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abstract
This work is focused on the study of combined heat and mass transfer or double-diffusive
convection near a vertical truncated cone embedded in a fluid-saturated porous medium
in the presence of thermal radiation, magnetic field and variable viscosity effects. The
viscosity of the fluid is assumed to be an inverse linear function of the fluid temperature. A
boundary-layer analysis is employed to derive the non-dimensional governing equations.
The governing equations for this investigation are transformed into a set of non-similar
equations and solved numerically using the fourth-order Runge–Kutta integration scheme
with the Newton–Raphson shooting technique. Comparisons with previously published
work on special cases of the problem are performed and the results are found to be
in excellent agreement. A parametric study illustrating the influence of the radiation
parameter, magnetic field parameter, viscosity-variation parameter, buoyancy ratio and
the Lewis number on the fluid velocity, temperature and solute concentration profiles
as well as the Nusselt number and Sherwood number is conducted. The results of this
parametric study are shown graphically and the physical aspects of the problem are
highlighted and discussed.
© 2010 Elsevier Ltd. All rights reserved.

1. Introduction
Coupled heat and mass transfer problems in the presence of magnetic field and radiation effects are of importance
in many processes and have, therefore, received a considerable amount of attention. Furthermore, when radiative heat
transfer takes place the fluid involved can be electrically conducting, in the sense that it is ionized due to the high
operating temperature. Accordingly, it is of interest to examine the effect of the magnetic field on the flow and heat
transfer characteristics. Studying such an effect has great importance in various application fields where thermal radiation
and MHD effects are correlative. The process of fusing of metals in an electrical furnace by applying a magnetic field,
and the process of cooling of the first wall inside a nuclear reactor containment vessel where the hot plasma is isolated
from the wall by applying a magnetic field, are examples of such fields. Hydromagnetic and thermal radiation effects
have also been considered extensively in the literature. For example, Kafoussias [1] has analyzed hydromagnetic free
convection flow through a non-homogeneous porous medium over an isothermal cone surface. Kumari et al. [2] have
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Nomenclature
B
C
cp
D
E
F
g
K
k
k̃
Le
Mg
N
Nu
qc
qw
qm
r
R
Ra
Sh
T
u, υ
x0
x, y

Magnetic flux density
Species concentration in the fluid
Specific heat at constant pressure
Mass diffusion coefficient
Viscosity-variation parameter
Dimensionless stream function
Acceleration due to gravity
Permeability of the porous medium
Thermal conductivity
The mean absorption coefficient
Lewis number
Magnetic field parameter
Buoyancy ratio parameter
Local Nusselt number
Dimensional heat generation/absorption parameter
Heat transfer rate
Mass transfer rate
Local radius of the truncated cone
Radiation parameter
Rayleigh number
Local Sherwood number
Temperature of the fluid
Velocity components of the fluid
Distance of the leading edge of the truncated cone measured from the origin
Coordinate axes

Greek symbols

α
β
β?
δ
γ
λ
θw
σ
ρ
ψ
θ
φ
ξ, η

Thermal diffusivity
Volumetric coefficient of thermal expansion
Volumetric coefficient of expansion with concentration
Viscosity-variation constant
Half angle of the truncated cone
Stefan–Boltzmann constant
Temperature ratio parameter
Electrical conductivity
Density of the fluid
Stream function
Dimensionless temperature
Dimensionless concentration
Non-similarity parameters

