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Abstract

This work is focused on the analytical modeling of the problem concerning steady, laminar, natural

convection fully developed flow of a particulate suspension through an infinitely long vertical circular pipe

in the presence of a transverse magnetic field and fluid heat generation or absorption effects. The wall of

the pipe is maintained at a uniform constant temperature. The analytical solutions for the velocity and

temperature profiles of both phases are given in terms of Bessel functions. A parametric study of the physical

parameters involved in the problem is performed and the obtained results are presented graphically to show

special trends of the solutions.
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Introduction

Two-phase (fluid-particle) natural convection flow represents one of the most interesting and challenging areas
of research in heat transfer. Such flows are found in a wide range of applications including processes in the
chemical and food industries, solar collectors where a particulate suspension is used to enhance absorption of
radiation, and cooling of nuclear reactors. In general, all applications of single-phase flow are valid for 2-phase
particulate suspension flow because the nature of real life dictates the presence of contaminating particles in
fluids. Actually, all research of natural convection flows within vertical pipes is done only for a single phase.

Forced convection 2-phase flows have been considered by many previous investigators. For example, Ritter
(1976) reported transient 2-phase fluid-particle flows in channels and circular pipes. He found that the presence

of particles caused significant reductions in the flow rates of both phases. Chamkha (1995a, 1995b) reported
analytical solutions for transient hydromagnetic 2-phase flow in a channel with constant and oscillating pressure
gradients. He confirmed the results of Ritter (1976) and concluded that the presence of a transverse magnetic
field normal to the flow direction caused a retardation effect motion of the suspension.
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On the other hand, very little work has been reported on natural convection flow of a particle-fluid suspension
over and through different geometries. Chamkha and Ramadan (1998) and Ramadan and Chamkha (1999) have
reported some analytical and numerical results for natural convection flow of a 2-phase particulate suspension
over an infinite vertical plate. They found that increases in either the particle loading or the wall particulate slip
coefficient caused reductions in the velocities of both phases. Moreover, Okada and Suzuki (1997) considered
buoyancy-induced flow of a 2-phase suspension in an enclosure. However, the present authors were unable to
locate any theoretical or experimental work in the literature dealing with natural convection laminar flow of a
particulate suspension in vertical channels and pipes. Thus, there is a definite need for investigation of such
mentioned problems since it is almost impossible to find non-contaminated fluids in real applications. Hence,
the objective of this research is to perform an analytical investigation on steady natural convection laminar flow
of particulate suspensions in infinite vertical pipes.

Governing Equations

Consider the physical problem of steady, laminar, natural convective fully developed flow of a 2-phase (fluid-

particle) suspension through an infinitely long isothermal vertical circular pipe in the presence of a transverse
magnetic field and heat generation or absorption effects. The fluid phase is assumed to be Newtonian, viscous,
heat generating or absorbing, and electrically conducting. The particle phase is assumed to be made up of
electrically non-conducting spherical solid particles having the same size. The concentration of the particles
is assumed to be somewhat low and the suspension is considered dilute in the sense that no particle-particle
interactions exist. This means that the particle phase is considered inviscid. Moreover, the particle phase is
assumed to be pressureless and that the particles are driven along by the fluid-phase pressure. In addition, the
magnetic Reynolds number is considered small, so that the induced magnetic number is neglected. The small
magnetic Reynolds number assumption is widely used as it provides a great simplification in the uncoupling of
Maxwell’s equations from the Navier-Stokes equations of the fluid phase (see Cramer and Pai, 1970). In this
study, both phases are treated as interacting continua through interphase momentum and heat transfer. The
vector form of the general basic equations (see Marble, 1970; Drew, 1983) that account for the magnetic field
effect and the possible presence of heat generation or absorption effects can be written as:

∇(ρV) = 0 (1)

ρV.∇V = −∇P + ∇.(μ∇V) − ρpN(V− Vp) + ρg + σ(V× B) × B (2)

ρcV.∇T = ∇(K∇T ) + ρpcpNt(Tp − T ) ∓ Q(T − To) (3)

∇.(ρpVp) = 0 (4)

�pVp∇Vp = ρpN(V− Vp) + ρpg (5)

ρpcpV.∇Tp = −ρpcpNT (Tp − T ) (6)

where all variables are defined in the Nomenclature section. The plus “+” or minus “–” sign appearing in Eq.
(3) corresponds to heat generation (heat source) or heat absorption (heat sink), respectively.

