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a b s t r a c t

This work is focused on the numerical modeling of steady laminar mixed convection flow in single
and double-lid square cavities filled with a water–Al2O3 nanofluid. Two viscosity models are used
to approximate nanofluid viscosity, namely, the Brinkman model and the Pak and Cho correlation.
The developed equations are given in terms of the stream function–vorticity formulation and are
non-dimensionalized and then solved numerically by a second-order accurate finite-volume method.
Comparisons with previously published work are performed and found to be in good agreement. A
parametric study is conducted and a selective set of graphical results is presented and discussed to
illustrate the effects of the presence of nanoparticles and the Richardson number on the flow and heat
transfer characteristics in both cavity configurations and to compare the predictions obtained by the
two different nanofluid models. It is found that significant heat transfer enhancement can be obtained
due to the presence of nanoparticles and that this is accentuated by increasing the nanoparticle volume
fractions at moderate and large Richardson numbers using both nanofluid models for both single- and
double-lid cavity configurations. However, for small Richardson number, the Pak and Cho model predicts
that the presence of nanoparticle causes reductions in the average Nusselt number in the single-lid
cavity configuration.

© 2012 Elsevier Masson SAS. All rights reserved.
1. Introduction

A nanofluid is a base liquid with suspended metallic or non-
metallic nanoparticles [1]. Because traditional fluids used for heat
transfer applications such as water, mineral oils and ethylene
glycol have a rather low thermal conductivity, nanofluids with
relatively higher thermal conductivities have attracted enormous
interest from researchers due to their potential in enhancement
of heat transfer with little or no penalty in pressure drop. In their
experimental work, Eastman et al. [2] showed that an increase in
thermal conductivity of approximately 60% can be obtained for a
nanofluid consisting of water and 5% volume CuO nanoparticles.
This is attributed to the increase in surface area due to the
suspension of nanoparticles. Also, it was reported that a small
amount (less than 1% volume fraction) of copper nanoparticles or
carbon nanotubes dispersed in ethylene glycol or oil can increase
their inherently poor thermal conductivity by 40% and 150%,
respectively [3,4]. Das et al. [5] reported a 2–4-fold increase in
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thermal conductivity enhancement for water-based nanofluids
containing Al2O3 or CuO nanoparticles over a small temperature
range, 21–51 °C. Keblinski et al. [6] reported on the possible
mechanisms of enhancing thermal conductivity, and suggested
that the size effect, the clustering of nanoparticles and the surface
adsorption could be the major reason of enhancement. However,
they [6] suggested that the Brownian motion of nanoparticles
contributes much less than other factors since Brownianmotion of
nanoparticles is too slow to transport significant amount of heat
through a nanofluid and this conclusion was also supported by
their results of molecular dynamics simulation.Wang and Peng [7]
have studied experimentally the effective thermal conductivity
of liquids with 25 nm SiO2 particle inclusions and observed
the percolation pattern of particle clustering by scanning tunnel
microscopic (STM) photos. It was believed that clustering could
affect the enhancement prominently. Wang et al. [8] have used a
fractal model for predicting the effective thermal conductivity of
liquid with suspension of nanoparticles and found that it predicts
well the trend for variation of the effective thermal conductivity
with dilute suspension of nanoparticles. Several othermodels have
been proposed for calculating the effective thermal conductivity
of a solid–fluid system Hamilton and Crosser [9], Wasp [10],
Maxwell-Garnett [11], Bruggeman [12] and Yu and Choi [13].
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Nomenclature

cp Specific heat at constant pressure (kJ kg−1 K−1)
g Gravitational acceleration (m s−2)
Gr Grashof number, Gr = gβ (TH − TL)H3/ν2f
H Height of the enclosure (m)
h Local heat transfer coefficient (W m−2 K−1)
k Thermal conductivity (W m−1 K−1)
Nu Nusselt number, Nu = hH/kf
Pr Prandtl number, Pr = νf /αf

qw Heat flux, (W m−2)
Re Reynolds number, Re = UpH/νf
Ri Richardson number, Ri = Gr/Re2
T Dimensional temperature (°C)
u, v Dimensional x′ and y′ components of velocity

(m s−1)
U, V Dimensionless velocities, V = v/Up,U = u/Up
Up Lid velocity
x, y Dimensionless coordinates, x = x′/H, y = y′/H
x′, y′ Dimensional coordinates (m)

