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Abstract The problem of steady, laminar, thermosolutal
Marangoni convection flow of an electrically-conducting
fluid along a vertical permeable surface in the presence
of a magnetic field, heat generation or absorption and a
first-order chemical reaction effects is studied numeri-
cally. The general governing partial differential equa-
tions are converted into a set of self-similar equations
using unique similarity transformations. Numerical
solution of the similarity equations is performed using
an implicit, iterative, tri-diagonal finite-difference
method. Comparisons with previously published work is
performed and the results are found to be in excellent
agreement. Approximate analytical results for the tem-
perature and concentration profiles as well as the local
Nusselt and sherwood numbers are obtained for the
conditions of small and large Prandtl and Schmidt
numbers are obtained and favorably compared with the
numerical solutions. The effects of Hartmann number,
heat generation or absorption coefficient, the suction or
injection parameter, the thermo-solutal surface tension
ratio and the chemical reaction coefficient on the
velocity, temperature and concentration profiles as well
as quantitites related to the wall velocity, boundary-
layer mass flow rate and the Nusselt and Sherwood
numbers are presented in graphical and tabular form
and discussed. It is found that a first-order chemical
reaction increases all of the wall velocity, Nusselt and
Sherwood numbers while it decreases the mass flow rate
in the boundary layer. Also, as the thermo-solutal sur-
face tension ratio is increased, all of the wall velocity,
boundary-layer mass flow rate and the Nusselt and
Sherwood numbers are predicted to increase. However,
the exact opposite behavior is predicted as the magnetic
field strength is increased.
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Nomenclature

A temperature gradient coefficient
A* concentration gradient coefficient
B0 magnetic induction
c dimensional concentration
C dimensionless concentration
c¢¢ mass flux
cp specific heat at constant pressure
C1 similarity transformation coefficient
C2 similarity transformation coefficient
D mass Diffusivity
f0 dimensionless suction or injection velocity
f(g) stream function similarity variable
K dimensionless chemical reaction coefficient
m Mass flow rate per unit width
M Hartmann number
Ma marangoni number, Eq. 16
Nu Nusselt number, Eq. 34
Pr Prandtl number
Q0 dimensional heat generation or absorption

coefficient
q¢¢ heat flux
r thermo-solutal surface tension ratio
R dimensionl chemical reaction parameter
Re Reynolds number, Eq. 18
Sc Schmidt number
Sh Sherwood number, Eq. 35
T temperature
u, v xcomponent and y-component of velocity,

respectively
v0 dimensional suction or injection velocity
x, y coordinates

Greek symbols
a thermal diffusivity
d boundary layer thickness
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D fluid electrical conductivity
g location similarity variable
/ dimensionless heat generation or absorption

coefficient
k thermal conductivity
l dynamic viscosity
m kinematic viscosity
h temperature similarity variable
q density
r surface tension
w stream function

Subscripts
L average over surface length
T thermal quantity
C solutal quantity
x local value

1 Introduction

The existence of dissipative layers, which may occur
along the liquid–liquid or liquid–gas interfaces seems to
have been first observed by Napolitano [1, 2] and were
called Marangoni boundary layers. Problems of this
type are of great importance due to their relevance in
several fields of microgravity sciences and space pro-
cessing. The surface tension gradients that are respon-
sible for Marangoni convection can be due to gradients
of temperature and/or concentration (thermal/or solu-
tal concentration). The significance of dissipative layers
in liquid metal and semiconductor processing is shown
to be particularly strong and is a major factor in
guiding the control of industrial processes. However,
although much progress have been made, especially in
the study of the Marangoni convection, the state of the
art is still somewhat unsatisfactory in what concerns
preliminary questions of general and basic nature.

