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Fig. 4 Effect of the thermal diffusivity ratio on the thermal entrance 
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of the flow in the entrance length of the pipe has important 
effects on its thermal behavior. The solid-fluid parameters 
that affect the thermal behavior of the pipe flow are found to 
be conductivity ratio, diffusivity ratio, and radius ratio. The 
effect of these parameters on the temperature distribution, in 
both fluid and solid domains and on the wall heat flux, is 
studied. It is found that increasing the thermal conductivity 
ratio will increase the wall heat flux. Also, the effect of KR, 
aR, and j8 on the thermal entrance length of the tube is studied. 
It is concluded that increasing the conductivity and the dif
fusivity ratios will increase the thermal entrance length of the 
tube. On the other hand, increasing the radius ratio will reduce 
the thermal entrance length. 
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of the outer surface of the pipe wall. To verify the adequacy 
of the numerical scheme used in this work, the hydrodynamic 
fully developed case is solved and the results are compared 
with previous work. It is found that the hydrodynamic history 

c = 
d = 

D = 
Ec = 

F = 
G = 
H = 

H0 = 
I = 
k = 
P = 

Pr = 
QP = 
#w = 

Se = 
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nondimensionalized fluid-phase wall temperature 
unit tensor 

fluid-phase thermal conductivity 
fluid-phase pressure 
fluid-phase Prandtl number 
particle-phase density 
wall heat transfer 
interphase heat transfer rate per unit volume to 
the particle phase 
interphase force per unit volume acting on the 
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^m — 
T = 
V = 

x,y = 
7 = 
8 = 
e = 
K = 

V- = 
v = 

« , « ? • = 

P = 
£ = 

TT = 

Tv = 

V = 
V2 = 

source term 
fluid-phase temperature 
fluid-phase velocity 
Cartesian coordinate variables 
specific heat ratio 
inverse Schmidt number 
temperature inverse Schmidt number 
particle loading 
fluid-phase dynamic viscosity 
fluid-phase kinematic viscosity = fi/p 
transformed coordinates 
fluid-phase density 
fluid-phase stress tensor 
temperature relaxation time = psd

2cp/(l2k) 
momentum relaxation time = psd

2/(\8n) 
gradient operator 
Laplacian operator 

Subscripts 
oo = free stream 
p - particle phase 
5 = particulate material 

Superscripts 
T = transpose of a second-order tensor 

Introduction 
The Eulerian description of particulate suspensions has been 

employed extensively in modeling processes involving such sus
pensions. This approach treats the two phases (fluid and par
ticle) as interacting continua (see, for instance, Marble, 1970). 
Because the solid phase consists of discrete particles of different 
sizes and shapes, a representation of the particles variables by 
averaged continuous functions leads to excess source terms in 
the governing equations of motion (see Drew and Segal, 1971). 
The source term resulting from the particle-phase continuity 
equation is modeled herein as diffusive in nature. It is of 
interest in the present paper to study the effects of particulate 
diffusivity on the thermal boundary layer of a two-phase par
ticulate suspension past a semi-infinite impermeable plate. This 
is a classical problem in fluid mechanics and heat transfer, 
which has not been fully investigated. 

Related work on this problem can be found in the papers 
by Soo (1968), Osiptsov (1980), Prabha and Jain (1980), and 
Chamkha (1992). It has been reported in all these papers that 
if the original dusty-gas equations, which do not account for 
particulate diffusivity, are used in solving this problem, a sin
gularity in the particle-phase density is predicted. However, 
when the model is modified to include particulate diffusion, 
a singularity-free solution is possible (see Chamkha and Ped-
dieson, 1989, who considered the hydrodynamic aspects of this 
problem). This work considers the thermal aspects of the prob
lem. The fluid phase is assumed incompressible and has con
stant properties. The particle phase is assumed to consist of 
small solid spherical particles of uniform size with no mutual 
collision and radiative heat transfer and the particle-phase 
volume fraction is assumed to be small. 

Governing Equations 
Let the plate occupy the half of the x, z plane corresponding 

to x>0 with the y axis being normal to the plate, and let the 
flow far from the plate be a uniform stream in the x direction 
parallel to the plate with both phases in equilibrium. The gov
erning equations for this problem are based on the balance 
laws of mass, linear momentum, and energy for both the fluid 
and particulate phases (see, for instance Marble, 1970). These 
can be written as 

V-(pV)=S,„, V-(pp\p)=Spm, p V - v V = V ' £ + S „ 

PpVp- VVp= V-ffp + Sp,, 

PcY-vT=kV2T+g:VY + (X-Xp)-Si + Se, 

PPcpYp-VTp = gp:VYp + Spe (1) 

where 

S„ = 0, Spm = DpV
2
Pp, £ = - p | + p ( W + v V 7 ) , £„ = 0 

Sp/ = - S( = ppQl - Yp)/jm Se = - Spe = ppcp (Tp-T) /TT (2) 