Greek symbols

α Fluid thermal diffusivity (m2 s−1)
β Thermal expansion coefficient (K−1)
ε Numerical tolerance
ϕ Nanoparticle volume fraction
ν Kinematic viscosity (m2 s−1)
θ Dimensionless temperature, θ = (T − TL) / (TH − TL)
ψ Dimensional stream function (m2 s−1)
Ψ Dimensionless stream function, Ψ = ψ/(UpH)
ω Dimensional vorticity (s−1)
Ω Dimensionless vorticity,Ω = ω/(Up/H)
ρ Density (kg m−3)
µ Dynamic viscosity (N s m−2)

Subscripts

avg Average
f Fluid
H Hot
L Cold
nf Nanofluid
p Particle
w Wall

The convective heat transfer characteristic of nanofluids
depends on the thermo-physical properties of the base fluid and
the suspended particles, the flow pattern and flow structure, the
volume fraction of the suspended particles, the dimensions and the
shape of these particles. The utility of a particular nanofluid for a
heat transfer application can be established by suitably modeling
the convective transport in the nanofluid [14]. Several studies of
convective natural heat transfer in nanofluids have been reported
in recent years. Jou and Tzeng [15] reported a numerical study
of the natural convection heat transfer performance of nanofluids
inside two-dimensional rectangular enclosures. Their results
indicated that increasing the volume fraction of nanoparticles
produced a significant enhancement of the average rate of heat
transfer. Santra et al. [16] conducted a study of natural convection
heat transfer augmentation in a differentially heated square cavity
using copper–water nanofluid using the models proposed by
Maxwell-Garnett [11] and Bruggeman [12]. Their results show that
the Bruggemanmodel [12] predicts higher heat transfer rates than
the Maxwell-Garnett model [11]. Hwang et al. [17] have carried
out a theoretical investigation of the thermal characteristics of
natural convection of an alumina-based nanofluid in a rectangular
cavity heated from below using Jang and Choi’s model [18]
for predicting the effective thermal conductivity of nanofluids
(and various models for predicting the effective viscosity). Santra
et al. [19] studied natural convection heat transfer characteristics
of copper–water nanofluid in a differentially heated square cavity
with different viscosity models. Ho et al. [20] reported a numerical
simulation of natural convection of nanofluid in a square enclosure
considering the effects due to uncertainties of viscosity and
thermal conductivity. Oztop and Abu-Nada [21] studied heat
transfer and fluid flow due to buoyancy forces in a partially heated
enclosure using nanofluids with various types of nanoparticles.
They found that the use of nanofluids caused heat transfer
enhancement and that this enhancement is more pronounced at
a low aspect ratio (aspect ratio = width/height) than at a high one.

Mixed convection in a lid-driven cavity flow problems are
encountered in a variety of thermal engineering applications
including cooling of electronic devices, lubrication technologies,
high-performance building insulation, multi-shield structures
used for nuclear reactors, food processing, glass production,
solar power collectors, drying technologies and others [22].
Numerous studies on single or double lid-driven cavity flow and
heat transfer involving different cavity configurations, various
fluids and imposed temperature gradients have been continually
published in the literature. Iwatsu et al. [23] studied mixed
convection in a driven cavity with a stable vertical temperature
gradient. Khanafer and Chamkha [24] extended the work of Iwatsu
et al. [23] and studied mixed convection flow in a lid-driven
enclosure filled with a fluid-saturated porous medium in the
presence of heat generation effects. Aydin [25] considered aiding
and opposing mechanisms of mixed convection in a shear- and
buoyancy-driven cavity. Sharif [26] investigated laminar mixed
convection in shallow inclined rectangular driven cavities of aspect
ratio 10 with hot moving lid on top and cooled from bottom.
He concluded that the average Nusselt number increases mildly
with cavity inclination angle for forced convection-dominated
regime (Ri = 0.1) while it increases muchmore rapidly for natural
convection-dominated regime (Ri = 10). Khanafer et al. [27] re-
ported a numerical simulation of unsteady mixed convection
in a driven cavity using an externally excited sliding lid.
Abdelkhalek [28] analyzed mixed convection in a square cavity by
a perturbation technique. Waheed [29] studied mixed convective
heat transfer in rectangular enclosures driven by a continuously
moving horizontal plate. Aydin and Yang [30] studied mixed
convection in cavities with a locally heated lower wall andmoving
sidewalls. Oztop and Dagtekin [31] investigated mixed convection
in two sided lid driven differentially heated square cavity. Luo and
Yang [32] reported multiple fluid flow and heat transfer solutions
in a two sided lid-driven cavity. Gurcan [33] studied the effect of
Reynolds number on streamline bifurcations in a double-lid-driven
cavity with free surfaces. All of the previous studies used a pure
base fluid. On the other hand, Tiwari and Das [34] investigated
numerically heat transfer augmentation in a lid-driven cavity filled
with a nanofluid and found that the presence of nanoparticles in a
base fluid is capable of increasing the heat transfer capacity of the
base fluid. Also, Muthtamilselvan et al. [35] reported on the heat
transfer enhancement of copper–water nanofluids in a lid-driven
enclosure with different aspect ratios.

