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ABSTRACT 

Continuum equations governing non-Darcy hydromagnetic free convection flow of an 
electrically conducting and heat-generating fluid over a vertical cone and a wedge 
adjacent to a porous medium are developed. These equations account for such 
effects as buoyancy, boundary and inertia effects of  porous media, Hartmann effects 
of  magnetohydrodynamics, and heat generation or absorption of fluid. Similarity 
variables were employed for the case of variable surface temperature and the resulting 
ordinary differential equations are solved numerically by an implicit, iterative, finite- 
difference method. Flow and heat transfer numerical results are obtained for various 
combinations of  physical parameters. Graphical results illustrating interesting features 
of the physics of  the problem are presented and discussed. 

Introduction 

The study and analysis of heat and mass transfer in porous media have been the subject of 

many investigations due to their frequent occurrence in industrial and technological applications. 

Examples of some applications include geothermal reservoirs, drying of porous solids, thermal 

insulation, enhanced oil recovery, packed-bed catalytic reactors, and many others. There has been 

considerable work done on magnetohydrodynamic free convection flow over a vertical semi- 

infinite plate which is based on the laminar boundary-layer approach. See, for instance, Sparrow 

and Cess [1], Riley [2], Kuiken [3], Takhar [4], Wilks [5,6], and Takhar and Soundalgekar [7]. 

The problem of convection heat transfer from a cone or a wedge has been considered previously 

by Vajravelu and Rollins [8], Merk and Prins [9], Hefing and Gosh [10], Sparrow and Guinle 

875 



876 A.J. Chamkha Vol. 23, No. 6 

[11], Nakayama et al. [12], Gorla and Stratman [13], Watanabe and Pop [14], and Vajravelu and 

Nayfeh [15]. Most early studies on convection heat transfer in porous media have used Darcy's 

law which neglects boundary and inertia effects which are important in the presence of a solid 

boundary and when the flow velocity is high (i.e. the Reynold's number based on the mean pore 

size is greater than unity). Vafai and Tien [16] and Hong et al. [17] summarize the importance of 

both boundary and inertia effects in porous media. 

In problems dealing with chemical reactions and dissociating fluid, heat generation in 

moving fluids becomes important (see, Vajravelu and Nayfeh [15]). Moalem [18] has studied the 

effect of temperature-dependent heat sources occurring in electrical heating on the steady-state 

heat transfer in a porous medium. Other works taking into account heat generation effects 

can be found by the early papersby Sparrow and Cess [1], Topper [19], and Foraboschi and 

Federico [20]. 

Motivated by the works mentioned above, the steady, laminar, flee convection flow along a 

vertical cone and a wedge immersed in an electrically conducting fluid-saturated porous medium 

in the presence of a transverse magnetic field is considered. The surface temperature of the cone 

and the wedge is assumed to be variable and internal heat generation is assumed to exist. The 

applied magnetic field is assumed to be uniform and the magnetic Reynold's number is assumed to 

be small so that the induced magnetic field can be neglected. In addition, it is assumed that the 

external electric field is zero and the electric field due to polarization of charges is negligible. 

Mathematical Formulation 

Consider steady, laminar, free convection boundary-layer flow of an electrically conducting 

fluid over a vertical cone and a wedge adjacent to a fluid-saturated porous medium, A uniform 

transverse magnetic field normal to the cone and the wedge surfaces is applied. The porous 

medium is assumed to be oflmiform porosity and permeability while the wall temperature of the 

cone and the wedge is assumed to be variable. The coordinate system is such that x measures the 

distance along the surface of the body from the apex, x = 0 being the leading edge, and y 

measures the distance normally outward. The physical model under consideration and the 

coordinates chosen are depicted in Fig. 1. Neglecting viscous and magnetic dissipations, and 

taking into account Boussinesq approximation, the boundary-layer form of the governing 

equations can be written as 

O ( r " u )  + O ( r % )  = 0 
oy 

(1) 
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Ou Ou O=u ~oBo2u v u - - + v - - =  v - -  u - C u  2 + gf~(T-  T=)cosot (2) 
Ox Oy Oy 2 19 K 

pc(u~ OT 02T +vffy-y) = k e - - ~ - + Q ( T - T . )  (3) 

where n = 0 corresponds to flow over a vertical wedge and n = corresponds to flow over a 

vertical cone. x, y, and r are the tangential, normal, and radial distances as shown in Fig. 1. a is 

the cone or wedge half angle, u, v, and T are the fluid x-component of  velocity, y-component of  

velocity, and temperature, respectively. 19, v, c and k e are the fluid density, kinematic viscosity, 

specific heat, and effective thermal conductivity, respectively, oo,Bo,g, andl3are the fluid 

electrical conductivity, the magnetic induction, the gravitational acceleration, and the volumetric 

thermal expansion coefficient, respectively. K and C are the respective permeability and the 

inertia coefficient o f  the porous medium. Q and Too are the volumetric heat generation and 

ambient fluid temperature, respectively. 