It is useful to nondimensionalize Eqs. (1), and transform 
the computational domain from semi-infinite (0<x<oo) to 
finite (0< £< 1). This is achieved by substituting the modified 
Blasius transformations 

x= K . T ^ / d - g ) , ^ = ( 2 ^ / ( 1 - { ) ) % 

V = e*K.TO, 7,) + e,(Kl-£)/(2T„£)) l /2(G«, v) + vF(L D) 

Vp = exVaFp(Z, r,) + e,(Kl-e/(2r^))1 / 2(Gp(£, >)) + « , v)) 

Pp = PP«.Qp(Z, v)< T=TmH(£, ri), Tp=TaHp(%,rj) (3) 

into the boundary-layer form of the governing equations to 
give 

a,G + F + 2 ? ( l - ? ) 3 ? F = 0 , 

8dvrlQp-(d1l(QpGp) + QpFp + 2tt\-Odi(QPFp)) = 0, 

d,nF-Gd„F-2^l-^Fd(F+2^Qp(Fp-F)/(l-^ = 0 

GpdnFp + 2H(l-OFpdiFp + 21i(Fp-F)/(l-!i) = 0 

GP8,GP +1, ( G ^ - f p ) + 2£(1 - WP(aiGp+ r,d^„) 

+ 2H(Gp-G + V(Fp-F))/(\-O = 0 

%mH- YrGdllH+ PvEAd^)2 - 2£(1 - ^PrFd^H 

+ 2^rQp(ye(Hp-H)+EAFp-F)2)/(l-O = 0 

GpdnHp + 2Z{\-Z)FpdiHp-2ie(H-Hp)/(l-Z) = 0 (4) 

where 

8 = Dp/v, n = ppJp, Pr = (nc)/k, Ec= vi/(cT„), 

7 = cp/c, e = T„/TT. (5) 

are the inverse Schmidt number, particle loading, fluid-phase 
Prandtl number, Eckert number, specific heat ratio, and the 
ratio of momentum relaxation time to the temperature relax
ation time, respectively. It should be pointed out that the use 
of the modified Blasius transformations eliminates the sin
gularities associated with the sharp leading edge of the plate. 

The boundary and matching conditions used in obtaining 
the solution of this problem are 

F(£,0) = 0, G(£,0) = 0, H($,0) = tf0, 3,Q l,tt,0) = 0, 

FG, oo ) -1 , FJLl, oo ) -1 , G„«, oo)-G($, oo), 

QM, o o ) - 1 , tftf, o o ) - l , H&, o o ) - 1 (6) 

where Ho is a dimensionless wall temperature. It should be 
noted that the fourth equation in Eqs. (6) allows the particle-
phase diffusivity effects to vanish at the wall. 

The wall heat transfer coefficient is an important physical 
thermal property, which can be used as a measure of the wall 
heat gain or loss that can be brought about by physical changes 
in the flow field. It can be defined in dimensionless form as 

3 „ « ) = - d , t f t t , 0 ) / ( P r £ c ) . (7) 

Results 
The boundary-layer equations, Eqs. (4), are solved subject 

to the boundary and matching conditions, Eqs. (6), using a 
fully implicit finite-difference scheme similar to that described 
by Blottner (1970). It is a well-known fact that the flow and 
temperature fields experience large velocity and temperature 
gradients near the plate surface and the leading edge. For this 
reason, a variable mesh (with initial step size Ar]l = 0.001 and 
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Fig. 1 Fluid-phase temperature profiles 
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Fig. 3 Wall heat transfer coefficient versus position 
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Fig. 2 Particle-phase temperature profiles 

a growth factor of 1.03) is placed in the direction normal to 
the flow (17 direction) to minimize the number of nodes and 
yet provide a sufficient number of nodes in the immediate 
vicinity of the wall where viscous effects are dominant. Fine 
meshes are used near the surface, while coarser ones are em
ployed far from the plate as the free stream conditions are 
approached. Uniform fine meshes (with step size A£ = 0.001) 
are used in the flow direction parallel to the plate (£ direction) 
in order to capture any discontinuities or singularities that may 
occur along the plate. 

The first-order derivatives with respect to £ are approximated 
by two-point backward difference quotients, whereas equa
tions with second-order derivatives with respect to rj are ap
proximated by three-point central difference quotients. 
Differencing of first-order equations in ij is accomplished by 
the trapezoidal rule. The solution is started at £ = 0 and marched 
forward toward £ = 1. At each line of constant £, a tridiagonal 
matrix of algebraic equations representing the partial differ
ential equations is solved. Because of the nonlinear nature of 
the governing equations, iteration is used until convergence of 
the desired solution is reached. Since the solution of the hy-
drodynamic problem is independent from the thermal problem, 
the balance laws of mass and linear momentum for both phases 
are solved first. Once the hydrodynamic solution is obtained, 

it is used to solve the energy equations of both phases. At each 
line of constant £, iteration is continued until the desired con
vergence criterion between the current and the previous iter
ation (10~5 in this case) is satisfied. 