What is common in most of the above referenced work on
nanofluid natural and mixed convection problems is the use of
the Brinkman viscosity model [36] for a nanofluid and therefore,
predict enhancement of heat transfer due to the presence of
nanoparticles. However, there appear some inconsistent findings
concerning the convection characteristics of nanofluids. Pak and
Cho [37] reported an increase of the Nusselt number of water
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Fig. 1. Schematic of the double-lid driven cavity.

Table 1
Thermo-physical properties of fluid and nanoparticles.

Physical properties Fluid phase (water) Al2O3

Cp (J/kg K) 4179 765

ρ (kg/m3) 997.1 3970

k (W/mK) 0.613 25

β × 10−5 (1/K) 21 0.85

suspensions dispersed with Al2O3 and TiO2 particles with an
increase of the particle volumetric fraction beyond a critical value
of 3%; otherwise, a decrease of heat transfer coefficient was found
in comparison with that of pure water. Therefore, the objective
of this work is to show that a different trend (reduction of heat
transfer) can be predicted using the Pak and Cho correlation [37]
which is based on experimental data in comparison with the
Brinkman viscosity model [36]. This is done through the study of
steady mixed convection in single- and double-lid driven square
cavities filled with a nanofluid (water with Al2O3 nanoparticles)
using different nanofluid viscosity models. The effects of these
models on the enhancement/reduction of the heat transfer rate
due to the presence of nanoparticles are illustrated. A second-
order accurate finite volume scheme is devised for the purpose of
solution of the governing equations.

2. Problem formulation

Fig. 1 is a schematic diagram of the double-lid-driven square
cavity. The height and the width of the cavity are given by H .
The top lid-driven wall is heated and maintained at a constant
temperature (TH ) higher than the lower coldwall temperature (TL).
The nanofluid in the cavity is water-based nanofluid containing
Al2O3 nanoparticles. The nanofluid is assumed incompressible
and the flow is conceived as laminar and two-dimensional. It is
idealized that water and nanoparticles are in thermal equilibrium
and no slip occurs between the two media. The thermo-physical
properties of the nanofluid at T = 298 K are listed in Table 1.
The thermo-physical properties of the nanofluid are assumed to
be not variable with temperature except for the density variation,
which is approximated by the Boussinesq model. The viscosity
of the nanofluid is assumed to be a function of volume fractions
of nanoparticles where we used two models to approximate the
nanofluid viscosity, which are the Brinkman model [36] and the
Cho and Pak model [37]. Recently, Venerus et al. [38] reported
viscosity data on colloidal suspensions collected as a benchmark
exercise carried out in more than thirty laboratories around the
globe known as the International Nanofluid Property Benchmark
Exercise (INPBE). They reported data for seven different fluids
having dispersions of metal-oxide nanoparticles in water, and in
synthetic oil. They tested the impact of particle shape and volume
fraction on the viscosity of these nanofluids.
The governing equations for laminar, steady-state lid-driven
convection in an enclosure filled with a nanofluid are given as:
Continuity equation:

∇ · v = 0. (1)

Momentum equation:

v · ∇v =
1
ρnf

(−∇p + ∇ · τ)+ g (2)

where the stress tensor is given as:

τ = µnf

∇v + (∇v)t


. (3)

