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The effect of double diffusion on mixed convection of a viscous incompressible in an axisymmetric stagnation flow of
nanofluid past a vertical cylinder with constant or variable thermal wall condition is analyzed. The model used for the
nanofluid incorporates the effects of Brownian motion and thermophoresis. The governing equations are transformed
into dimensionless form using the stream function and suitable variables. The transformed equations are then solved
numerically using the Runge-Kutta numerical integration procedure in conjunction with the shooting technique. A
parametric study of the physical parameters is conducted, and a representative set of numerical results for the velocity,
temperature, and nanoparticles volume fraction profiles as well as the local friction factor, and the local Nusselt and
Sherwood numbers, are illustrated graphically to show interesting features of the solutions.
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1. INTRODUCTION

Nanotechnology has been widely used in industry since
materials with sizes of nanometers possess unique phys-
ical and chemical properties. Fluids with suspended
nanoscale particles are called nanofluids. This name was
initially utilized by Choi (1995). Nanofluids represent
an innovative way to increase thermal conductivity and,
therefore, heat transfer. Unlike heat transfer in conven-
tional fluids, the exceptionally high thermal conductiv-
ity of nanofluids provides for exceptional heat transfer,
a unique feature of nanofluids. Advances in device minia-
turization have necessitated heat transfer systems that are
small in size, of light mass, and high performance. Choi
et al. (2001) showed that the addition of a small amount
(< 1% by volume) of nanoparticles to conventional heat
transfer liquids increased the thermal conductivity of the
fluid up to approximately two times.

Because the prospect of nanofluids is very promising,
several studies of convective heat transfer in nanofluids
have been reported in recent years. Xuan and Roetzel
(2000) proposed a homogeneous flow model where the
convective transport equations of pure fluids are directly
extended to nanofluids. This means that all traditional
heat transfer correlations (e.g., Dittus-Boelter) could be
used for nanofluids provided the properties of pure flu-
ids are replaced by those of nanofluids involving the vol-
ume fraction of the nanoparticles. The homogeneous flow
models are, however, in conflict with the experimental
observations of Maliga et al. (2005), since they under-
predict the heat transfer coefficient of nanofluids. Kang
et al. (2006) studied the estimation of thermal conduc-
tivity of a nanofluid using experimental effective particle
volume. The characteristic feature of nanofluids is ther-
mal conductivity enhancement, a phenomenon observed
by Masuda et al. (1993). This phenomenon suggests the
possibility of using nanofluids in advanced nuclear sys-
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NOMENCLATURE

A arbitrary constant in Eq. (6) u velocity component inx direction
a radius of cylinder v velocity component iny direction
C nanoparticles volume fraction z coordinate parallel to the wall
Cw nanoparticles volume fraction at the wall
C∞ ambient nanoparticles volume fraction Greek Symbols

attained asr tends to infinity α thermal expansion coefficient
Cfz local friction factor βC volumetric solutal expansion coefficient
DB Brownian diffusion coefficient βT volumetric expansion coefficient of fluid
DT thermophoretic diffusion coefficient η dimensionless coordinate
f dimensionless velocity µ dynamic viscosity
g acceleration due to gravity υ kinematic viscosity
Gr local Grashof number for mass diffusion θ dimensionless temperature
H heat transfer coefficient ψ stream function
Le Lewis number ρf density of the fluid
NB Brownian motion number ρp nanoparticles mass density
Nt thermophoresis number (ρc)f heat capacity of the fluid
Nr buoyancy ratio (ρc)p effective heat capacity of the
k thermal conductivity of fluid nanoparticles
Nuz local Nusselt number τ ratio between the effective heat
P pressure capacity of the nanoparticles
Pr Prandtl number τw shear stress
qw heat flux at the wall ξ Buoyancy force parameter
r coordinate normal to the cylinder surface
Re Reynolds number Subscripts
T temperature w at the wall
Tw wall temperature ∞ condition far away from the surface
T∞ ambient temperature ’ differentiation with respect toη

tems (Buongiorno and Hu, 2005). Khanafer et al. (2003)
seem to be the first who have examined the heat trans-
fer performance of nanofluids inside an enclosure tak-
ing into account the solid particle dispersion. A compre-
hensive survey of convective transport in nanofluids was
made by Buongiorno (2006). Buongiorno (2006) noted
that the nanoparticle absolute velocity can be viewed as
the sum of the base fluid velocity and a relative veloc-
ity (that he calls the slip velocity). He considered in turn
seven slip mechanisms, namely, inertia, Brownian dif-
fusion, thermophoresis, diffusiophoresis, Magnus effect,
fluid drainage, and gravity settling. After examining each
of these in turn, he concluded that in the absence of tur-
bulence effects, it is the Brownian diffusion and the ther-
mophoresis that will be important. Buongiorno (2006)