Since the circular pipe is assumed to be infinitely long, the dependence of flow and thermal variables on
the x-direction will be negligible compared with that of the r-direction (see Figure 1). Therefore, all dependent
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variables in Eqs. (1) through (6) will be functions of r only. Taking into consideration this and all previous

assumptions, Eqs. (1) through (6) reduce to

−∂xP + μ[∂rrU + (
1
r
)∂rU ] − ρpN(U − Up) + ρg − σB2U = 0 (7)

k[∂rrT + (
1
r
)∂rT ] + ρpcpNT (Tp − T ) ∓ Q(T − To) = 0 (8)

ρpN(U − Up) − ρpg = 0 (9)

ρpcpNT (Tp − T ) = 0 (10)

The continuity equations of both phases (1) and (4) are identically satisfied.
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Figure 1. Problem definition.

The pressure gradient term can be eliminated from the linear momentum equation of the fluid phase [Eq.

(7)] by evaluating the governing equations at a reference point at the entrance of the pipe. Let “o” be that
reference point such that U = 0, T = To, ρ = ρo, μ = μo, σ = σo Up = Upo, Tp = Tpo, and ρp = ρpo. Evaluating

Eqs. (7) through (10) at this reference point and employing the Boussinesq approximation gives

ρpo/ρog + μo/ρo[∂rrU + (
1
r
)∂rU) − ρpo/ρoN(U − Up) + β∗g(T − To) − σo/ρoB

2U = 0 (11)
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where β∗ is the volumetric expansion coefficient. The linear momentum equation of the fluid phase, Eq. (7),

will be replaced now by Eq. (11) in the governing equations.

Each of Eqs. (8) and (11) requires 2 boundary conditions to solve them completely. These can be written
as

∂rU(0) = U(R) = 0, ∂rT (0) = 0, T (R) = Tw (12a-d)

where R is the pipe radius and Tw is the pipe wall temperature. Equations (12a) and (12b) indicate a symmetry

condition and a no slip condition for the fluid phase in the pipe. Equation (12c) indicates a temperature

symmetry condition and Eq. (12d) indicates that the fluid temperature at the wall of the pipe is some constant
value Tw.

The formulation of the problem under consideration is now complete. It is convenient to non-dimensionalize
the governing equations and conditions. This can be accomplished by using the following parameters:

r = Rη, U = (/ρR)u, Up = (/ρR)up, T = (Tw − To)θ + To, Tp = (Tw − To)θp + To (13)

where η is the dimensionless transverse coordinate. u and up are the dimensionless fluid- and particle-phase

velocities, respectively. θ and θp are the dimensionless fluid- and particle-phase temperatures, respectively.

After performing the mathematical operations, the resulting dimensionless governing equations can be written
as

D2u + (1/η)Du − ακ(u − up)Grθ + M2u + κH = 0 (14)

(
1

Pr
)[D2θ + (

1
η
)Dθ] + κγε(θp − θ) ∓ φθ = 0 (15)

α(u − up) − H = 0 (16)

ε(θp − θ) = 0 (17)

where D and D2 denote a first- and a second-order ordinary derivative operators with respect to η, respectively.

Furthermore, α = R2Nρ/μ, κ = ρp/ρ, Gr = gβ∗R3ρ(Tw – To)/μ, M2 = σ2h2/μ, H= gR3ρ2/μ2, Pr = μc/k,

γ = cp/c, ε = ρNT R2/μ and φ = Qh2/(μc) are the momentum inverse Stokes number, the particle loading,

the Grashof number, square of Hartmann number, buoyancy parameter, the Prandtl number, the specific heat
ratio, temperature inverse Stokes number, and the heat generation or absorption parameter, respectively. The
±φ stands for the problem with a heat generation effect (positive sign) and a heat absorption effect (negative

sign).
The dimensionless boundary conditions become

Du(0) = 0, u(1) = 0, Dθ(0) = 0, θ(1) = 1 (18)

Analytical Results and Discussion

Combining Eqs. (15) and (17) and then solving for the fluid-phase temperature θ subject to the corresponding
boundary conditions yields the following fluid-phase temperature profile:

θ(η) = Io(
√

φPrη)/Io(
√

φPr) (19)
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for a heat generating source and

θ(η) = Jo(
√

φPrη)/Jo(
√

φPr) (20)

for a heat absorbing sink.
The Io and Jo are the modified Bessel function of the first kind of order zero and the Bessel function of the

first kind of order zero, respectively.
According to Eq. (17), the particle-phase temperature profile will be the same as that of the fluid-phase.

Now, in order to solve for the fluid-phase velocity u, Eqs. (16) and (19) or (20) are substituted into Eq.

(14) and then rearranged to give

D2u + (1/η)Du − M2u = −Grθ(η) (21)

where θ(η) is given by Eq. (19) or (20) according to the sign before φ in Eq. (15).
The right side of the above equation shows that the differential equation is a non-homogeneous equation

(the right side is different from zero). In other words, Eq. (21) is a non-homogeneous modified Bessel equation

of order zero. The general solution of Eq. (21) can be shown to be

u(η) = Gr[Io(Mη)/Io(M) − θη)]/(±φr − M2) (22)

where θ (η) is given by Eq. (19) for + φ or Eq. (20) for - φ.