It was shown by Napolitano [3] that, much as for
classical boundary layers (non-Marangoni layers), the
field equations in the bulk fluids do not depend explicitly
on the geometry of the interface when using as coordi-
nates the arc length (x) and the distance normal to the
interface involves however the mean curvature of its
hydrostatic and dynamic shapes and, together with the
other surface balance equations, introduces kinematic,
thermal and pressure couplings for the flow fields in
the two fluids. Napolitano and Golia [4] have shown
that the fields are uncoupled when the momentum and
energy resistivity ratios of the two layers and the
viscosity ratio of the two fluids are much less than one.
Similar solutions of Marangoni boundary layers exist
when the interface temperature gradient varies as
a power of the interface arc length (x). The power
laws for all other variables, including the mean curva-

ture, where determined. Numerical solutions were
found, analyzed and discussed on Marangoni boundary
layers in some papers by Napolitano and Russo [5],
Golia and Viviani [6, 7], Napolitano et al. [8] and Pop
et al. [9].

As mentioned by Christopher and Wang [10], Ma-
rangoni flow induced by surface tension variations along
a liquid surface causes undesirable effects in crystal
growth melts in the same manner as buoyancy-induced
natural convection [11]. These undesirable effects also
occur in space-based crystal growth experiments since
Marangoni flow occurs in microgravity as well as in
earth gravity. Boiling tests in microgravity have shown
that the effect of Marangoni flow is significant in
microgravity and may be important in earth gravity as
well [11, 12].

The numerous investigations of Marangoni flow in
various geometries have been reviewed in the literature
[13, 14]. Some of the papers most relevant to this work
include the order-of-magnitude analysis of Marangoni
flow given by Okano et al. [15] that gave the general
trends for the variation of the Reynolds number with the
Grashof number, Marangoni number, and Prandtl
number. Hirata and his co-workers experimentlly and
numerically investigated Marangoni flow for various
substances in geometries with flat surfaces relevant to
this work [13, 15, 16]. Arafune and Hirata [17] presented
a similarity analysis for just the velocity profile for
Marangoni flow that is very similar to this derivation
but the results are effectively limited to surface tension
variations that are linearly related to the surface posi-
tion. Slavtchev and Miladinova [18] presented similarity
solutions for surface tension that varied as a quadratic
function of the temperature as would occur near a
minimum. Schwabe and Metzger [19] experimentally
investigated Marangoni flow on a flat surface combined
with natural convection in a unique geometry where the
Marangoni effect and the buoyancy effect could be
varied independently.

This paper presents a similarity solution for Ma-
rangoni flow over a flat surface due to imposed tem-
perature and concentration gradients. The analysis
assumes that the surface tension varies linearly with
temperature and concentration but the wall temperature
and concentration variations are quadratic functions of
the location. Napolitano et al. [20] considered double-
diffusive boundary layer along a vertical free surface. As
mentioned by Christopher and Wang [10], for an inter-
face with evaporation or condensation at the surface, the
temperature distribution along the interface is primarily
a function of the vapor temperature and the heat
transfer coefficient rather than the Marangoni flow. For
example, Christopher and Wang [21] showed that the
calculated temperature distribution in vapor bubble at-
tached to a surface and in the liquid surrounding the
bubble was primarily due to the heat transfer through
the vapor rather than in the liquid region and the tem-
perature variation along the surface was not linear but
could be described by a power-law function.
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2 Mathematical formulation

Consider steady laminar boundary layer flow of an
electrically-conducting fluid over a flate surface in the
presense of surface tension due to temperature and
concentration gradients at the wall. A uniform mag-
netic field is assumed to exist in the direction normal to
the surface. The surface is assumed to be permeable so
as to allow for possible suction or injection at the wall.
Heat generation or absorption as well as a first-order
chemical reaction effects are assumed to exist. The
surface temperature and concentration are assumed to
be quadratic functions of the distance alog the surface.
Unlike the Boussineq effect in buoyancy-induced flow,
the Marangoni effect acts as a boundary condition on
the governing equations for the flow field. Taking the
above assumptions into consideration, the governing
equations for this investigation are based on the bal-
ance laws of mass, linear momentum, energy and
concentration species. These can be written in dimen-
sional form as:
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The dependence of surface tension on temperature
and concentration can be expressed as
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The dimensional boundary conditions for this prob-
lem can be written as
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vðx; 0Þ ¼ �v0; T ðx; 0Þ ¼ T1 þ Ax2;