proceeded to write down conservation equations based
on these two effects. Wang et al. (2006) investigated free
convection heat transfer in horizontal and vertical rectan-
gular cavities filled with nanofluids. Santra et al. (2008)
studied the heat transfer characteristics of a copper-water
nanofluid in a differentially heated square cavity with dif-
ferent viscosity models. Ho et al. (2008) reported a nu-
merical simulation of natural convection of a nanofluid in
a square enclosure considering the effects due to uncer-
tainties of viscosity and thermal conductivity.

Application of nanofluids for heat transfer enhance-
ment of separated flows encountered in a backward-facing
step was presented by Abu-Nada (2008). Maiga et al.
(2005) analyzed the heat transfer enhancement by us-
ing nanofluids in forced convection flows. Numerical re-
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search of natural convective heat transfer enhancement
filled with nanofluids in rectangular enclosures was pro-
posed by Jou and Tzeng (2006). Hwang et al. (2007)
reported a buoyancy-driven heat transfer of water-based
nanofluids in a rectangular cavity. Tiwari and Das (2007)
conducted a numerical study of natural convection in par-
tially heated rectangular enclosures filled with nanoflu-
ids. Oztop and Abu-Nada (2008) investigated numeri-
cally natural convection in partially heated rectangular
enclosures filled with nanofluids. The effects of inclina-
tion angle on natural convection in enclosures filled with
Cuwater nanofluid were studied by Abu-Nada and Oztop
(2008). Duangthongsuk and Wongwises (2008) analyzed
the effect of thermophysical properties models on the pre-
dicting of the convective heat transfer coefficient for a
low-concentration nanofluid. Nield and Kuznetsov (2009)
studied the Cheng-Minkowycz (1977) problem of natural
convection past a vertical plate in a porous medium satu-
rated by a nanofluid. The model used for the nanofluid
incorporates the effects of Brownian motion and ther-
mophoresis. Kuznetsov and Nield (2010) have also stud-
ied the classical problem of free convection boundary
layer flow of a viscous and incompressible Newtonian
fluid past a vertical flat plate in the case of nanofluids.
Khan and Pop (2010) analyzed the development of the
steady boundary layer flow, heat transfer, and nanoparti-
cle fraction over a stretching surface in a nanofluid. Ba-
chok et al. (2010) investigated the steady boundary layer
flow of a nanofluid past a moving semi-infinite flat plate
in a uniform free stream. Syakila and Pop (2010) studied
steady mixed convection boundary layer flow past a ver-
tical flat plate embedded in a porous medium filled with
nanofluids, studied using different types of nanoparticles.
Nield and Kuznetsov (2011) studied natural convection
boundary layer flow past a vertical flat plate embedded in
a porous medium filled with nanofluids. A similarity anal-
ysis for the problem of a steady boundary layer flow of a
nanofluid on an isothermal stretching circular cylindrical
surface was presented by Gorla et al. (2011b). Gorla et
al. (2011a) studied mixed convective boundary layer flow
over a vertical wedge embedded in a porous medium sat-
urated with a nanofluid.

The objective of the present study is to analyze the
effect of double diffusion on forced and free convec-
tion in an axisymmetric stagnation flow of a nanofluid
past a vertical cylinder with constant or variable thermal
wall conditions. The effects of Brownian motion and ther-
mophoresis are included for the nanofluid. Numerical so-
lutions of the boundary layer equations are obtained and
discussion is provided for several values of the nanofluid

parameters governing the problem. The dependency of
velocity, temperature, and nanoparticles volume fraction
profiles as well as the local friction factor, the surface
heat transfer rate (local Nusselt number), and mass trans-
fer rate (local Sherwood number) on these parameters is
discussed.