It should be noted that in the momemtum equation, Eq. (2), the first term on the fight hand 

side is the boundary effect which represents the wall frictional resistance to flow along the solid 

boundary o f  the cone and the wedge. The third term on the fight side is the porous medium 

Darcian force representing the pressure loss due to the presence o f  a porous medium. The fourth 

term on the same side is the inertia effect (sometimes referred to as non-Darcy effect)which 

accounts for the additional pressure drop resulting from inter-pore-mixing appearing at high 

velocities (see, for instance, Plumb and Huenefeld [21]). 

The appropriate boundary conditions suggested by the physics o f  the problem are 

u ( x , 0 )  = 0, v ( r , 0 )  = 0, T ( x , 0 )  = :rw = T~ + A x '  

u (x ,o~)  = 0, T (r ,o ~ )  = T~ 
(4a-e) 

where T w is the wall temperature, A is a constant and s is a wall temperature parameter. It should 

be noted that when s = 0, the constant wall temperature condition is recovered. 

It is convenient to nondimensionalize the equations given before by using the following equations 

wF'(n) 
y = Lrl, u = L2 

- v ( n  + 1)F(n) 
v - , T = T. +(T,~ - Too)0(rl) 

L 

(5a-d) 
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where L is a characteristic length and a prime denotes ordinary differentiation with respect to ~q. 

Upon substituting Eq. (5) into Eqs. (1) - (4), the following similarity equationsand 

conditions result. 

F'" + (n + 1)FF" - (1 + F~ ) (F ' ) :  - ( M  2 + Oa -1)F' + Gx0 = 0 (6) 

0" + Pr((n  + 1)F0' - s F g )  + 60 = 0 (7) 

F ' ( 0 )  = 0, F ( 0 )  = 0, 0 (0 )  = (8a-e) 

F'(oo) = O, 0(oo) = 0 

where 

G x = L4gf3(Tw-T~) c ° sa  , M 2 = 60Bo 2L: 
v2x pv 

K pvc QL 2 
D a = - f f  , Fx =Cx, P r =  , ~= 

ke ke 

(9a-f) 

are the local Grashofs number, square of  the Hartmann number, Darcy number, local inertia 

coefficient (Forchheimer number), Prandtl number, and the dimensionless heat generation 

parameter or heat sink/source parameter, respectively. 

Of  particular interest in this type of  study are the skin-friction coefficient and the Nusselt 

number. These physical parameters are defined, respectively, as 

C f -  Cf* F"(O), Nu= - h  =0 ' (0 )  
p v 2 x / L  k ~ ( T ~ - T = ) / L  

(lOa, b) 

where Cf* is the dimensional wall shear stress and h is the heat transfer coefficient. 

Resul ts  and  Discuss ion  

The similarity equations given above are coupled, nonlinear, and exhibit no closed-form 

solution. Therefore, they must be solved numerically subject to the boundary conditions. The 

implicit finite-difference method with iteration similar to that discussed by Blottner [22] has 

proven to be successful for the solution of  such equations and, for this reason, it will be employed 

herein. 
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The third-order differential equation is converted into a second-order differential equation 

by making variable changes. Then all second-order equations in rl are discretized using three- 

point central difference quotients while the first-order equation is discretized using the trapezoidal 

rule. With this, the differential equations are converted into a set of  algebraic equations which are 

solved with iteration (to deal with the nonlinearities of  the governing equations) by the Thomas' 

algorithm (see, Blottner [22]). Most changes in the dependent variables are expected to occur in 

the vicinity of  the wall where viscous effects dominate. Far away from the wall the fluid adjusts 

to the ambient conditions and changes in the dependent variables are expected to be small. For 

this reason, variable step sizes in r 1 are employed in the present work. The initial step size Aria 

was set to 0 -3 and the growth factor was set to 1.03. These values are arrived at after many 

numerical experimentations which were performed to assess grid independence. A convergence 

criterion based on the relative difference between two successive iterations (set to 0-sin the 

present work) was employed. 