cðx; 0Þ ¼ c1 þ A�x2 ð7bÞ
uðx;1Þ ¼ 0; T ðx;1Þ ¼ T1; cðx;1Þ ¼ c1 ð7cÞ

Using the standard definition of the stream function
such that u=¶w/¶y and v=� ¶w/¶x and introducing the
following similarity variables:

g¼C1y; f ðgÞ¼C2x�1wðx;yÞ;

hðgÞ¼ ½T ðx;yÞ�T1�x�2
A

; CðgÞ¼ ½cðx;yÞ� c1�x�2
A�

ð8Þ

where

C1 ¼
ffiffi

½
p

3�qAðdr=dT Þjc
l2

; C2 ¼
ffiffi

½
p

3� q2

lAðdr=dT Þjc
ð9Þ

into Eqs. 1, 2, 3 and 4 yields

f 000 þ ff 00 � f 02 �M2f 0 ¼ 0 ð10Þ
h00 þ Prðf h0 � 2f 0hÞ þ Pr/h ¼ 0 ð11Þ
C00 þ ScðfC0 � 2f 0CÞ � ScKC ¼ 0 ð12Þ

The dimensionless form of the boundary conditions
become

f 00ð0Þ ¼ �2ð1þ rÞ; f ð0Þ ¼ f0; hð0Þ ¼ 1; Cð0Þ ¼ 1
f 0ð1Þ ¼ 0; hð1Þ ¼ 0; Cð1Þ ¼ 0

ð13a� gÞ

where r=. (dr/dc) |T Dc/[. (dr/dT) |c DT] is the thermo-
solutal surface tension ratio. It should be mentioned that
when r=0, Eq. 13a does not reduce to that of Christo-
pher and Wang [10] as they have missed a term in their
equation. Their equation should read f¢¢(0)=� (1+k)
and not f¢¢(0)=� 1. Therefore, the results they reported
for k „ 0 are not correct.

Based on Eq. 8, the surface velocity is given by

uðx; 0Þ ¼
ffiffi

½
p

3�½Aðdr=dT Þjc�
2

ql
xf 0ð0Þ ð14Þ

It is seen that the surface velocity is proportional to
f’(0). The temperature and concentration gradient coef-
ficients (A and A*) can be defined along a surface of
length L as follows:

A ¼ DT
L2

; A� ¼ Dc
L2

ð15Þ

Two Marangoni numbers can be defined based on a
surface length L. These are the thermal Marangoni
number MaL,T and the solutal Marangoni number
MaL,c. They are defined as

MaL,T ¼
ðdr=dT ÞjcLDT

la
; MaL,c ¼

ðdr=dcÞjTLDc
la

ð16Þ

such that

r ¼
MaL,c
MaL,T

ð17Þ

As done by Christopher and Wang [10], the Reynolds
number based on a surface length L is given in terms of
the thermal Marangoni number as

ReL ¼
uðx; 0ÞL

m
¼ Ma2=3

L,T
Pr�2=3f 0ð0Þ ð18Þ

The total mass flow in the boundary layer per unit
width is related to f(¥) as follows:
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m
� ¼

Z1

0

qu dy ¼
ffiffi

½
p

3�Aðdr=dT Þjcqlxf ð1Þ ð19Þ

This can be written in dimensionless form for an ar-
birary surface length x as

Rex ¼
qud
l
¼ Ma1=3x,TPr�1=3f ð1Þ ð20Þ

The similarity transformations used here are similar
to those used previously by Christopher and Wang [10]
for k=1. However, the one used herein for the
momentum equation differs in several ways from that
used by Arafune and Hirata [17]. Besides slightly dif-
ferent definitions of the similarity variables, the most
important difference is that the present similarity
transformation is based on the quadratic form of the
temperature variation on the surface. The results of
Arafune and Hirata [17] are only useful for a linear
variation of the surface tension with location. The cur-
rent derivation is also extended to include the energy and
concentartion equations.