Energy equation:

v · ∇T = −
1

ρnfcnf
∇ · (knf∇T ) . (4)

In terms of the stream function–vorticity formulation, the
governing equations are written as:

Kinematics

∂2ψ

∂x′2
+
∂2ψ

∂y′2
= −ω. (5)

Vorticity

∂

∂x′


ω
∂ψ

∂y′


−

∂

∂y′


ω
∂ψ

∂x′


=
µnf

ρnf


∂ω

∂x′2
+
∂ω

∂y′2


+


ϕβs + (1 − ϕ) βf


g


∂T
∂x′


. (6)

Energy

∂

∂x′


T
∂ψ

∂y′


−

∂

∂y′


T
∂ψ

∂x′


=

∂

∂x′


αnf
∂T
∂x′


+

∂

∂y′


αnf
∂T
∂y′


(7)

where

ω = −


∂u
∂y′

−
∂v

∂x′


. (8)

The horizontal and vertical velocities are given by the following
relations,

u =
∂ψ

∂y′
, v = −

∂ψ

∂x′
. (9)

In Eqs. (6) and (7), the nanofluid thermal diffusivity, effective
density and heat capacitance are, respectively, given by

αnf =
knf
ρcp


nf

, ρnf = (1 − ϕ) ρf + ϕρp,
ρcp


nf = (1 − ϕ)


ρcp


f + ϕ


ρcp


p .

(10)

The effective thermal conductivity of the nanofluid is approxi-
mated by the Maxwell-Garnett model [11]:

knf
kf

=
ks + 2kf − 2ϕ


kf − ks


ks + 2kf + ϕ


kf − ks

 . (11)

This model is found to be appropriate for studying heat transfer
enhancement using nanofluids [39–41]. In addition, the viscosity
of the nanofluid can be approximated as viscosity of a base fluid
µf containing dilute suspension of fine spherical particles. In the
current study two models are used to model the viscosity of the
nanofluids, which are the Brinkman model [36] and the Pak and
Cho correlation [37]. These correlations are given respectively as

µnf =
µf

(1 − ϕ)2.5
(12)

µnf = µf

1 + 39.11ϕ + 533.9ϕ2 . (13)
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Substituting the following dimensionless variables:

x =
x′

H
; y =

y′

H
; Ω =

ω

Up/H
;

Ψ =
ψ

UpH
; V =

v

Up
;

U =
u
Up

; θ =
T − TL
TH − TL

(14)

into Eqs. (5)–(7), the dimensionless governing equations become

∂2ψ

∂x2
∂2ψ

∂y2
= −Ω (15)

∂

∂x


Ω
∂Ψ

∂y


−
∂

∂y


Ω
∂Ψ

∂x


=

1
Re

µnf
µf

(1 − ϕ)+ ϕ
ρp
ρf

 
∂2Ω

∂x2
+
∂2Ω

∂y2



+ Ri

ϕ


βp

βf


+ (1 − ϕ)

 
∂θ

∂x


(16)

∂

∂x


θ
∂Ψ

∂y


−
∂

∂y


θ
∂Ψ

∂x



=
1

Re Pr

knf
kf

(1 − ϕ)+ ϕ
(ρcp)p
(ρcp)f


∂2θ

∂x2
+
∂2θ

∂y2


(17)

where the dimensionless numbers

Ri =
Gr
Re2

, Gr =
gβ (TH − TL)H3

ν2f
,

Pr =
νf

αf
, Re =

UpH
νf

(18)

are the Richardson number, Grashof number, Prandtl number and
the Reynolds number, respectively.

The dimensionless horizontal and vertical velocities are con-
verted to:

U =
∂ψ

∂y
, V = −

∂Ψ

∂x
. (19)

The appropriate dimensionless boundary conditions canbewritten
as:

1-On the left wall: U = V = Ψ = 0,

Ω = −
∂2Ψ

∂x2
,

∂θ

∂x
= 0 (20a)

2-On the right wall: U = V = Ψ = 0,

Ω = −
∂2Ψ

∂x2
,

∂θ

∂x
= 0 (20b)

3-On the top wall: U = 1, V = Ψ = 0,

Ω = −
∂2Ψ

∂y2
, θ = 1 (20c)

4-On the bottom wall: U = 0 (one lid),−1 (double lids),

V = Ψ = 0, Ω = −
∂2Ψ

∂y2
, θ = 0. (20d)