More details o f  the numerical solution and the procedure followed can be explained as follows: 

Consider Eq. (6) governing the dimensionless function F. By defining 

: F '  (11) 

Eq. (6) may be written (before the central-difference formulas are used) as 

7~lV" d-'/~2V' 'l- 7c3V ' ~ 4  -- 0 (12) 

where 

~1=1, ~2=(n+l)F 

To3 = - (  M2 + D a - 1 ) - ( l + F ~ )  V, I:4 = G~0 
(13a-d) 

Similarly, Eq. (7) can be written as 

"/~10" + 7~20' +7~30 + ~  4 = 0 

where 

(14) 

~1=1, ~:=Pr(n+l)F 
~3=~-PrsV, n 4 = 0  

(15a-d) 
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The boundary conditions for V and 0 are 

(0 )=0 ,  V(qm~)=0,  0(0)=1,  0 ( ~ m ~ ) = 0  (16a-d) 

where infinity is replaced by ~,~o~ which is set to a maximum value o f  10 in the present work. 

The coefficients ~l, r~2, n3, and ~4 in the inner iteration step of  each of  Eqs. (12) - (14) are 

evaluated using the solution from the previous iteration step, Eqs. (12) - (14) are then converted 

into tri-diagonal finite-difference algebraic equations which can be solved by the Thomas' 

algorithm 

Eq. (11) can be integrated by the trapezoidal rule to give 

Fn+ 1 = F n -~ (Fn+l +Vn)A1]" (17) 
2 

where n corresponds to the n th point along the 11 direction and the boundary condition for F at 

q = 0  is 

F ( 0 ) :  0 (18) 

Figs. 2 - 3 present typical tangential (V) and normal (G) velocity, and temperature (0) 

profiles for various values o f  the Hartmann number At, respectively. Physically speaking, the 

application of  a transverse magnetic field normal to the flow direction results in a force opposite 

to the flow direction which tends to drag the flow, thus, slowing its motion. The effect o f  this 

force gets greater as the strength of  the magnetic field increases. This is evident from the 

decreases in V and G as Mincreases observed in Fig. 1. However, in the absence of  viscous and 

magnetic dissipations (which means lesser coupling between momentum and energy), the 

magnetic field has a negligible effect on the temperature profile. This is clearly shown in Fig. 2. 

Figs. 4 - 5 illustrate the influence of  the Darcy number Da on the velocity and temperature 

profiles, respectively. The presence of  a porous medium in the flow presents resistance to flow, 

thus, slowing the flow and increasing the pressure drop across it. Therefore, as the inverse Darcy 
number (1 / Da) increases, the resistance due to the porous medium increases and the velocity 

components decrease further as shown in Fig. 4. The value Da = oo corresponds to the case of  

no porous medium present. The effect of  the porous medium is limited to the velocity profiles 

and has a negligible influence on the temperature profiles for the values of Da employed in Fig. 5. 
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Figs. 6 - 7 show the changes in the fluid tangential and normal velocities and temperature 

as the Prandtl number Pr is altered, respectively. It is observed from these figures that as Pr is 

increased, all o f  V, G, and 0 decrease as is evident f/om Figs. 6 - 7. 

Figs. 8 - 10 depict the variations in the skin-fiiction coefficient Cf and the Nusselt number 

Nu resulting from simultaneous changes in M, Da, and Pr. As mentioned before, increases in 
either of  the Hartmann number M or the inverse Darcy number (1 / Da) or the Prandtl number Pr 

cause decreases in the tangential velocity and, in turn, its slope along the wedge surface. This 
results in decreases in the skin-friction coefficient Cf as either M or 1 / Da, or Pr increases. It 

should be noted that Cf approaches an asymptotic value for large values of  Mregardless of  the 

values of  Da and Pr. This means that the influence of  M overridesthat ofDa and Pr as M 

becomes large. These behaviors are clearly shown in Figs. 8 - 9. Obviously, since changes in the 

values o f  M and Da, for small values of Pr have negligible influence on the temperature profiles, 

they will cause negligible changes in the temperature slope at the wedge surface. Thus, the 

Nusselt number which characterizes these changes will have negligible effect for small values of  

Pr as shown in Fig. 10. However, the reductions in 0 as Pr is increased mentioned before cause 

0'  at the wedge surface to decrease resulting in a decrease in the values of Nu. It is noticed from 

Fig. 10 that as Pr increases the coupling between the flow and heat transfer increases through the 

Buoyancy effect and thus increases in the values of  M at these conditions cause Nu to increase as 

clearly depicted in Fig. 10. It should be mentioned that in this figure when Da is altered, Pr was 

set to 0.71 and when Pr is varied, Da was set to 2.0. 