Subscripts

w
∞

Conditions at the wall
Conditions in the free stream

considered non-axisymmetric unsteady motion over a rotating disk in the presence of natural convection and magnetic
field effects. El-Hakim and Rashad [3] used the Rosseland diffusion approximation in studying the effect of radiation on free
convection from a vertical cylinder embedded in a fluid-saturated porous medium. Raptis and Singh [4] have solved the
problem of hydromagnetic natural convection flow past an accelerated vertical plate. Takhar and Ram [5] have studied the
magnetohydrodynamic natural convection flow of water through a porous medium.
Thermal radiation effects become important when the difference between the surface and the ambient temperature
is large. Viskanta and Grosh [6] have considered boundary layer flow in thermal radiation absorbing and emitting media.
Chamkha [7] studied the problem of coupled heat and mass transfer by natural convection about a truncated cone in the
presence of magnetic field and radiation effects. Ali et al. [8] have considered the natural convection-radiation interaction in
boundary layer flow over horizontal surfaces. Hossain and co-workers [9–11] have reported on natural convection radiation
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interaction from an inclined plate and vertical cylinders with circular elliptic cross sections. Yih [12] has reported on the
effects of radiation on natural convection about a truncated cone.
The effect of radiation on MHD flow and heat transfer problems has become more important industrially. At high
operating temperatures, radiation effects can be quite significant. Many processes in engineering areas occur at high
temperatures and acknowledgement of radiation heat transfer becomes very important for the design of the pertinent
equipment. Nuclear power plants, gas turbines and the various propulsion devices for aircraft, missiles, satellites and
space vehicles are examples of such engineering areas. In addition, double-diffusive convection caused by buoyancy due to
temperature and concentration gradients in a fluid-saturated porous medium occurs in many geophysical, geothermal and
industrial applications, such as the migration of moisture through air contained in fibrous insulation and the underground
spreading of chemical contaminants through water-saturated soil.
Cheng [13,14] has presented a boundary-layer analysis of variable viscosity effects on the double-diffusive convection
near both vertical and wavy truncated cones in a fluid saturated porous medium. Cheng et al. [15] have reported on
free convection of a Darcian fluid about a truncated cone. Seddeek [16] has studied the effects of magnetic field and
variable viscosity on the flow and heat transfer past a continuously moving porous boundary in the presence of radiation
effect. Yih [17] has reported on heat and mass transfer driven by natural convection from a truncated cone embedded
in a porous medium with variable wall temperature and concentration, or with variable heat and mass flux. Lings and
Dybbs [18] have examined forced convection over a flat plate in porous media with variable viscosity proportional to an
inverse linear function of temperature. Kafoussius and Williams [19] have studied the effect of temperature-dependent
viscosity on free convection laminar boundary-layer flow along a vertical isothermal plate. Kafoussius and Rees [20] have
examined the effects of combined free and forced convective laminar boundary-layer flow past a vertical isothermal flat
plate with temperature-dependent viscosity. Hassanien et al. [21] have analyzed variable viscosity and thermal conductivity
effects on combined heat and mass transfer in mixed convection over a UHF/UMF wedge in porous media. Furthermore, a
comprehensive survey of relevant papers dealing with this subject may be found in the recent monograph by Nield and
Bejan [22].
Motivated by the above-mentioned work, and considering the importance of magnetic field and thermal radiation effects
for flow in a porous medium, the problem of natural convection heat and mass transfer near a vertical truncated cone in
porous media saturated with a Newtonian fluid having a viscosity proportional to an inverse linear function of temperature
is investigated.
2. Mathematical formulation
Consider steady-state boundary-layer flow near a vertical truncated cone (with half angle γ ) embedded in a fluidsaturated porous medium driven by buoyancy due to temperature and concentration gradients in the presence of magnetic
field and thermal radiation effects. The surface of the vertical truncated cone is held at a constant temperature Tw which
is higher than the ambient porous medium temperature T∞ . In addition, the concentration of a certain constituent in the
solution that saturates the porous medium varies from Cw on the fluid side of the surface of the vertical truncated cone to
C∞ sufficiently far from the surface of the cone. The origin O of the coordinate system is placed at the vertex of the full cone,
where x is the coordinate along the surface of the full cone measured from the origin O and y is the coordinate normal to the
surface of the truncated cone, as shown in Fig. 1. The distance of the leading edge of the truncated cone measured from the
origin O is denoted as x0 . The applied magnetic field is assumed to be uniform. The magnetic Reynolds number is assumed
to be small so that the induced magnetic field is neglected. Moreover, the fluid properties are assumed to be constant,
except for the density variations in the buoyancy force term and the viscosity variations with temperature. Invoking the
boundary-layer and Boussinesq approximations, the governing equations, which are based on the balance laws of mass,
momentum, energy and species, for Darcy’s flow from near a frustum of a cone in a homogenous porous medium saturated
with a Newtonian fluid with temperature-dependent viscosity can be written as:

∂(ru) ∂(r υ)
+
=0
∂x
∂y


∂(µu)
∂u
∂T
∂C
+ K σ B2
= ρ∞ Kg cos γ β
+ β?
∂y
∂y
∂y
∂y
 2

r
∂T
∂T
∂ T
1 ∂q
−
u
+υ
=α
∂x
∂y
∂ y2
k ∂y
u

∂C
∂C
∂ 2C
+υ
=D 2.
∂x
∂y
∂y

(1)
(2)

(3)

(4)

In the above equations, u, υ are the volume-averaged velocity components in the x- and y-directions, respectively, g is the
acceleration due to gravity, k, β and β ? are the effective thermal conductivity, the coefficient of volume expansion and the
volumetric coefficient of expansion with concentration, respectively, K is the Darcy permeability of the porous medium, α, D
are the effective thermal diffusivity and mass diffusivity of the saturated porous medium, σ , B are the electrical conductivity
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Fig. 1. The flow model and physical coordinate system.

and the applied magnetic flux density. Furthermore, T and C are the temperature of the fluid inside the thermal boundary
layer and the corresponding concentrations. qr is the radiative heat flux and is defined using the Rossland approximation
(Raptis [23], Sparrow and Cess [24]) as
qr = −

4λ ∂ T 4

(5)

3k̃ ∂ y

where λ is the Stefan–Boltzmann constant and k̃ is the mean absorption coefficient. In addition, the property µ is the dynamic
fluid viscosity proportional to an inverse linear function of temperature, and ρ is the fluid density. Following Lings and
Dybbs [18], it is assumed that the viscosity varies with temperature in the following form:

µ=

µ∞

(6)

1 + δ(T − T∞ )

where δ is a viscosity-variation constant and µ∞ is the viscosity of the ambient fluid.
The appropriate boundary conditions are given by:

υ = 0,

T = Tw ,

u → 0,

T → T∞ ,

C = Cw

on y = 0

C → C∞

as y → ∞.

(7)

By assuming the boundary layer to be sufficiently thin in comparison with the local radius of the truncated cone, the local
radius to a point in the boundary layer r can be represented by the radius of the truncated cone, r = x sin γ .
It is convenient to transform the governing equations into a dimensionless form which can be suitable for solution. This
can be done by introducing the following dimensionless variables:

ξ=

x̄
x0

=

θ (ξ , η) =

x − x0
x0

,

T − T∞
,
Tw − T∞

y

η = Ra1/2 ,
x̄

φ(ξ , η) =

ψ = α rRa1/2 F (ξ , η)
C − C∞
Cw − C∞

(8)

where ψ is the stream function that satisfies the continuity equation, which is defined as ru = ∂ψ/∂ y, r v = −∂ψ/∂ x,
(ξ , η) are the dimensionless non-similarity variables. With the change of variables, Eq. (1) is identically satisfied and Eqs.
(2)–(4) are transformed to:
1

E

F 0 θ 0 + MgF 00 = θ 0 + N φ 0
(1 + E θ )2






4R
ξ
1
∂θ
∂F
1+
+
Fθ0 = ξ F0
− θ0
(θ + θw )3 θ 00 + 4R (θ + θw )2 θ 02 +
3
1+ξ
2
∂ξ
∂ξ
1 + Eθ

F 00 −

(9)
(10)
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Table 1
Comparison of −θ 0 (ξ , 0) with the work of Cheng et al. [15] and Yih [17] for E = R = θw = 0, and N = 0.