3. Numerical implementation

Eqs. (15)–(17), along with the corresponding boundary con-
ditions given in Eq. (20) are solved using an efficient finite
volumemethod [42,43]. The diffusion term in the vorticity and en-
ergy equations is approximated by a second-order central differ-
ence scheme which is conducive to a stable solution. Furthermore,
a second-order upwind differencing scheme is adopted for the con-
vective terms. The algebraic finite-volume equations for the vortic-
ity and energy equations are written into the following form:

aPλP = aEλE + aWλW + aNλN + aSλS + b (21)

where the subscripts P,W , E,N and S denote cell location, west,
east, north and south face of the control volume, respectively. Also,
the symbol λ denotes any scalar transport quantity namely:Ψ ,Ω ,
or θ . Similar expression is also used for the kinematics equation
where only central difference is used for the discretization at the
cell P of the control volume. The resulting algebraic equations are
solved using successive over/under relaxation method. Successive
under relaxation was used due to the non-linear nature of the
governing equations especially for the vorticity equation. The
convergence criterion is defined by the following expression:

ε =

j=M
j=1

i=N
i=1

λn+1
− λn


j=M
j=1

i=N
i=1

λn+1
 < 10−6 (22)

where ε is the tolerance;M and N are the number of grid points in
the x and y directions, respectively [44].

An accurate representation of vorticity at the surface is the
most critical step in the stream function–vorticity formulation. A
second-order accurate formula is used for the vorticity boundary
condition. For example, the vorticity at the bottom wall is
expressed as:

Ω = −


8Ψ1,j − Ψ2,j


2 (1y)2

. (23)

Similar formula canbewritten for the left and rightwalls. However,
on the lid surface, the velocity of the lid has to be taken into
account; therefore the vorticity on the top wall is given as:

Ω = −


8ΨN−1,j − ΨN−2,j − 7ΨN,j + 61y


2 (1y)2

. (24)

Similar expression for the lower lid if it is moving (left) and the last
term in the numerator vanishes for static lower lid.

After solving for Ψ ,Ω , and θ , more useful quantities for
engineering applications are obtained. For example, the Nusselt
number can be expressed as:

Nu =
hH
kf

(25)

where the heat transfer coefficient is computed from

h =
qw

TH − TL
. (26)

The thermal conductivity of the nanofluid is expressed as:

knf = −
qw

∂T/∂x
. (27)

Substituting Eqs. (26) and (27) into Eq. (25), and using the
dimensionless quantities, the local Nusselt number along the top
wall can be written as:

Nu = −


knf
kf


∂θ

∂y
(28)
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a
b

c

Fig. 2. Comparison of (a) temperature at mid section of the cavity (x = 0.5) and (b) U-velocity at mid section of the cavity (x = 0.5) with Iwatsu et al. [23] and Khanafer
and Chamkha [24] for Gr = 100 and Re = 400 (c) average Nusselt number with the work of Ghasemi and Aminossadati [46].
where (knf/kf ) is calculated using Eq. (11). Finally, the average
Nusselt number is determined from:

Nuavg =

 1

0
Nu(y)dx. (29)

To evaluate Eq. (29), a 1/3 Simpson’s rule of integration is
implemented. For convenience, a normalized average Nusselt
number is defined as the ratio of Nusselt number at any volume
fraction of nanoparticles to that of pure water that is [45]:

Nu∗

avg (ϕ) =
Nuavg (ϕ)

Nuavg (ϕ = 0)
. (30)

4. Grid testing and code validation

An extensivemesh testing procedurewas conducted to guaran-
tee a grid-independent solution. Various mesh combinations were
explored for the case of Gr = 100, Re = 1000. The present code
was tested for grid independence by calculating the average Nus-
selt number on the top wall. In harmony with this, it was found
that a grid size of 81×81 ensures a grid independent solution. An-
other grid-independence study was performed using Al2O3–water
nanofluid. It was confirmed that the same grid size (81 × 81) en-
sures a grid-independent solution.
The present numerical solution was further validated by
comparing the present code results for Gr = 100, Re = 400 with
the numerical results of Iwatsu et al. [23] and Khanafer and
Chamkha [24]. Two different cases are presented, the first is a
comparison with temperature at mid section of the cavity (i.e., x =