Many numerical results were obtained through the course 
of this work. For brevity, a few are shown graphically in Figs. 
1-5 to illustrate the influence of the particle loading K and the 
inverse Schmidt number 5 on the solutions. 

Figures 1 and 2 present the fluid-phase temperature H and 
the particle-phase temperature Hp at various £ locations along 
the plate, respectively. It is apparent that unlike the dusty-gas 
results (without diffusion), continuous solutions exhibiting the 
proper transition from thermally frozen conditions to ther
mally equal conditions exist. Figure 3 shows the development 
of the wall heat transfer coefficient §)v along the plate for 
various particle loading conditions. It can be seen from this 
figure that the wall heat transfer increases as the particle load
ing increases. This is due to the increase in the interaction 
between the two phases in which the fluid gains kinetic and 
thermal energy from the particles. Figures 4 and 5 depict the 
effect of the inverse Schmidt number <5 on the particle-phase 
density at the wall Qp(£, 0) and the wall heat transfer coefficient 
§,v, respectively. It can be seen that while 5 appears to have a 
significant effect on the behavior of the particle-phase wall 
density, it seems to have little effect on the wall heat transfer. 
Figure 4 shows a situation in which a limiting process by a 
gradual reduction in the value of 5 produces a closer and closer 
approach to the original dusty-gas solution. This is an indi
cation that the singularity in the particle-phase density observed 
in the original dusty-gas model is real and not an artifact of 
the numerical procedure. It should be noted that the peaks in 
§„ are expected and they are well-known features of relaxation 
type problems. Since the value of e used to produce the nu
merical results is taken to be unity, the approach of the velocity 
and temperature profiles from frozen to equilibrium conditions 
occurs at the same rate. 

Conclusion 
Equations governing boundary-layer flow of a particulate 

suspension exhibiting small volume fraction with particulate 
diffusivity past a semi-infinite flat plate were developed. A 
fully implicit finite difference scheme was employed to solve 
the governing equations, and graphic results for the temper
ature profiles of both the fluid and particle phases, the particle-
phase wall density, and the rate of heat transfer to the plate 
surface were presented and discussed. These results were used 

238/Vol. 116, FEBRUARY 1994 Transactions of the ASME 

Downloaded 01 Oct 2012 to 109.171.137.210. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



a 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

Fig. 4 Particle-phase wall density versus position 
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Fig. 5 Wall heat transfer coefficient versus position 

to show the influence of the particle loading and the inverse 
Schmidt number on the thermal aspects of this problem. It 
was found that when the dusty-gas model is modified to include 
such effects as diffusion of particles, a singularity-free solution 
exists. The presence of the particle-phase diffusivity in the 
model provides enough smoothing to prevent a singularity 
from forming in the particle-phase density as predicted by the 
diffusionless dusty-gas equations. This is an example where a 
small change in the physical model causes significant changes 
in predictions. It was also found that while particle-phase dif
fusion affects the particle-phase density greatly, it has slight 
effect on the wall heat transfer. It should be pointed out that 
comparison of the numerical results with experimental data is 
not possible at present due to the absence of such data. 
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channel height in the y direction, m 
channel width in the z direction, m 
friction factor 
distance from rotational axis to inlet, m 
convective heat transfer coefficient, W/m2-°C 
conductivity of fluid 
locally averaged Nusselt number over a wall 
= ha/k 
circumferentially averaged Nusselt number 
the integrated mean value of the circumferen
tially averaged Nu over the flow channel from 
inlet x = 0 to be designated distance JC= 1.0 
(X=20fl) 
Prandtl number 
local wall heat flux, W/m2 

Reynolds number = U0a/v 
Rossby number = Ua/U0 

Taylor number = Qa2/v = ReRo 
inlet mean temperature, °C 
fluid temperature, °C 
wall temperature, °C 
velocity components in the x, y, z directions, 
respectively, m/s 
inlet mean velocity, m/s 
dimensionless velocity components in {x, y, 
z) directions, respectively 
distance in the axial direction measured from 
flow inlet, m 
coordinate in the direction of rotation, m 
distance along rotational axis, m 
dimensionless coordinate system with origin at 
center of channel cross section 
dimensionless coordinate system with origin at 
intersection of left side wall and trailing wall 
aspect ratio = b/a 
kinematic viscosity, m2/s 
angular velocity of rotation, s _ 1 
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