2. PROBLEM FORMULATION

Consider a steady, laminar, incompressible flow of a
nanofluid at an axisymmetric stagnation point on an in-
finite cylinder. The model used for the nanofluid incorpo-
rates the effects of Brownian motion and thermophoresis.
A model of the flow is shown in Fig. 1. The flow is ax-
isymmetric about thez-axis and also symmetric to the
z = 0 plane. The stagnation line is atz = 0 andr = a.
It is assumed that the ambient temperature and nanoparti-
cles volume fraction far away from the surface of the cone
(T∞ andC∞) are assumed to be uniform. The governing
equations are given by
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FIG. 1: Flow model and coordinate system
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The boundary conditions for the velocity and angular
velocity field are given by

r = a : u = w = 0, T = Tw(z), C = Cw(z)

r → ∞ : u = −A

(
r− a2

r

)
, w = 2Az, T → T∞ (6)

In Eq. (3), the density variation is taken into account
by the Boussinesq approximation, andu, w, T , andC
are thez andr components of velocity, temperature, and
nanoparticle volume fraction, respectively.βT, βC, g,
DB , andDT are the volumetric thermal expansion coeffi-
cient of the fluid, volumetric solutal expansion coefficient
of the fluid, gravitational acceleration vector, Brownian
diffusion coefficient, and thermophoretic diffusion coef-
ficient, respectively.γ, µ, ρf , andρp are the half angle
of the cone fluid viscosity, fluid density, and nanopar-
ticle mass density, respectively.α = k/(ρc)f and τ =
(ρc)p/(ρc)f are the thermal diffusivity and the ratio of
heat capacities, respectively.km, (ρc)f , and (ρc)p are the
thermal conductivity, heat capacity of the fluid, and the
effective heat capacity of nanoparticles material, respec-
tively.

We introduce now the following new variables:

η =
( r
a

)2
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gβT (Tw − T∞)

4A2z
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16Re2z
,
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υ2
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υ

u = −Aaη−1/2f(η), w = 2Af ′(η)z,

θ =
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Tw − T∞
, ϕ =

C − C∞

Cw − C∞
(7)

Substituting Eq. (7) into Eqs. (2)–(5), the governing equa-
tions become

ηf ′′′+f ′′+Re
[
1+ff ′′−f ′2]+Reξ(θ−Nrϕ)=0 (8)

1

Pr
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In Eqs. (8)–(10), a prime indicates differentiation with
respect toη only. We note that similarity solutions exit
if d2Tw/dz

2 = d2Cw/dz
2 = 0. This implies that

Tw−T∞ = bxn, Cw−C∞ = dxn, wheren = 0 or 1, and
b andd are constants in order for separation of variables
to be satisfied.

Under these conditions, Eqs. (9) and (10) become

1

Pr
[ηθ′′ + θ′] + Re[fθ′ − nf ′θ] +NBηθ

′ϕ′

+Ntθ
′2 = 0 (11)

ηϕ′′ + ϕ′ + Le Re[fϕ′ − nf ′ϕ] fϕ′ +
Nt

NB

× (θ′ + ηθ′′) = 0 (12)

The transformed boundary conditions are given by

f(ξ, 1)=f ′(ξ, 1)=0, θ(ξ, 1)=1, ϕ(ξ, 1)=1,

f ′(ξ,∞) = 1, θ(ξ,∞) = 0, ϕ(ξ,∞) = 0 (13)
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where
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are the buoyancy ratio, Brownian motion parameter, ther-
mophoresis parameter, modified local Rayleigh number,
Prandtl number, and Lewis number, respectively.

The buoyancy parameterξ is inversely proportional to
z whenn = 0, and is equal to a constant(gβTb

2/4A2),
(gβCd

2/4A2) for the casen = 1. Furthermore, forn = 1
andb = 4A2/gβT, d = 4A2/gβC, the dimensionless pa-
rameter(gβTb

2/4A2) and (gβCb
2/4A2) become unity.

The condition ofb = 4A2/gβT andd = (4A2/gβC) are
only one of numerous possible linear temperature bound-
ary conditions that could be imposed on the wall.

The wall shear stress may be written as follows:
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The friction factor is given by
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The local Nusselt number is given by
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(
Rez
Re
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θ′(ξ, 1) (17)

The local Sherwood number is given by

Shz = −2

(
Rez
Re

)1/2

ϕ′(ξ, 1) (18)

It may be noted thatn = 0 corresponds to an isothermal
wall condition, whereasn = 1 represents the linear varia-
tion of wall temperature.

3. RESULTS AND DISCUSSION

Equations (8), (11), and (12) with the boundary condi-
tions (13) are solved numerically, employing the sixth-
order implicit Rung-Kutta-Butcher initial value problem

solver along with the Nachtsheim-Swigert iteration tech-
nique. Here, solutions are obtained, up to the third level of
truncation. Calculations were carried out for the value of
Prandtl number Pr ranged from 1.0 to 7.0, Lewis number
Le ranged from 1.0 to 7.0, Reynolds number Re ranged
from 0.5 to 4.0, Brownian motion numberNB ranged
from 0.1 to 0.9, thermophoresis numberNt ranged from
0.1 to 0.7, and the buoyancy parameterξ ranged from 0.0
to 10.0, with the buoyancy ratioNr ranged from 0.1 to
0.7.