0.5) and the second is for theU-velocity atmid section of the cavity
(i.e., x = 0.5). As shown from Fig. 2(a) and (b), the three numerical
solutions (presentwork, [23,24]) are in good agreement.Moreover,
the code was tested by calculating the average Nusselt number
at the upper wall for Gr = 100, Re = 1000 and Tables 2a and
2b show comparisons with various studies [23,24,26–29] in the
literature for (81 × 81) and (61 × 61) grids, respectively. It is seen
from these tables that the present results for (61×61) grids match
better with the previously published results and are a little higher
for (81 × 81) grids. This is attributed to the fact that most authors
referenced in these tables haveused (61×61) grids to produce their
results. Sincewe believe that (81×81) grids give grid-independent
results as verified and mentioned above, (81 × 81) grid size was
used throughout this work. Furthermore, the current code is tested
against another nanofluid namely Ghasemi and Aminossadati [46]
and a good agreement is registered as portrayed by Fig. 2(c).

5. Results and discussion

Figs. 3 and 4 present representative contour maps for the
streamlines and isotherms for a single top lid-driven cavity filled
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Table 2a
Code validation: average Nusselt number at the lid surface for Gr = 100 and Re = 1000, Grid size: (81 × 81).

Re Ri Present work 81 × 81 Waheed [29] Das and Tiwari [34] Abdelkhalek [28] Khanafer
et al. [27]

Sharif [26] Khanafer and
Chamkha [24]

Iwatsu
et al. [23]

1 100 1.010134 1.00033 – – – – – –

100 0.01 2.090837 2.03116 2.10 1.985 2.02 – 2.01 1.94

400 0.000625 4.162057 4.02462 3.85 3.8785 4.01 4.05 3.91 3.84

500 0.0004 4.663689 4.52671 – – – – – –

1000 0.0001 6.551615 6.48423 6.33 6.345 6.42 6.55 6.33 6.33
a

b

c

Fig. 3. Streamlines and isotherms for single lid and Brinkman model (a) Ri = 0.001 (b) Ri = 1 (c) Ri = 10, ϕ = 0% ( ) and ϕ = 10% ( ).
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Table 2b
Code validation: average Nusselt number at the lid surface for Gr = 100 and Re = 1000, Grid size: (61 × 61).

Re Ri Present work 61 × 61 Waheed [29] Das and Tiwari [34] Abdelkhalek [28] Khanafer
et al. [27]

Sharif [26] Khanafer and
Chamkha [24]

Iwatsu
et al. [23]

1 100 1.006367 1.00033 – – – – – –

100 0.01 2.112957 2.03116 2.10 1.985 2.02 – 2.01 1.94

400 0.000625 4.069035 4.02462 3.85 3.8785 4.01 4.05 3.91 3.84

500 0.0004 4.602600 4.52671 – – – – – –

1000 0.0001 6.426109 6.48423 6.33 6.345 6.42 6.55 6.33 6.33
a

b

c

Fig. 4. Streamlines and isotherms for single lid, Pak and Cho correlation (a) Ri = 0.001 (b) Ri = 1 (c) Ri = 10, ϕ = 0% ( ) and ϕ = 10% ( ).
with a clear water (ϕ = 0%) and a water-Al2O3 nanofluid hav-
ing 10% particle volume fraction (ϕ = 10%) for various values of
the Richardson number Ri (Ri = 0.001, 1, 10) using the Brinkman
model [36] and the Pak and Cho correlation [37], respectively. It
is clear from the definition of the Richardson number Ri that its
value provides a measure of the importance of buoyancy-driven
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a

