
This article appeared in a journal published by Elsevier. The attached
copy is furnished to the author for internal non-commercial research
and education use, including for instruction at the authors institution

and sharing with colleagues.

Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to personal, institutional or third party

websites are prohibited.

In most cases authors are permitted to post their version of the
article (e.g. in Word or Tex form) to their personal website or
institutional repository. Authors requiring further information

regarding Elsevier’s archiving and manuscript policies are
encouraged to visit:

http://www.elsevier.com/copyright

http://www.elsevier.com/copyright


Author's personal copy

Thermal conductivity variation on natural convection flow of water–alumina
nanofluid in an annulus

Salma Parvin a,⇑, Rehena Nasrin a, M.A. Alim a, N.F. Hossain a, Ali J. Chamkha b

a Department of Mathematics, Bangladesh University of Engineering & Technology, Dhaka 1000, Bangladesh
b Manufacturing Engineering Department, The Public Authority for Applied, Education and Training, Shuweikh 70654, Kuwait

a r t i c l e i n f o

Article history:
Received 28 December 2011
Received in revised form 15 May 2012
Accepted 15 May 2012
Available online 8 June 2012

Keywords:
Annulus
Natural convection
Nanofluid
Heat flux
Heat transfer enhancement

a b s t r a c t

This work is focused on the numerical modeling of steady laminar natural convection flow in an annulus
filled with water–alumina nanofluid. The inner surface of the annulus is heated uniformly by a uniform
heat flux q and the outer boundary is kept at a constant temperature Tc. Two thermal conductivity models
namely, the Chon et al. model and the Maxwell Garnett model, are used to evaluate the heat transfer
enhancement in the annulus. The governing equations are solved numerically subject to appropriate
boundary conditions by a penalty finite-element method. A parametric study is conducted and a selective
set of graphical results is presented and discussed to illustrate the effects of the presence of nanoparticles,
the Prandtl number and the Grashof number on the flow and heat transfer characteristics for both nano-
fluid models. It is found that significant heat transfer enhancement can be obtained due to the presence of
nanoparticles and that this is accentuated by increasing the nanoparticles volume fraction and Prandtl
number at moderate and large Grashof number using both models. However, for the Chon et al. model
the greatest heat transfer rate is obtained.

� 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Natural convection heat transfer is an important phenomenon
in engineering systems due to its wide applications in electronic
cooling, heat exchangers, and thermal systems. Enhancement of
heat transfer in such systems is very essential from the industrial
and energy saving perspectives. The low thermal conductivity of
conventional heat transfer fluids, such as water, is considered a pri-
mary limitation in enhancing the performance and the compact-
ness of such thermal systems. An innovative technique for
improvement of heat transfer using nano-scale particles dispersed
in a base fluid, known as nanofluid according to Choi [1], has been
studied extensively in recent years for by Daungthongsuk and
Wongwises [2], Trisaksri and Wongwises [3] mainly for forced con-
vection applications. However, natural convection heat transfer re-
search using nanofluids has received very little attention and there
is still a debate on the effect of nanoparticles on heat transfer
enhancement in natural convection applications. Examples of
these controversial results are the results reported by Khanafer
et al. [4] who studied Cu–water nanofluids in a two dimensional
rectangular enclosure. They reported an increase in heat transfer
with the increase in percentage of the suspended nanoparticles
at any given Grashof number.

Oztop and Abu-Nada [5] showed similar results, where an
enhancement in heat transfers was registered by the additions of
nanoparticles. However, contrary experimental findings were re-
ported by Putra et al. [6] using Al2O3 and CuO water nanofluids.
They reported that the natural convection heat transfer coefficient
was lower than that of a clear flow. Additionally, another experi-
mental work, in natural convection, by Wen and Ding [7] reported
deterioration in heat transfer by the addition of nanoparticles.
Most recently, Abu-Nada et al. [8] showed that the enhancement
of heat transfer in natural convection depended mainly on Rayleigh
number and for certain Rayleigh numbers, Ra = 104, the heat trans-
fer was not sensitive to nanoparticles concentration whereas at
higher values of Rayleigh number an enhancement in heat transfer
was taking place. Therefore, there is still a controversy on the effect
of nanofluids on heat transfer in natural convection and the
numerical simulations seem to over estimate the enhancement of
heat transfer in natural convection.