The present analysis follows closely that of Christo-
pher and Wang [10]. Thus, the same assumptions re-
ported by them are valid. Among these assumptions is
the fact that the similarity analysis is based on the
boundary layer equations which assume that the tran-
verse derivatives of the velocity, temperature and con-
centration are much larger than their axial derivatives
and that the axial velocity is much larger than the tras-
verse velocity. Analysis of the similarity transformation
shows that these assumptions are true if

C1L ¼
ffiffi

½
p

3�
qAL3ðdr=dT Þ

�
�
c

l2
¼ Ma1=3

L,T
Pr�1=3 >> 1 ð21Þ

3 Heat and mass transfer effects

It is possible to obtain approximate analytical solutions
for both the energy and concentration equations
depending on the order of magnitude of both the Pra-
ndtl and Schmidt numbers. For example, for small
Prandtl numbers, the thermal boundary-layer thickness
is much greater than that of the momentum boundary
layer. In this case, f¢(g) is essentially zero over most of
the domain and the f(g) can be replaced by f(¥). The
same is true for the concentration equation or small
values of Schmidt numbers. Taking these facts into
consideration, the energy and concentration equations
can be approximated by:

h00 þ Prf ð1Þh0 þ Pr/h ¼ 0 ð22Þ
C00 þ Scf ð1ÞC0 � ScKC ¼ 0 ð23Þ

Without going into detail, it can be shown that the
solutions of the above two equations subject to the
appropriate boundary conditions in Eq. 13 are

hðgÞ ¼ exp � ðPrf ð1Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Pr2f ð1Þ2 � 4Pr/
q

Þ=2
� �

g

� �

ð24Þ

CðgÞ ¼ exp � ðScf ð1Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Sc2f ð1Þ2 þ 4ScK
q

Þ=2
� �

g

� �

ð25Þ

The wall temperature and concentration gradients for
small Pr and Sc values are given by

h0ð0Þ ¼ �ðPr f ð1Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Pr2f ð1Þ2 � 4Pr/
q

Þ=2 ð26Þ

C0ð0Þ ¼ �ðScf ð1Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Sc2f ð1Þ2 þ 4ScK
q

Þ=2 ð27Þ

Eqs. 24 and 26 reduce to the same equations reported
by Christopher and Wang [10] for k=1 when / is
equated to zero.

For large Prandtl and Schmidt numbers, the thermal
and concentration boundary layer thicknesses are much
thinner than that of the momentum boundary layer. In
this case, f(g) is essentially zero over most of the do-
main and the f ¢(g) can be replaced by f¢(0) for small
values of g. Taking these facts into consideration, the
energy and concentration equations can then be
approximated by:

h00 � 2Prf 0ð0Þh� Pr/h ¼ 0 ð28Þ
C00 � 2Scf 0ð0ÞC � ScKC ¼ 0 ð29Þ

It can be shown that the solutions of the above two
equations subject to the appropriate boundary condi-
tions in Eq. 13 can be written as

hðgÞ ¼ expð�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Prf 0ð0Þ � Pr/
p

gÞ ð30Þ
CðgÞ ¼ expð�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Scf 0ð0Þ þ ScK
p

gÞ ð31Þ

The corresponding temperature and concentration
gradients at the surface are given by

h0ð0Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Prf 0ð0Þ � Pr/
p

ð32Þ
C0ð0Þ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Scf 0ð0Þ þ ScK
p

ð33Þ

Again, Eqs. 30 and 32 reduce to the same equations
reported by Christopher and Wang [10] for k=1 when /
is equated to zero.