b

c

Fig. 5. Streamlines and isotherms for double lids, Brinkman model (a) Ri = 0.001 (b) Ri = 1 (c) Ri = 10 for ϕ = 0% ( ) and ϕ = 10% ( ).
natural convection relative to the lid-driven forced convection. For
very small values of Ri (Ri = 0.001, forced convection-dominated
regime), Figs. 3(a) and 4(a) indicate that the buoyancy effect is
overwhelmed by the mechanical or shear effect due to the move-
ment of the top lid and the flow features are similar to those of
a viscous flow of a non-stratified fluid in a lid-driven cavity. The
streamlines behavior in a two-dimensional single lid-driven cavity
is characterized by a primary recirculating cell occupying most of
the cavity generated by the lid and two secondary eddies near the
bottomwall cornerswith the one near the right bottom corner big-
ger and stronger than the one in the left bottom corner of the cav-
ity. The isotherms are clustered heavily near the bottom surface of
the cavity which indicates steep temperature gradients in the ver-
tical direction in this region. In the remaining area of the cavity, the
temperature gradients are weak and this implies that the temper-
ature differences are very small in the interior region of the cavity
due to the vigorous effects of themechanically-driven circulations.
Furthermore, for moderate values of Ri (Ri = 1, mixed convection-
dominated regime), Figs. 3(b) and 4(b) indicate that the buoyancy
effect is of relatively comparable magnitude of the shear effect due
to the sliding top wall lid. The flow streamlines still show the for-
mation of a primary recirculating cell of the size of the cavity gener-
ated by the moving top lid and two smaller secondary eddies near
the bottom corners. The core of the primary cellmoves towards the



90 A.J. Chamkha, E. Abu-Nada / European Journal of Mechanics B/Fluids 36 (2012) 82–96
a

b

c

Fig. 6. Streamlines and isotherms for double lids, Pak and Cho correlation (a) Ri = 0.001 (b) Ri = 1 (c) Ri = 10 for ϕ = 0% ( ) and ϕ = 10% ( ).
top moving wall. The isotherms spread upward indicating moder-
ate temperature gradients in the vertical direction. Moreover, for
large values of Ri (Ri = 10, natural convection-dominated regime),
the buoyancy effect is dominant and the streamlines are almost
stagnant in the bulk of the cavity interior except at portions close
to the sliding topwall. The isotherms spread further upward show-
ing less distortion than the isotherms corresponding to Ri = 1. As
for the effect of the nanoparticle volume fractions ϕ, in general,
one can see that an increase in solid volume fraction (ϕ = 10%)
generates a decrease in the values ofΨmax. Thus, the fluid moves at
slower rate in the enclosure due to the presence of nanoparticles. It
is interesting to note that while the streamlines for Ri = 0.001 are
slightly affected by the addition of 10% Al2O3 nanoparticle volume
fractions using the Brinkman model [36], they are significantly af-
fected using the Pak and Cho correlation [37] where the eye of the
cell moves upwards towards the moving lid. Similar features are
observed for Ri = 1 and Ri = 10 but the effect on the streamlines
for the Brinkman model is more than that for Ri = 0.001. By in-
specting the temperature distribution in the cavity one can clearly
observe significant differences in the isotherm contour plots for
the water-Al2O3 nanofluid (ϕ = 10%) compared to the case of
pure water (ϕ = 0%). These differences are accentuated as the
solid volume fraction increases (as will be seen subsequently). This
is true for both the Brinkman model [36] and the Pak and Cho
correlation [37]. However, the isotherms in the core of the cav-
ity for Ri = 0.001 for the Pak and Cho correlation [37] (Fig. 4(a))
for ϕ = 10% are higher than those corresponding to ϕ = 0%.
This suggests that the heat transfer rate is lower for a water-Al2O3
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Fig. 7. Typical profiles of x-component of velocity U at mid cavity width (a) Ri = 10 single lid (b) Ri = 10 double lids (c) Ri = 0.001 single lid (d) Ri = 0.001 double lids.
a b