ξ

Cheng et al. [15]

Yih [17]

Present work

0.0
0.5
1.0
2.0
6.0
10.0

0.4437
0.5412
0.5991
0.6572
0.7219
0.7391

0.4439
0.5285
0.5807
0.6373
0.7123
0.7330

0.4439
0.5413
0.5991
0.6573
0.7219
0.7391

Le−1 φ 00 +






∂φ
∂F
1
ξ
+
F φ0 = ξ F 0
− φ0
1+ξ
2
∂ξ
∂ξ

(11)

where the primes denote the partial derivative with respect to η. Moreover, E = δ(Tw − T∞ ) is the viscosity-variation
parameter, N = β ? (Cw − C∞ ) /[β (Tw − T∞ )] is the buoyancy ratio parameter, Ra = ρ∞ Kg β (Tw − T∞ ) x̄ cos γ /[µ∞ α]
is the Rayleigh number, Le = α/D is the Lewis number, θw = T∞ /(Tw − T∞ ) is the temperature ratio parameter,
Mg = K σ B2 /µ∞ is the magnetic field parameter and R = 4λ(Tw − T∞ )3 /k̃k is the radiation parameter. It is apparent
that for the case of R, Mg → 0, Eqs. (9)–(11) are reduced to those of Cheng [13], and to those of Yih [17] when R, Mg → 0
and E → 0.
The corresponding dimensionless boundary conditions take on the form:
F (ξ , η) = 0,

θ (ξ , η) = 1,

F (ξ , η) → 1,

φ(ξ , η) = 1 on η = 0

θ (ξ , η) → 0,

0

φ(ξ , η) → 0 as η → ∞.

(12)

Utilizing the transformations given in Eq. (8), the velocities in the x- and y-directions may be expressed as:
u=

α Ra
x̄

F 0,

v=−

α Ra1/2



x̄



1
∂F
1
ξ
+
F +ξ
− ηF 0 .
ξ +1 2
∂ξ
2

(13)

The results of practical interest in many applications are the heat and mass transfer coefficients. The local heat and mass
transfer coefficients are expressed in terms of the local Nusselt and Sherwood numbers, respectively, which are given by:
x̄qw

Nu =

k (Tw − T∞ )

,

Sh =

x̄qm

(14)

D (Cw − C∞ )

where qw , qm are the local heat and mass transfer rate per unit surface area and kf is the effective thermal conductivity, and
qw , qm are defined by:


qw = − k

∂T
4λ ∂ T 4
+
∂y
3k̃ ∂ y



,

qm = −D

y=0

∂C
∂y

.

(15)

y=0

Using Eqs. (8), (14) and (15), we get the local Nusselt and Sherwood number of the truncated cone in the following
expressions:
1/2

Nu/Ra


=− 1+

4R
3

Sh/Ra1/2 = −φ 0 (ξ , 0).

(1 + θw )

3



θ 0 (ξ , 0)

(16)
(17)

3. Results and discussion
Eqs. (9)–(11) constitute a non-linear coupled boundary-value problem of second order. The set of Eqs. (9)–(11) along with
the boundary conditions (12) are integrated numerically by means of the Runge–Kutta method with systematic estimates
of F 0 (ξ , 0), θ 0 (ξ , 0) and φ 0 (ξ , 0) by the Newton–Raphson shooting technique. The step size ∇η = 0.002 is used to obtain
the numerical solution and the boundary condition η → ∞ is approximated by ηmax = 4, which is sufficiently large for
the velocity to approach the relevant free stream velocity with a five-decimal accuracy as the criterion for convergence. In
addition, in order to verify the accuracy of the present numerical method, the results are compared with those reported
earlier by Cheng et al. [15] and Yih [17]. The results of these comparisons are shown in Table 1. It can be seen from this table
that excellent agreement between the results exists. This lends confidence to the numerical results reported below.
Many results are obtained throughout this work. A representative set of results is presented graphically in Figs. 2–17 in
order to explore the various physical aspects of the problem.
Figs. 2–4, respectively, illustrate the effects of the magnetic field parameter Mg on the fluid velocity, temperature and
solute concentration profiles, at the position ξ = 4 for two values of the thermal radiation parameter R. Application of a
magnetic field normal to an electrically-conducting fluid has the tendency to produce a drag-like force called the Lorentz
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Fig. 2. Effect of magnetic field parameter (Mg) on the fluid velocity distribution.

