(s)=1+es2, e=0.2,
M=1. Since the Prandtl number Pr does not affect the
shear stress for the primary flow (f¢(0, s)) and the pres-
sure (P(g, s)), they are not shown here. Since the thermal
boundary layer becomes thinner with increasing Pr, the
Nusselt number (Rex

)1/2 Nux) increases significantly
with Pr. Further the surface shear stress in the secondary
flow (s¢(0, s)), which depends on the temperature h,
decreases with increasing Pr. For the CWT case, when
M=s =1, the Nusselt number (Rex

)1/2 Nux) increases
by about 200% as Pr increases from 0.7 to 15, whereas
the secondary flow shear stress (s¢(0, s)) decreases by
about 25%.

6 Conclusions

The magnetic field increases the surface shear stress for
the primary flow and the Nusselt number, but the sur-
face shear stress for the secondary flow decreases. The
Nusselt number for the constant wall temperature case is
found to be higher than that of the constant heat flux
case. For decelerating free stream velocity, the surface
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shear stress in the primary flow vanishes at a certain
instant of time and beyond this time the flow reversal
occurs. The magnetic field delays or prevents the flow
reversal. The Prandtl number increases the Nusselt
number, but reduces the surface shear stress in the sec-
ondary flow.
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