In fact, convective heat transfer is affected by the thermophys-
ical properties of the nanofluid such as viscosity and thermal con-
ductivity. A recent nanofluid heat transfer study on forced
convection conducted by Mansour et al. [9] revealed that for forced
convection different expressions for the thermophysical properties
of nanofluids lead to totally different predictions for the perfor-
mance of a system. All of the previously mentioned numerical
results conducted on natural convection used the Brinkman model
for the viscosity. This model is shown to underestimate the
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effective viscosity of the nanofluid by Nguyen et al. [10] and Poli-
dori et al. [11]. The Brinkman model does not consider the effect
of nanofluid temperature or nanoparticles size. Besides, the Brink-
man model was derived for larger particles size compared to the
size of the nanoparticles. On the other hand, for the thermal con-
ductivity, most of numerical simulations reported in literature
used the Maxwell Garnett (MG) model. This model does not con-
sider the main mechanisms for heat transfer in nanofluids such
as Brownian motion and does not consider nanoparticle size or
temperature dependence.

Therefore, numerical simulations need more robust nanofluid
models for viscosity and thermal conductivity that take into ac-
count temperature dependence and nanoparticle size. Nguyen
et al. [10] and Angue Minsta et al. [12] studied the effect nanopar-
ticles concentration, nanoparticles size on nanofluid viscosity un-
der a wide range of temperatures experimentally. They showed
that the viscosity dropped sharply with temperature especially
for high concentration of nanoparticles. Moreover, the effects of
temperature, nanoparticle size, and nanoparticles volume fraction
on thermal conductivity were studied experimentally by Chon
et al. [13] and they showed that the nanofluid thermal conductivity
was also affected by temperature, volume fraction of nanoparticles,
and nanoparticle size. Thus, such physics cannot be neglected and
the dependence of nanofluid properties on temperature, volume

fraction of nanoparticles, must be taken into account in order to
predict the correct role of nanoparticles on heat transfer enhance-
ment. Lattice Boltzmann simulation of alumina–water nanofluid in
a square cavity was performed by He et al. [14], where they devel-
oped a lattice Boltzmann model by coupling the density (D2Q9)
and the temperature distribution functions with 9-speed to simu-
late the convection heat transfer utilizing Al2O3–water nanofluids
in a square cavity.

Therefore, the scope of the current research is to implement two
different thermal conductivity models namely the Maxwell Garnett
(MG) model in Abu-Nada [15] and the Chon et al. [13] model for
nanofluid properties and study the effect of these models on heat
transfer in natural convection. The flow field and enhancement in
heat transfer are evaluated under wide ranges of the Prandtl num-
ber, Grashof number and the volume fraction of nanoparticles.

2. Problem formulation

Fig. 1 shows a schematic diagram of a differentially heated
annulus. The fluid in the annulus is water-based nanofluid contain-
ing Al2O3 nanoparticles. The nanofluid is assumed incompressible
and the flow is considered to be laminar. It is taken that water
and nanoparticles are in thermal equilibrium and no slip occurs be-
tween them. The inner circle with radius ri is heated uniformly by a
heat flux q and the outer circle of radius ro is kept at a constant
temperature Tc. The thermophysical properties of the nanofluid
are given in Table 1. The density of the nanofluid is approximated
by the Boussinesq model. The thermal conductivity of the nano-
fluid is considered a variable property that varies with volume
fraction of nanoparticles.