In this section, a representative set of graphical re-
sults for the dimensionless velocityf ′(η), temperature
θ(η), and nanoparticle volume fractionϕ(η), as well as
local skin friction coefficient (Re.Rez)1/2Cfz, the lo-
cal Nusselt number (Rez/Re)−1/2Nuz/2 (reciprocal of
rate of heat transfer), and the local Sherwood number
(Rez/Re)−1/2Shz/2 (reciprocal of rate of mass transfer),
is presented and discussed for various parametric condi-
tions.

Figures 2–4 present the effect of thermophoresis pa-
rameter Nt on the velocity f ′, temperatureθ, and
nanoparticles volume fractionϕ, respectively. It can be
seen that the temperatureθ and velocityf ′ of the fluid de-
crease asNt increases, whileϕ increases asNt increases.

Figures 5–7 present the effect of Brownian motion
parameterNB on the velocityf ′, temperatureθ, and
nanoparticles volume fractionϕ, respectively. It can be
observed that increasing the value ofNB causes increases
in both of the velocity and temperature profiles with sig-
nificant decrease on the volume fraction profiles.

Figures 8–10 present the effect of the buoyancy ratio
Nr on the velocityf ′, temperatureθ, and nanoparticle
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Fig. 2 Velocity profiles for various values of thermophoresis parameter Nt
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FIG. 2: Velocity profiles of various values of ther-
mophoresis parameterNt
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Fig. 3 Temperature profiles for various values of thermophoresis parameter Nt
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FIG. 3: Temperature profiles of various values ofNt
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Fig. 4 Nanoparticle volume fraction profiles for various values of thermophoresis parameter Nt
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FIG. 4: Nanoparticle volume fraction profiles of various
values ofNt
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FIG. 5: Velocity profiles of various values of Brownian
motion parameterNB
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Fig. 6 Temperature profiles for various values of Brownian motion parameter Nb
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FIG. 6: Temperature profiles of various values ofNB
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Fig. 7 Nanoparticle volume fraction profiles for various values of Brownian motion parameter Nb
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FIG. 7: Nanoparticle volume fraction profiles of various
values ofNB
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FIG. 8: Velocity profiles of various values of buoyancy
ratio parameterNr
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FIG. 9: Temperature profiles of various values ofNr
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Fig. 10 Nanoparticle volume fraction profiles for various values of buoyancy ratio parameter Nr
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FIG. 10: Nanoparticle volume fraction profiles of various
values ofNr

volume fractionϕ, respectively. It can be seen that the in-
crease ofNr has a tendency to decelerate the flow along
the cylinder surface, which is filled with nanofluids. This
behavior in the flow velocity is accompanied by slight in-
creases in the fluid temperature and volume fraction asNr

increases from 0.1 to 0.7.
Figures 11–13 display the effect of Pr on the velocity,

temperature, and volume fraction profiles, respectively. It
can be seen that temperatureθ and the velocityf ′ of the
fluid decrease as Pr increases, while nanoparticle volume
fractionϕ increases as Pr increases.

Figures 14–16 present the velocity, temperature, and
nanoparticles volume fraction profiles for various values
of Le, respectively. Increasing Le has the tendency to in-
crease the velocity profiles, while both the temperature
and volume fraction profiles decrease.
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Fig. 11 Velocity profiles for various values of Prandtl number Pr
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FIG. 11: Velocity profiles of various values of Pr
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Fig. 12 Temperature profiles for various values of Prandtl number Pr
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FIG. 12: Temperature profiles of various values of Pr
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Fig. 13 Nanoparticle volume fraction profiles for various values of Prandtl number Pr
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FIG. 13: Nanoparticle volume fraction profiles of various
values of Pr
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Fig. 14 Velocity profiles for various values of Lewis number Le
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FIG. 14: Velocity profiles of various values of various
values of Le
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Fig. 15 Temerature profiles for various values of Lewis number Le
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FIG. 15: Temperature profiles of various values of Le
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Fig. 16 Nanoparticle volume fraction profiles for various values of Lewis number Le
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FIG. 16: Nanoparticle volume fraction profiles of various
values of Le

Figures 17–19 show the representative of velocity,
temperature, and nanoparticles volume fraction profiles
for different values of Re, respectively. It is clearly noted
that the velocity increases while both the fluid tempera-
ture and volume fraction decrease as Re increases.