The local Nusselt and Sherwood numbers are given
by

Nux ¼
q00ðxÞx

k T ðx; 0Þ � T1½ � ¼ �C1xh0ð0Þ ð34Þ

Shx ¼
c00ðxÞx

D cðx; 0Þ � c1½ � ¼ �C1xC0ð0Þ ð35Þ

For small Prandtl and Schmidt numbers, it can be
shown based on the approximate analytical solutions
(26) and (27) that
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Nux ¼ �Ma1=3
L,T

Pr�1=3ðx=LÞh0ð0Þ

¼ Ma1=3
L,T

Pr�1=3ðx=LÞðPr f ð1Þ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Pr2f ð1Þ2 � 4Pr/
q

Þ=2

ð36Þ

Shx ¼ �Ma1=3

L,T Pr�1=3ðx=LÞC0ð0Þ

¼ Ma1=3

L,T
Pr�1=3ðx=LÞðScf ð1Þ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Sc2f ð1Þ2 þ 4ScK
q

Þ=2

ð37Þ

For large Prandtl and Schmidt numbers, it can be
shown based on the approximate analytical solutions
(32) and (33) that

Nux ¼ �Ma1=3
L,T

Pr�1=3ðx=LÞh0ð0Þ

¼ Ma1=3
L,T

Pr�1=3ðx=LÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Pr f 0ð0Þ � Pr /
p ð38Þ

Shx ¼ �Ma1=3
L,T

Pr�1=3ðx=LÞC0ð0Þ

¼ Ma1=3
L,T

Pr�1=3ðx=LÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Scf 0ð0Þ þ ScK
p ð39Þ

It should be noted that Eqs. 36 and 38 reduce to the
same equations reported by Christopher and Wang [10]
for k=1 when / is equated to zero.

4 Numerical method

Equations 10, 11, 12 subject to the boundary condi-
tions (13) have been solved numerically using the im-
plicit finite-difference method discussed by Blottner [22]
for the Prandtl number Pr = 0.78 corresponding to
metal ammonia suspension and the Schmidt number Sc
= 0.6 corresponding to water vapor. These equations
are discretized using three-point central-difference
quotients and, as a consequence, a set of algebraic
equations results. The corresponding algebraic equa-
tions are then solved by the well-known tri-diagonal
Thomas algorithm (see Blottner [22]). The computa-
tional domain was divided into 195 nodal points and
variable step sizes were utilized. The initial step size D
g1 and the growth factor K* employed in the present
work were 0.001 and 1.04, respectively such that D gj+1

= K* D gj where the subscript ‘‘j’’ denotes nodal point
location. The edge of the boundary layer was repre-
sented by g¥ = 50. These step sizes were found to give
accurate grid-independent results as verified by com-
parisons (not shown here for brevity) with the results
of Christopher and Wang [10] for k=0. The iteration
criterion employed was based on the relative difference
between the current and the previous iterations. When
this difference reached 10�5 for all of the dependent
variables, the solution was assumed converged and the
iteration procedure was terminated.

5 Results and discussion

In this section, a representative set of graphical and
tabulated results is presented in Figs. 1, 2, 3, 4, 5, 6, 7, 8,
9, 10, 11, 12 and 13 and Tables 1, 2, 3, 4, 5 and 6 to
illustrate the influence of the various physical parame-
ters on the solutions.

Figs. 1, 2 and 3 present typical velocity, temperature
and concentration profiles for various values of the
Hartmann number M, respectively. Application of a
transverse magnetic field results in a drag-like force
called the Lorentz force. This force tends to slow down
the movement of the fluid along surface and to increase
its temperature and the concentration species. This is
evident in the decreases in the velocities and increases in
the temperature and concentration as M increases. In
addition, as the strength of the magnetic field increases,
the hydrodynamic boundary layer decreases while the
thermal and solutal (concentration) boundary layer. It is
also observed from Fig. 1 that the wall velocity is non-
zero due to the Marangoni or surface tension effect and
it decreases as M increases. These behaviors are depicted
in Figs. 1, 2 and 3.