Fig. 3. Effect of magnetic field parameter (Mg) on the temperature distribution.

Fig. 4. Effect of magnetic field parameter (Mg) on the concentration distribution.

force which acts in the direction opposite to that of the flow, causing a flow retardation effect. This causes the fluid velocity
to decrease. However, this decrease in flow speed is accompanied by corresponding increases in the fluid thermal state and
solute concentration level. These behaviors are clearly depicted in the decrease in the fluid velocity and the increases in
the fluid temperature and solute concentration shown in Figs. 2–4. In addition, increasing the thermal radiation parameter
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Fig. 5. Effect of viscosity-variation parameter (E) on the fluid velocity distribution.

Fig. 6. Effect of viscosity-variation parameter (E) on the temperature distribution.

Fig. 7. Effect of viscosity-variation parameter (E) on the concentration distribution.

increases the thermal state of the fluid, resulting in increases in the thermal buoyancy effect and, hence, more induced flow
along the cone. This is illustrated in the increases in both the fluid velocity and temperature profiles. However, as the thermal
radiation parameter increases, it is observed that the concentration profiles decrease.
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Fig. 8. Effect of Lewis number (Le) on the concentration distribution.

Fig. 9. Effect of temperature ratio (θw ) on the velocity distribution.

Fig. 10. Effect of temperature ratio (θw ) on the temperature distribution.

Figs. 5–7, respectively, depict the effects of the viscosity-variation parameter E on the fluid velocity, temperature, and
concentration profiles, for R = 0 and R = 1. Fig. 5 illustrates that an increase in the value of the viscosity-variation parameter
tends to increase the peak of the velocity at the wall. Furthermore, Fig. 6 shows that a porous medium saturated with
a fluid of higher viscosity-variation parameter has a thinner thermal boundary layer and a higher temperature gradient
at the wall, thus leading to a higher heat transfer rate between the porous medium and the surface. Fig. 7 shows that
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Fig. 11. Effect of temperature ratio (θw ) on the concentration distribution.

Fig. 12. Effect of magnetic field parameter (Mg) on the local Nusselt number.

Fig. 13. Effect of magnetic field parameter (Mg) on the local Sherwood number.
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Fig. 14. Effect of temperature ratio (θw ) on the local Nusselt number.

Fig. 15. Effect of temperature ratio (θw ) on the local Sherwood number.

increasing the viscosity-variation parameter tends to decrease the concentration boundary-layer thickness, thus increasing
the concentration gradient at the wall and increasing the mass transfer rate between the porous medium and the surface.
The effect of increasing R on Figs. 5–7 is the same as discussed above for Figs. 2–4. That is, higher values of R produce higher
values of fluid velocity and temperature and lower values of solute concentration.
Fig. 8 displays the effect of Lewis number Le on the concentration profiles for both R = 0 and R = 1. The Lewis number
is an important parameter in heat and mass transfer processes as it characterizes the ratio of thicknesses of the thermal and
concentration boundary layers. Its effect on the species concentration has similarities to the Prandtl number effect on the
temperature. Therefore, as expected, it is observed that as the Lewis number increases, the solute concentration decreases.
In addition, increasing the Lewis number tends to decrease the concentration boundary layer thickness, thus increasing the
mass transfer rate between the porous medium and the surface.
Figs. 9–11 illustrate the effects of the temperature ratio parameter θw on the fluid velocity, temperature and concentration
profiles, respectively, at the position ξ = 4. It is observed that as the temperature ratio parameter increases, both the
fluid velocity and temperature increase while the solute concentration profile decreases. This is accompanied by significant
increases in the viscous and thermal boundary-layer thicknesses and slight decreases in the concentration boundary-layer
thickness. As expected, the effect of the temperature ratio parameter is more pronounced on the profiles of temperature
and velocity (through thermal buoyancy) than the concentration profiles.
Figs. 12 and 13 display, respectively, the variations of the local Nusselt number Nu/Ra1/2 and the local Sherwood
number Sh/Ra1/2 with the dimensionless stream-wise coordinate ξ for various values of the magnetic field parameter
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Fig. 16. Effect of viscosity-variation parameter (E) on the local Nusselt number.