Figures 20–22 display the effect of thermophoresis pa-
rameterNt and Brownian motion parameterNB on the
values of local skin friction coefficient (Re.Rez)1/2Cfz,
local Nusselt number (Rez/Re)−1/2Nuz/2, and local
Sherwood number (Rez/Re)−1/2Shz/2, respectively. As
indicated before, increasingNB causes increasing in the
velocity and temperature profiles while its volume frac-
tion decreases. This yields reduction in the local Nusselt
number and enhancement in the local friction factor co-
efficient and local Sherwood number. On the other hand,
increasing the value ofNt led to a decreasing in local skin
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Fig. 17 Velocity profiles for various values of Reynold number Re
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FIG. 17: Velocity profiles of various values of various
values of Re
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Fig. 18 Temperature profiles for various values of Reynold number Re
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FIG. 18: Temperature profiles of various values of Re

Computational Thermal Sciences



Double Diffusion Mixed Convection 209

1 2 3 4 5 6 7 8
0.0

0.2

0.4

0.6

0.8

1.0

Re=1.0, 2.0, 3.0, 4.0

 =5.0, Le=1.0

Nt=0.3, Nr=0.5

Nb=0.5, Pr=1.0

 n=0.0

 n=1.0

Fig. 19 Nanoparticle volume fraction profiles for various values of Reynold number Re
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FIG. 19: Nanoparticle volume fraction profiles of various
values of Re
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FIG. 20: Local friction factor for various values ofNB

andNt
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Fig. 21 Local Nusselt number for varous values of Nb and Nt
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FIG. 21: Local Nusselt number for various values ofNB

andNt
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Fig. 22 Local Sherwood number for varous values of Nb and Nt
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FIG. 22: Local Sherwood number for various values of
NB andNt

friction coefficient, local Nusselt number, and local Sher-
wood number.

Finally, Figs. 23–25 display the effect of the buoyancy
ratio parameterNr and buoyancy parameterξ on the val-
ues of local friction factor, local Nusselt number, and lo-
cal Sherwood number, respectively. AsNr andξ increase,
the value of the local friction factor decreases. On the
other hand, increasing the values ofNr andξ results in
increasing both the temperature and volume fraction pro-
files causing the values of local Nusselt number and local
Sherwood number, respectively asNr increases. We note
from these figures that in the flow region, the friction fac-
tor in the case of isothermal wall temperature (n = 0) is
higher than the case of linear variation of wall temperature
(n = 1.0), whereas the Nusselt number and the Sherwood
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FIG. 23: Local friction factor for various values of buoy-
ancy parametersξ andNr
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FIG. 24: Local Nusselt number for various values of
buoyancy parametersξ andNr
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Fig. 25 Local Sherwood number for varous values of buoyancy parameters   and Nr 

 

FIG. 25: Local Sherwood number for various values of
buoyancy parametersξ andNr

number in the case of isothermal wall temperature (n = 0)
is less than the case of linear variation of wall temperature
(n = 1.0).

It may be noted that the results presented in this work
are valid in a small region in the vicinity of the stagnation
line.

4. CONCLUSION

The objective of the present work is studying the effect of
double diffusive on forced and free convection of a vis-
cous incompressible in an axisymmetric stagnation flow
of a nanofluid past a vertical cylinder with constant or lin-
ear variation for the isothermal wall condition. The effects
of Brownian motion and thermophoresis are included for

the nanofluid. The model used for the nanofluid incorpo-
rates the effects of Brownian motion and thermophoresis.
The results focuse on the effects of the thermophoresis
parameter, Brownian motion parameter, buoyancy ratio,
buoyancy force, Reynolds number, Prandtl number, and
Lewis number on the local friction factor, local Nusselt
number, and local Sherwood number. It was found that as
the Brownian motion parameter increases, the local Nus-
selt number decreases, while the local friction factor coef-
ficient and local Sherwood number increase. On the other
hand, increasing the value of the thermophoresis param-
eter lead to a decreasing in local skin friction coefficient,
local Nusselt number, and local Sherwood number. Also,
as the buoyancy ratio parameter and buoyancy parameter
increase, the value of local friction factor decreases, while
the values of both local Nusselt number and local Sher-
wood number increase. Increasing the Lewis number and
Reynolds number has the tendency to increase the veloc-
ity profiles, while both the temperature and volume frac-
tion profiles decrease. On the other hand, temperature and
the velocity of the fluid decrease as the Prandtl number in-
creases, while the nanoparticles volume fraction increases
as the Prandtl number increases.
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