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the modulated exhaust motor5 and by NWC with the T-burner.6
It can be seen that the magnetic flow meter burner gives results
similar to the T-burner and, in fact, gives a better fit to a stan-
dard response function curve. With NWR-11 a very noisy u(t)
signal was observed, resulting in noisy u'(t) signals where the
forced oscillation is only weakly visible. This led to a lower
quality in the data reduction in terms of Rp and a. This may
be because NWR-11 contains a large portion of coarse AP
(50% by weight of 400 /xm), which may result in increased
flow turbulence near the propellant surface registering as
broadband noise by the magnetic flow meter.

Conclusions
The addition of an ultrasound transducer for measuring the

location of the propellant surface relative to the velocity mea-
surement station and the use of a larger diameter propellant
strand improved the ability of the magnetic flow meter to pro-
vide accurate data for the determination of a solid propellant
pressure-coupled response. The use of an acoustic analysis in
combination with the measurements allowed the use of data
taken over a period of time, improving the accuracy of the
calculated response and improving repeatability.
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Introduction

CHAMKHA1 reported exact solutions for the steady hy-
dromagnetic two-dimensional flow of a particle-fluid sus-

pension past an infinite porous flat plate. In the model used,
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the particle phase was assumed stress-free. The purpose of this
Note is to generalize the model used by Chamkha1 to include
particle-phase viscous effects.

The mathematical model employed herein represents a gen-
eralization of the original dusty-gas model discussed by Mar-
ble2 to include particle-phase viscosity and magnetic field ef-
fects. Particle-phase viscosity can be used to model several
effects. Among these are particle-particle interactions and
Reynolds stresses resulting from using a continuum model to
represent a cloud of discrete particles.3

Governing Equations
Let x denote the coordinate parallel to the direction of the

flow, and y the coordinate perpendicular to it. Let a uniform
magnetic field be applied along the y axis. Far from the plate
both phases are in equilibrium and moving with speed K, in
the x direction. At the plate surface uniform suction with speed
V0 is applied to the fluid phase. The fluid phase is assumed
incompressible and electrically conducting. The suspended
particles are assumed electrically nonconducting and have a
small volume fraction. In addition, the magnetic Reynolds
number is assumed to be small and the induced magnetic field
is neglected.

The modified dusty-gas model to be employed herein can
be written as

-V0dyu = vdyyu + Npplp(up - u) + vE^>(V"„ - u)
-V0dyUp = VpdyyUp + N(u - up)

(1)
where p, u, and v are the fluid-phase density, velocity in the x
direction, and kinematic viscosity, respectively. pp9 up, and vp
are the particulate-phase insuspension density (mass of parti-
cles per unit volume of suspension), velocity in the x direction,
and kinematic viscosity, respectively, a, BQ, and N are the elec-
trical conductivity, the magnetic induction, and the interphase
force coefficient, respectively. In the present work the coeffi-
cients pt pp9 v, vp, N9 and B0 will all be treated as constants.
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Fig. 1 Fluid-phase displacement thickness vs a.
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Fig. 2 Particle-phase displacement thickness vs a.

Equations (1) can be made dimensionless by substituting

y = VTj/K,, u = V«F(ij), up = KJv(rj) (2)

to give the coupled differential equations

F" + rvF' + Ka(Fp - F) - M\F - 1) = 0

/3F; + rj?p + a(F - Fp) = 0
(3)

where a prime denotes ordinary differentiation with respect to
TJ and

rv =
(4)

are the suction parameter, the inverse Stokes number, the vis-
cosity ratio, the particle loading, and the Hartmann number,
respectively.

The displacement thicknesses and the skin friction coeffi-
cients for both the fluid and particle phases are defined,
respectively

> = (1 - F) dry, 8P = (1 - Fp) dr?
Jo jo

> = |3icF;(0)
(5)

where the factor )3/c in Eq. (5d) reflects that both Cf and Cfp
are made dimensionless using the fluid-phase density and kin-
ematic viscosity. Thus, C^ICf is the ratio of the actual shear
stresses.

Results
For an inviscid particle phase, Eq. (3) (with j8 = 0) is solved

subject to
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Fig. 3 Fluid-phase skin friction coefficient vs a.

in a previous paper by the present author. Attention will, there-
fore, be focused herein on the case of /3 ^ 0.