Figs. 4, 5 and 6 illustrate the influence of the suction
or injection parameter f0 on the velocity, temperature
and concentration profiles, respectively. Physically
speaking, imposition of fluid suction (f0>0) at the wall
has the tendency to decrease the fluid velocity and the
hydrodynamic boundary layer. As a result, the fluid
temperature and concentration species and their
boundary layers decrease as well. However, fluid wall
blowing or injection (f0<0) produces the opposite effect,
namely increases in the fluid velocity, temperature and
concentration species.

These trends are obvious from Figs. 4, 5 and 6.
Figure 7 depicts the effect of the heat generation or

absorption coefficient / on the temperature profiles. In
general, while heat absorption has a tendency to cool
down the fluid temperature, heat generation increases it.
However, for the parametric values employed to pro-
duce this figure, significant heat generation causes a

Fig. 1 Effects of M on velocity profiles
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temperature deficit where the fluid temperature goes
below that of the free stream and oscillates thereafter
until it reaches the free stream value.

In Figs. 8, 9 and 10, the influence of the thermo-
solutal surface tension ratio r on the profiles of velocity,
temperature and concentration is presented, respec-

tively. As r increases, the Marangoni convection effect
increases causing more induced flow. This induced flow
starts at the surface and propagates in the boundary
layer. Thus, the maximum velocity occurs at the wall.
However, this increase in velocity due to the increase in
Marangoni convection effect is followed with simulta-
neous decreases in both the fluid temperature and con-

Fig. 2 Effects of M on temperature profiles

Fig. 3 Effects of M on concentration profiles

Fig. 4 Effects of f0 on velocity profiles

Fig. 5 Effects of f0 on temperature profiles

Fig. 6 Effects of f0 on concentration profiles

Fig. 7 Effects of / on temperature profiles
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centration species. These trends are illustrated clearly in
Figs. 8, 9 and 10.

Figs. 11 and 12 display the effect of the chemical
reaction coefficient K on the temperature and concen-
tration profiles, respectively. Inspection of the chemical
reaction term (last term) of Eq. 12 and the last term of

Eq. 11 shows that increases in the value of K have
the same effect on the concentration profile as that of
the heat absorption on the temperature profile. Namely,
as K increases the concentration level decreases. In

Fig. 8 Effects of r on velocity profiles

Fig. 9 Effects of r on temperature profiles

Fig. 10 Effects of r on concentration profiles

Fig. 11 Effects of K on temperature profiles

Fig. 12 Effects of K on concentration profiles

Fig. 13 Comparison of numerical and analytical temperature
profiles
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addition, it is predicted that as K increases, the fluid
temperature decreases as well. These behaviors are
obvious from Figs. 11 and 12.

Figure 13 shows a comparison between the approxi-
mate analytical results for the temperature field based on
Eq. 24 and the numerical results for small Pr values. It is
evident from this figure that excellent agreement exists
for all values of / considered. It should be noted that the
same conclusion is valid for the concentration field since
the concentration equation is similar to the energy
equation with a heat sink (absorption).

Tables 1, 2, 3, 4 and 5 illustrate the influence of the
Hartmann number M, the suction or injection parame-
ter f0, the heat generation or absorption coefficient /, the
thermo-solutal surface tension ratio r and the chemical
reaction coefficient K on the physical parameters f¢ (0),
f(¥), �h¢ (0) and �C¢(0). It can be seen from Table 1
that all of f¢(0), f(¥), �h¢ (0) and �C¢(0) decrease as M

increases. Table 2 shows that all of f(¥), �h¢ (0) and
�C’(0) increase while f¢(0) decreases as f0 increases.
Table 3 shows that the effect of / is limited to �h¢ (0)
which decreases as / increases. Table 4 shows that 0all
of f¢(0), f(¥), �h¢ (0) and �C¢(0) increase as r increases.
Finally, Table 5 indicates that as K increases all of f¢(0),
�h¢ (0) and �C¢(0) increase while f(¥) decreases. It
should be mentioned that the increase or decrease of
f¢(0), f(¥), �h¢ (0) and �C¢(0) should be related to the
surface velocity, total mass flow in the boundary layer,
Nusselt number and Sherwood numbers, respectively.