Figs. 11 - 12 present profiles for V and G, and 0 for different values o f  the heat generation 

coefficient d~, respectively. Increases in the values o f  ~b have a tendency to increase the fluid 

tangential and normal velocities as well as its temperature. This is reflected in the increases in V, 

G, and 0 shown in Figs. 11 - 12. 

Figs. 13 - 14 illustrate the respective behavior of  Cf and Nu as both M and d 0 are increased. 

The increases in both V and 0 resulting from increasing dp cause the slopes V' and 0'  at the 
wedge surface to increase. This has the direct effect of  increasing C/ and Nu as is evident from 

Figs. 13- 14, respectively. 

It should be mentioned that it is observed from results not presented herein for brevity that 
increases in the Grashofs number G x result in increases in V, G, and C f ,  and slight decreases in 0 

and Nu. Furthermore, increasing the wall temperature exponent s causes slight reductions in all of  
V, G, O, and C f and slight increases in Nu. 
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As mentioned before, all the numerical results presented in Figs. 12 - 14 correspond to the 

case o f  a flow along a vertical wedge where n = 0. For n = 1 (case o f  a cone), very similar 

qualitative results are obtained. However, the quantitative values o f  the flow and heat transfer 

characteristics for the cone are lower than those of  the wedge for the same parametric values. 
Table 1 summarizes some representative Cf and Nu results for the case o f  a cone (n = 1) in 

comparison with those reported by Vajravelu and Nayfeh [15]. It is seen thattheseresults 

compare favourably. It can also be noted that as F x increases, the resistance to the flow increases 

causing Cf to decrease and Nu to increase. 

Conclusion 

The problem ofhydromagnetic free convection flow of  an electrically-conducting and heat- 

generating fluid over a cone and a wedge supporting a uniform porous medium is considered. 

The governing partial differential equations are converted into ordinary differential equations by 

means for similarity variables for the case of  non-uniform surface temperature. Numerical 

solutions of  the resulting equations are obtained by the implicit finite-difference method. 

Graphical results illustrating special trends of  the flow and heat transfer characteristics are 

presented and discussed. It was found that as either of  the Hartmann number, or inverse Darcy 

number, or Prandtl number is increased, the skin-friction coefficient for the case of  wedge or the 

cone decreases. The Nusselt number changes slightly as these parameters change and these 

changes become more pronounced as Pr and M get larger. It is also found that both the skin- 

friction coefficient and the Nusselt number increase as the heat generation source increases. 

Favourable comparisons with previously published theoretical work are performed. It should be 

mentioned that no comparisons with experimental data were made since these data are lacking at 

present. 
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TABLE 1 
Comparison of  present Cf and Nu values with those reported by 115] for a cone (n = 1) 

P r  G x M 2 s Da F x CT Nu Cf  Nu 

[15] [15] present present 

-5 0 .3  -0 .5  1 -2 .1  0 0 - 0 . 1 5 5 5 9 2  - 2 . 2 3 7 4 7 5  - 0 . 1 5 5 5 9 2  - 2 . 2 3 8 7 3 9  

-5 0 .3  -0 .5  1 2.1 0 0 - 0 . 1 5 6 0 0 1  - 2 . 2 3 2 7 8 0  - 0 . 1 5 5 9 9 5  - 2 . 2 3 4 0 7 0  

-5 0 .3  -0 .5  3 2.1 0 0 - 0 . 1 2 6 4 0 0  - 2 . 2 3 3 7 3 2  - 0 . 1 2 6 4 0 3  - 2 . 2 3 4 6 8 0  

-5 0 .3  0 .5  3 2.1 0 0 0 . 1 2 5 6 1 8  - 2 . 2 3 8 8 6 4  0 . 1 2 5 6 1 2  - 2 . 2 4 0 2 3 4  

-1 1.0 -0 .5  1 1 1 1 . . . . .  0 . 2 1 7 9 0 1  - 0 . 9 5 5 5 6 6  

-1 1.0 -0 .5  1 l 1 3 . . . .  - -0 .222947  - 0 . 9 5 3 5 5 2  
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