The particle-phase velocity can be found by substituting Eq. (22) into Eq. (16) to obtain

up(η) = Gr[Io(Mη)/Io(M) − θη)]/(±φr − M2) − H/α (23)

where θη) is given as in Eq. (22).

Figures 2 and 3 display the changes in the fluid-phase velocity (u) and the particle-phase velocity (up) for

various values of Hartmann number M, respectively. These are obtained by numerically evaluating Eqs. (22)

and (23). The transverse magnetic field normal to the flow direction creates a drag-like force that acts in the
direction opposite to the flow direction. This has the tendency to decrease the velocity of the fluid, which
decreases the velocity of the particulate phase as well.

The effects of the Prandtl number Pr are shown in Figures 4 through 6 for a vertical pipe. Figure 4 shows
the temperature profiles of both phases. In the presence of heat generation, as Pr increases, the temperature
for both phases decreases. The velocity profiles of the fluid and particle phases are shown in Figures 5 and 6,
respectively. The increase in Pr in the presence of heat generation has the tendency to decrease the magnitude
of both the fluid- and the particle-phase velocity profiles. This behavior arises as a result of the temperature
behavior discussed above.

Some results for u, up, θ and θp based on the closed-form solutions for the flow through a vertical pipe in the

presence of a heat generation (source) or a heat absorption (sink) term ±φ are presented in Figures 7 through

9. Figure 7 presents temperature profiles for both the fluid and particle phases (θ and θp) for different values of

φ. In the absence of heat generation or absorption effects (φ=0), the temperature profile of both phases in the
pipe is linear. However, as φ increases the temperature decreases and the profiles become nonlinear. On the
other hand, as φ decreases the temperature profile becomes nonlinear again and increases as depicted in Figure
7. The velocity profiles of both phases (u and up) are shown in Figures 8 and 9. Increases in the values of φ

have a tendency to decrease the buoyancy effects as explained above. This produces a reduction in the fluid-
and particle-phase velocities there as clearly depicted in Figures 8 and 9.
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Figure 2. Effect of M on fluid-phase velocity profiles. Figure 3. Effects of M on particle-phase velocity profiles.
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Figure 5. Effects of Pr on fluid-phase velocity profiles.
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ature profiles.
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Figure 8. Effects of φ on fluid-phase velocity profiles. Figure 9. Effects of φ on particle-phase velocity profiles.

Conclusions

The mathematical modeling of natural convection flow of a particulate suspension was formulated in its general
form by stating the conservation laws of mass, linear momentum, and energy for both the fluid and particle
phases. The general formulation took into account the effects of the magnetic field and the possible presence
of heat generation or absorption effects. The governing equations were non-dimensionlized, solved analytically,
and closed-form solutions were obtained. Representative results were plotted to illustrate the influence of the
physical parameters on the solutions. An increase in the values of the Hartmann number has the tendency to
decrease the velocity of the fluid, which decreases the velocity of the particulate phase as well. In the presence
of heat generation, as Pr increases, the temperature for both phases decreases. As a result of this, the velocity
profiles of the fluid and particle phases have the tendency to decrease their magnitude. In the absence of heat
generation or absorption effects, the temperature profile of both phases in the pipe is linear. However, as φ

increases the temperature decreases and the profiles become nonlinear. On the other hand, as φ decreases the
temperature profile becomes nonlinear again and increases. Increases in the values of φ have a tendency to
decrease the buoyancy effects, producing a reduction in the fluid- and particle-phase velocities.

Nomenclature

B magnetic induction vector
B transverse magnetic induction
c fluid-phase specific heat at constant pressure
cp particle-phase specific heat at constant pressure
g gravitational acceleration vector
g gravitational acceleration
Gr Grashof number
h channel width
H dimensionless buoyancy parameter
k fluid-phase thermal conductivity
M Hartmann number
N interphase momentum transfer coefficient
NT interphase heat transfer coefficient
P fluid-phase hydrostatic pressure
Pr fluid-phase Prandtl number

Q heat generation or absorption coefficient
T fluid-phase temperature
Tp particle-phase temperature
u fluid-phase dimensionless vertical velocity
up particle-phase dimensionless vertical velocity
U fluid-phase vertical velocity
Up particle-phase vertical velocity
V fluid-phase velocity vector
Vp particle-phase velocity vector
x, r polar coordinates

Greek Symbols

α velocity inverse Stokes number
γ specific heat ratio
ε temperature inverse Stokes number
η dimensionless y-coordinate
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θ dimensionless fluid-phase temperature
θp dimensionless fluid-phase temperature κ particle

loading
μ fluid-phase dynamic viscosity
ρ fluid-phase density
ρp particle-phase density

σ fluid-phase electrical conductivity
φ dimensionless heat generation or absorption

coefficient
∇ gradient operator vector
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