Table 6 shows comparisons of approximate analyti-
cal Eqs. 32 and 33 and numerical results of �h¢ (0) and
�C¢(0) for large values of Prandtl number (Pr=10) and
large values of Schmidt number (Sc = 10) and various
values of / and K. It can be seen that the comparisons
are good. The errors in comparisons are attributed to
the fact that the assumptions on f(g) and f¢(g) used to

Table 1 Effects of M on f’(0), f(¥), � h‘ (0) and �C’(0)

M f‘ (0) f(¥) -h‘ (0) �C’(0)

0 1.587671 1.259247 1.442203 1.220880
1 1.315181 0.8641415 1.206468 1.005541
2 0.9039450 0.4081968 0.7596045 0.6106418
3 0.6448883 0.2076675 0.4422402 0.3473967
4 0.4933589 0.1214920 0.2728471 0.2127706

Table 2 Effects of f0 onf’(0), f(¥), �h‘ (0) and �C’(0)

f0 f‘ (0) f(¥) �h‘ (0) �C’(0)

�2 2.383451 0.8387348 1.251341 1.129218
�1 2.000379 0.9993013 1.336441 1.173002
0 1.587671 1.259247 1.442203 1.220880
1 1.179708 1.695019 1.634990 1.328699
2 0.8480268 2.359058 2.020945 1.593570

Table 3 Effects of / on f’(0), f(¥), �h‘ (0) and �C’(0)

/ f‘ (0) f(¥) �h‘ (0) �C’(0)

�2 1.587671 1.259247 1.973585 1.220880
�1 1.587671 1.259247 1.739584 1.220880
0 1.587671 1.259247 1.442203 1.220880
1 1.587594 1.259018 1.387539 1.220880
2 1.587594 1.258998 �9.5255515E-03 1.220880

Table 4 Effects of r on f’(0), f(¥), �h‘ (0) and �C’(0)

r f‘ (0) f(¥) �h‘ (0) �C’(0)

0 1.587582 1.259386 1.442247 1.220880
1 2.520988 1.586534 1.817826 1.538960
3 4.001780 1.998838 2.290178 1.938865
5 5.244303 2.288324 2.621562 2.219093
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obtain the approximate analytical solutions (32) and
(33) are not totally correct near the wall which in turn
affects the wall temperature and concentration gradi-
ents.

6 Conclusions

Thermo-solutal Marangoni convection flow of an elec-
trically-conducting fluid along a vertical permeable
surface in the presence of a magnetic field, heat gener-
ation or absorption and a first-order chemical reaction
effects was analyzed numerically. The general governing
partial differential equations were converted into a set of
self-similar equations using unique similarity transfor-
mations. Numerical solution of the similarity equations
was obtained using an implicit, iterative, tri-diagonal
finite-difference method. Comparisons with previously
published work was performed and the results were
found to be in excellent agreement. The effects of
Hartmann number, heat generation or absorption
coefficient, the suction or injection parameter, the ther-
mo-solutal surface tension ratio and the chemical reac-
tion coefficient on the velocity, temperature and
concentration profiles as well as quantitites related to the
wall velocity, boundary-layer mass flow rate and the
Nusselt and Sherwood numbers were presented in
graphical and tabular form and discussed. It was found
that a first-order chemical reaction increased all of the
wall velocity, Nusselt and Sherwood numbers while it
decreased the mass flow rate in the boundary layer. Also,
as the thermo-solutal surface tension ratio was in-
creased, all of the wall velocity, boundary-layer mass
flow rate and the Nusselt and Sherwood numbers were
increased. However, the exact opposite behavior was
predicted as the magnetic field strength was increased. It
should be noted that results obtained in this work can be
used for the analysis of Marangoni flow and heat and
mass transfer for flow over curved surfaces provided
that the curvature is much greater than the boundary
layer thickness.
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