The governing equations for laminar, steady-state natural con-
vection in an annulus filled with water–alumina nanofluid in terms
of the Navier–Stokes and energy equation are given as:

Nomenclature

Cp specific heat at constant pressure (kJ kg�1 K�1)
g gravitational acceleration (m s�2)
Gr Grashof number, Gr ¼ gbðTb � TcÞðro � riÞ3=m2

f
h local heat transfer coefficient (W m�2 K�1)
k thermal conductivity (W m�1 K�1)
Nu Nusselt number, Nu = h(ro � ri)/kf

Pr Prandtl number, Pr = mf/af

q heat flux, (W m�2)
r dimensional radius of circle (m)
R dimensionless radius of circle
T dimensional temperature (�K)
u, v dimensional x and y components of velocity (m s�1)
U, V dimensionless velocities, U = u/(ro � ri), V = v/(ro � ri)
X, Y dimensionless coordinates, X = x/(ro � ri), Y = y/(ro � ri)
x, y dimensional coordinates (m)

Greek symbols
a fluid thermal diffusivity (m2 s�1)

b thermal expansion coefficient (K�1)
/ nanoparticles volume fraction
u angular coordinate (�)
m kinematic viscosity (m2 s�1)
h dimensionless temperature, h = (T � Tc)/(Tb � Tc)
q density (kg m�3)
l dynamic viscosity (N s m�2)

Subscripts
b boundary
c cold
f fluid
i inner
nf nanofluid
o outer
s solid particle

g 

Tc

y 

x 

ro

riq 

00ϕ =

0180ϕ =

Fig. 1. Schematic diagram of the annulus and co-ordinate system.

Table 1
Thermo physical properties of fluid and nanoparticles.

Physical properties Fluid phase (Water) Al2O3

Cp (J/kgK) 4179 765
q (kg/m3) 997.1 3970
k (W/mK) 0.613 25
b � 10�5 (1/K) 21 0.85
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where Pr ¼ mf

af
is the Prandtl number and Gr ¼ gbf qðro�riÞ4

m2
f

kf
is the Gras-

hof number.
The corresponding boundary conditions take the following

form:

at all solid boundaries U = V = 0
at the outer boundary h = 0
at the inner boundary @h

@N ¼ �1

The above equations are non-dimensionalized by using the fol-
lowing dimensionless dependent and independent variables:

X ¼ x
ðro � riÞ

; Y ¼ y
ðro � riÞ

; U ¼ uðro � riÞ
af

;

V ¼ vðro � riÞ
af

; P ¼ pðro � riÞ2

qf a2
f

; h ¼ ðT � TcÞkf

qðro � riÞ

where, qnf = (1 � /)qf + /qs is the density,
(qCp)nf = (1 � /)(qCp)f + /(qCp)s is the heat capacitance,
bnf = (1 � /)bf + /bs is the thermal expansion coefficient,
anf = knf/(qCp)nf is the thermal diffusivity

and the dynamic viscosity of Brinkman model [16] is lnf =
lf(1 � /)�2.5.

Fig. 2. Mesh generation of the annulus.

Fig. 3. Grid independence study for Pr = 6.2, Gr = 104, and / ¼ 10%.

Fig. 4. Effect of Pr on (a) Streamlines and (b) Isotherms at Gr = 104 and / ¼ 10%

(coloured line for Chon model and black line for MG model).
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In the current study, two models are used to model the thermal
conductivity of the nanofluids, which are the Chon et al. model [13]
and the Maxwell Garnett (MG) model [17]. These equations are gi-
ven, respectively as

knf

kf
¼ 1þ 64:7/0:764 df

ds

� �0:369 kf

ks

� �0:7476

Pr0:9955 qf kbT

3pl2
f l

 !1:2321

and

knf ¼ kf
ks þ 2kf � 2/ðkf � ksÞ
ks þ 2kf þ /ðkf � ksÞ

where kb is the Boltzmann constant, 1.3807 � 10�23 J/K and l is the
mean path of the base fluid particles given as 0.17 nm (Chon et al.
[13]).