When /3 * 0 (viscous particle phase), an additional boundary
condition on Fp at the wall is needed. While the exact form of
the boundary conditions to be satisfied by the particulate phase
at a solid surface is poorly understood at present, two tentative
conditions are used as follows:

Fp(0) = Fp0, Fp(0) = a>Fp(0) (7)

where o> is a constant. In Eq. (7a) Fpo is a dimensionless wall
slip velocity of the particle phase. Equation (7b) (suggested by
Soo4) can be recognized as similar to the slip condition em-
ployed in rarefied gas dynamics. Obviously, if F^o = 0 or o> =
oo, a no-slip condition is recovered.

Equations (3 a) and (3b) can be combined into a fourth-order,
linear, nonhomogeneous, ordinary differential equation for Fp.
This can be written as

j8Fj,v + rv(l + j8)F™ +. \rl - M2/3 - a(\ + K/3)]F;
- rv[M2 + a(\ + /c)]F; + M2aFp = M2a (8)

Equation (8) is solved subject to Eqs. (6) and (7a) to yield

Fp = 1 - d exp(-Aj 17) - C2 exp(-A27j) (9)

where AI and A2 are the absolute values of the two negative
roots of the equation

j8A4 + rv(l + /3)A3 + [rl - M2p - a(

- rv[M2 + a(l + /c)]A + M2a = 0

where

d = [l +B(\ -

*j3)]A2

(10)

(11)
F(0) = 0, F(oo) = 1, F,(«0 = 1 (6) B=l + (rv\2 - d = d
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It should be mentioned that the acceptable physical solution
of Eq. (10) is having two negative and two positive roots. No
way was found to prove that analytically. However, in all of
the numerical examples considered subsequently, this condi-
tion was satisfied.

Differentiating Fp from Eq. (9) twice and substituting into
Eq. (3b) and solving for F yield

Table 1 Corresponding values as a

F = 1 - - BC2 exp(-A2Tj) (12)

where

A = 1 + - /3A?)/a

The corresponding expressions for 5, 8P> Cf, and
shown to be

8 = Ad /A! + BC2/\2, 8P = Ci/A, + C2/A2

(13)

can be

(14)
C/= A! Ad + A2BC2, dp = /3/c^d + A2d)

If Eq. (7b) is employed instead of Eq. (7a), the same solu-
tions result with d and C2 are, respectively, replaced by d
and C4, where

d = A,[l + o>(/3A1 - rv)/a]/[(a>

+ \JB - (eo + A2)A]

d = [<o + C4(a> + A2)]/(co

(15)

All of the results reported herein reduce to those reported ear-
lier by Chamkha and Peddieson5 if M is equated to zero.

A selective set of results based on the numerical evaluation
of the solutions obtained by using Eq. (7b) is presented in Figs.
1-4. These figures illustrate the behavior of the fluid-phase
displacement thickness 5, the particle-phase displacement
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thickness 8p9 the fluid-phase skin friction coefficient C7, and
the particle-phase skin friction coefficient vs the inverse Stokes
number a for various values of the Hartmann number M, re-
spectively. Increases in M have the tendency to decrease the
region close to the wall where deviations from uniformity oc-
cur. This, in turn, causes the slope at the wall to increase. This
is reflected in the increases in Cf and dp and the decreases in
8 and 8P observed from Figs. 1-4 as M increases. Table 1
shows the values of 6, 6P, C/, and dp as a -» <».

Conclusions
A continuum two-phase (particle-fluid) model allowing for

particle-phase stresses and magnetic field effects is developed
and applied to the problem of flow of a dusty gas (or fluid)
past an infinite porous flat plate. Analytical solutions of this
model are reported and some graphical results are presented
and discussed. It is found that both the fluid and particle dis-
placement thicknesses decrease while both the fluid and par-
ticle skin friction coefficients increase as the Hartmann number
increases.
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Nomenclature
Ci = normalized streamwise circulation, Ts/Urh tan e
CT = normalized streamwise circulation at the trailing

edge based on the analysis of Ref. 4
h = A lobe height, 33 mm

Fig. 4 Particle-phase skin friction coefficient vs a.
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