Fig. 17. Effect of viscosity-variation parameter (E) on the local Sherwood number.

Mg = 0.0, 0.25, 0.5, 1.0, 1.5, 2.0 and 2.5 in the presence and absence of the thermal radiation effects. The local Nusselt
number as well as the local Sherwood number tends to increase rapidly at first, then gradually levels off as the dimensionless
stream-wise coordinate is increased. It is clear from these figures that both the local Nusselt number and the local Sherwood
number decrease with increasing values of the magnetic field parameter. It is also observed that both the local Nusselt
number and the local Sherwood number increase with increasing values of the radiation parameter.
Figs. 14 and 15 depict, respectively, the variations of the local Nusselt number Nu/Ra1/2 and the local Sherwood
number Sh/Ra1/2 with the dimensionless stream-wise coordinate ξ for various values of the temperature ratio parameter
θw = 0.0, 0.2, 0.5, 0.8, 1.0 and 1.5. It is observed that both the local Nusselt number and the local Sherwood number
increase with increasing values of the temperature ratio parameter. Again, both the local Nusselt and Sherwood number are
predicted to increase as the dimensionless stream-wise coordinate ξ increases.
Figs. 16 and 17, respectively, illustrate the variations of the local Nusselt number Nu/Ra1/2 and the local Sherwood
number Sh/Ra1/2 with the dimensionless stream-wise coordinate ξ for various values of the viscosity-variation parameter
(E = 0, 0.2, 0.4, 0.6, 0.8, 1.0, and 2.0) in the presence and absence of the thermal radiation effect. These figures show
that the heat and mass transfer rates increase as the viscosity-variation parameter is increased. This is expected because
increasing the viscosity-variation parameter tends to decrease the viscosity of the fluid, thus accelerating the flow and
increasing the heat and mass transfer rates.

3878

A. Mahdy et al. / Computers and Mathematics with Applications 59 (2010) 3867–3878

4. Conclusion
The problem of steady-state, laminar heat and mass transfer by natural convection boundary-layer flow over a truncated
cone in the presence of magnetic field, thermal radiation, and variable viscosity effects was considered. A set of non-similar
governing differential equations was obtained and solved numerically using a fourth-order Runge–Kutta integration scheme
with the Newton–Raphson shooting technique. A comparison with previously published work on a special case of the general
problem was performed and the results were found to be in excellent agreement. A representative set of numerical results
for the velocity, temperature and concentration profiles, as well as the local Nusselt number and the local Sherwood number,
was presented graphically and discussed. It was found that both the local Nusselt number and the local Sherwood number
increased rapidly at first and gradually leveled off as the dimensionless stream-wise coordinate was increased. Also, both
the local Nusselt number and the local Sherwood number reduced as the magnetic field parameter was increased. The
effect of increasing the temperature ratio parameter was found to enhance the heat and mass transfer rates, yielding higher
values of the local Nusselt and Sherwood numbers. In addition, both the local Nusselt number and the local Sherwood
number increased with increasing values of the thermal radiation parameter. Furthermore, increasing the viscosity-variation
parameter decreased the viscosity of the fluid causing higher flow rates. This yielded increases in the heat and mass transfer
rates.
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