The local and average Nusselt numbers at the heated surface of
the enclosure may be expressed, respectively as

Nulocal ¼ �
knf

kf

� �
@h
@u

and Nu ¼ 1
2p

Z 2p

0
Nulocaldu:

For convenience, a normalized average Nusselt number is defined as
the ratio of the average Nusselt number at any volume fraction of
nanoparticles to that of the pure water, which is:

Nu�ð/Þ ¼ Nuð/Þ
Nuð/ ¼ 0Þ

3. Numerical implementation

The Galerkin finite element method [18,19] is used to solve the
non-dimensional governing equations along with boundary condi-
tions for the considered problem. The equation of continuity has
been used as a constraint due to mass conservation and this
restriction may be used to find the pressure distribution. The pen-
alty finite element method [20] is used to solve the Eqs. (2)–(4),
where the pressure P is eliminated by a penalty constraint. The
continuity equation is automatically fulfilled for large values of this
penalty constraint. Then the velocity components (U,V), and tem-

Fig. 5. Effect of Gr on (a) Streamlines and (b) Isotherms at / ¼ 10% and Pr = 6.2
(coloured line for Chon model and black line for MG model).

Fig. 6. Effect of / on (a) Streamlines and (b) Isotherms at Gr = 104 and Pr = 6.2
(coloured line for Chon model and black line for MG model).
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perature (h) are expanded using a basis set. The Galerkin finite ele-
ment technique yields the subsequent nonlinear residual equa-
tions. Three points Gaussian quadrature is used to evaluate the

integrals in these equations. The non-linear residual equations
are solved using Newton–Raphson method to determine the coef-
ficients of the expansions. The convergence of solutions is assumed

Fig. 7. Effect of two models on (a) Nulocal, (b) Nu with Pr, (c) Nu with Gr, (d) Nu with / and (e) Nu⁄.
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when the relative error for each variable between consecutive iter-
ations is recorded below the convergence criterion e such that
|wn+1 � wn| 6 10�4, where n is the number of iteration and W is a
function of U, V, and h.

4. Mesh generation

In the finite element method, the mesh generation is the tech-
nique to subdivide a domain into a set of sub-domains, called finite
elements, control volume, etc. The discrete locations are defined by
the numerical grid, at which the variables are to be calculated. It is
basically a discrete representation of the geometric domain on
which the problem is to be solved. The computational domains
with irregular geometries by a collection of finite elements make
the method a valuable practical tool for the solution of boundary
value problems arising in various fields of engineering. Fig. 2 dis-
plays the finite element mesh of the present physical domain.

4.1. Grid independent test

An extensive mesh testing procedure is conducted to guarantee
a grid-independent solution for Gr = 104, Pr = 6.2, / ¼ 10% in a hor-
izontal annulus. In the present work, we examine five different
non-uniform grid systems with the following number of elements
within the resolution field: 1569, 2730, 3516, 4657 and 5426. The
numerical scheme is carried out for highly precise key in the aver-
age Nusselt number Nu for the aforesaid elements to develop an
understanding of the grid fineness as shown in Fig. 3. The scale
of the average Nusselt number for 4657 elements shows a little dif-
ference with the results obtained for the other elements. Hence,
considering the non-uniform grid system of 4657 elements is pre-
ferred for the computation.

5. Results and discussion

In this section, numerical results of streamlines and isotherms
for various values of the Prandtl number (Pr) and Grashof number
(Gr) and the solid volume fraction / are displayed. The considered
values of Pr, Gr and / are Pr (=1.47 at 390 K, 3.77 at 320 K, 6.2 at
300 K and 8.81 at 285 K), Gr (=103, 104, 105 and 106) and / (=0%,
1%, 10% and 15%). In addition, the values of the local, average
and normalized Nusselt numbers have been calculated for different
mentioned parameters for both of the Chon et al. [13] and the Max-
well Garnett (MG) [17] models.

Fig. 4a–b indicates the influence of different Prandtl number on
the velocity and temperature profiles in an annulus filled with
water–alumina nanofluid while Gr and / are fixed at 104 and
10%, respectively. It is important to note that in the figure of the
lowest Pr, the streamlines and isotherms for both models are not
similar. But similarity in the velocity and temperature fields be-
tween the two types of considered models is observed for higher
values of Pr. The vortices created in the velocity field become large
with the variation of Pr from lower to higher values. The corre-
sponding isothermal lines become more bend and flatten in the
upper and lower portions of the annulus, respectively whereas ini-
tially, they are almost circular. The strength of the flow circulation
is much higher for high Pr values. In addition, a pair of tiny vortices
appears in the upper part of the annulus. On the other hand, the
isotherms are clustered near the heat source of the annulus, which
indicates a temperature gradient in the normal direction in this re-
gion. The thin boundary layer enhances when the Prandtl number
devalues.

The effects of Gr on the flow and thermal fields are presented in
Fig. 5a–b while Pr = 6.2 and / ¼ 10%. Two circular cells are formed
at relatively low values of the Grashof number (Gr). The shape of

these cells becomes larger with the increasing of the Grashof num-
ber. Some perturbations are seen in the streamlines in the upper
portion of the annulus due to impingement of the fluid to the outer
boundary at Gr = 106. The strength of the flow circulation and the
thermal current activities are much more activated with escalating
Gr. This fact, due to solid concentration of nanoparticles, does not
have considerable affect when the buoyancy force is low at the
conduction mode. Due to rising values of Gr, the temperature
distribution becomes distorted resulting in an increase in the
overall heat transfer. This result can be attributed to the domi-
nance of the buoyancy force. It is worth noting that as the Grashof
number increases, the thickness of the thermal plume above the
inner cylinder increases which indicates a steep temperature gra-
dient and hence, an increase in the overall heat transfer within
the annulus.

Fig. 6a–b depicts the influence of / on the streamlines and iso-
thermal lines with Pr = 6.2, Gr = 104. It is important to note that in
the absence of / that is, the case of base fluid, the streamlines and
isotherms for both of the Chon et al. [13] and the Maxwell Garnett
(MG) [17] models of water–alumina nanofluid are superimposed.
The streamlines are characterized by two rotating cells occupying
the annulus. These cells become large with the increasing values
of /. Some variations are observed sequentially between the two
models for greater values of /. As the volume fraction of Al2O3

nanoparticles enhances from 0% to 15%, the streamline and iso-
therm contours tend to get affected significantly. In addition, the
isotherms corresponding to / ¼ 15% move more upward in the
annulus causing increased thermal gradients there than for lower
values of /. This is true for both the Chon et al. model [13] and
the MG model [17]. However, the increase in the thermal gradients
is much higher for the Chon et al. model [13] than for the MG
model [17]. This means that higher heat transfer rates are pre-
dicted by the Chon et al. model [13] than for the MG model [17]
as seen in Fig. 6b.

The local Nusselt number (Nulocal) along with the angular dis-
placement u and the average Nusselt number (Nu) along the hot
surface from the numerical results for various values of Pr, Gr
and / and the normalized Nusselt number (Nu⁄) are depicted in
Fig. 7a–e. It is seen from Fig. 7a that Nulocal lessens slightly upto
u = 90� and beyond this region it rises. The average Nusselt num-
ber (Nu), a measure of heat transfer is optimized at the highest
Pr, Gr and / for both employed thermal conductivity models
[13,17]. Also, Nu⁄ is similar to Nu along with /. The heat transfer
rate is more effective for the Chon et al. [13] model than the Max-
well-Garnett model [17]. This mitigation of heat transfer is mainly
attributed to the effective dynamic viscosity which is predominant
in the natural convection of nanofluids for low effective thermal
conductivity.

6. Conclusion

The problem of steady, laminar natural convective flow and
heat transfer of a nanofluid made up of water and Al2O3 in an
annulus is considered. Two nanofluid models namely the Chon
et al. model [13] and the MG model [17] are employed. The
strength of the velocity field rises for growing values of the control-
ling parameters. The isothermal lines cluster sequentially near the
heat source and the shape changes from almost circular to onion. It
is found that considerable heat transfer enhancement can be ob-
tained due to the presence of nanoparticles and that this is accen-
tuated by increasing the nanoparticles volume fraction and Pr at
moderate and large Gr using both nanofluid models. However,
the Chon et al. model [13] predicts significantly higher rates of heat
transfer than those corresponding to the MG model [17] for all val-
ues of the mentioned parameters.
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