c d

Fig. 8. Typical profiles of y-component of velocity at mid cavity width (a) Ri = 10 single lid (b) Ri = 10 double lids (c) Ri = 0.001 single lid (d) Ri = 0.001 double lids.
nanofluid than for a clearwater. This is in direct inconsistencywith
the results for the Brinkman model. This will be seen clearly in the
subsequent figures for the average Nusselt number.
Figs. 5 and 6 show similar results as in Figs. 3 and 4 but for a
double-lid cavity configuration. For Ri = 0.001, the streamlines
are characterized by a single rotating cell occupying the cavity
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Fig. 9. Typical temperature profiles at mid cavity width (a) Ri = 10 single lid (b) Ri = 10 double lids (c) Ri = 0.001 single lid (d) Ri = 0.001 double lids.
with the eye of the cell being in the center of cavity. Some
perturbations are seen in streamlines in the upper left and lower
right corners due to impingement of the fluid to the vertical walls.
The isotherms show that they are clustered close to the walls
of the cavity and that the hot fluid moves horizontally towards
the right vertical wall of the cavity. As the Richardson number
increases, the streamlines move faster and tend to get squeezed
in the center part of the cavity forming a two-eye cell with one
recirculating eye moving upward towards the upper horizontal
wall and another moving downward towards the lower horizontal
wall. Based on this behavior, it is expected that a multi-cellular
trend where the two-eye cell splits in two or more cells when Ri
increases beyond 10. On the other hand, the isotherms become
well distributed in the whole cavity and tend to become more
horizontally distributed as the Richardson number Ri increases.
As the volume fraction of Al2O3 nanoparticles increases from 0%
to 10%, the streamline and isotherm contours tend to get affected
significantly for all values of Ri except for Ri = 0.001 for which the
streamlines in this case using the Brinkman model [36] show an
unnoticeable change. In general, the streamlines move at a slower
rate and become more vertically stretched and they are more so
for the results obtained using the Pak and Cho correlation [37]
than for those obtained by employing the Brinkman model [36].
In addition, the isotherms corresponding to ϕ = 10% move more
upward towards the upper horizontal wall of the cavity causing
increased thermal gradients there than for ϕ = 0% (clear water).
This is true for both the Brinkman model [36] and the Pak and
Cho correlation [37] and all considered values of the Richardson
number Ri. However, the increase in thermal gradients at the upper
horizontal wall is much higher for the Pak and Cho correlation [37]
than for the Brinkman model [36]. This means that higher heat
transfer rates are predicted by the Pak and Cho correlation [37]
than for the Brinkmanmodel [36] as will be seen in the subsequent
figures.

Figs. 7–9 present typical profiles for the x-component of
velocity U, y-component of velocity V and temperature profiles
θ at mid cavity width for both a single-lid and double-lid cavity
configurations for Ri = 0.001 and Ri = 10 and ϕ = 0% (clear
water) and ϕ = 10% using the Brinkman model [36] and the
Pak and Cho correlation [37], respectively. It is seen from Fig. 7
that for Ri = 10, the U velocity component decreases close to
the moving wall as a result of adding 10% nanoparticle volume
fractions and that this decrease is higher for the results obtained
using the Pak and Cho correlation [37] than those obtained using
the Brinkmanmodel [36] for both a single-lid and double-lid cavity
configurations. However, for Ri = 0.001, theU velocity component
results for the Brinkman model [36] with ϕ = 10% show very
insignificant change from those of clear water whereas the Pak
and Cho correlation [37] predicts a significant effect for both a
single-lid and double-lid cavity configurations for which the U
velocity for the single-lid cavity increases close to the moving wall
as a result of adding 10% nanoparticle volume fractions. Fig. 8
shows that for Ri = 10, significant decreases are predicted in
the V velocity component due to the addition of 10% volume
fraction of nanoparticles for both single- and double-lid cavity
configurations and that these decreases are higher using the Pak
and Cho correlation [37] than those corresponding to the Brinkman
model [36]. However, for Ri = 0.001, the V velocity component for
the Brinkman model are almost the same as those for clear water
for both cavity configurations. However, two different behaviors
are predicted in which the V velocity component decreases
significantly using the Pak and Cho correlation [37] with ϕ = 10%
for the single-lid cavity configuration whereas as it increases for
the double-lid cavity configuration. The results for the temperature
profiles in Fig. 9 show that for Ri = 10, the results obtained using
the Brinkman model [36] and the Pak and Cho correlation [37] are
essentially the samewith the temperature decreases slightly in the
upper part of a single lid cavity while it increases slightly there for
a double-lid cavity due to the addition of 10% volume fraction of
nanoparticles. In addition, for Ri = 0.001, the temperature profiles
are affected more by using the Pak and Cho correlation [37] than
by using the Brinkman model [36] and more for a single-lid cavity
than for a double-lid cavity.
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Fig. 10. Distribution of local Nusselt number for single lid, Ri = 0.001. Brinkman
model [36] ( ) and Pak and Cho correlation [37] ( ).

Fig. 11. Distribution of local Nusselt number for single lid, Ri = 1 Brinkman
model [36] ( ) and Pak and Cho correlation [37] ( ).

Fig. 12. Distribution of local Nusselt number for single lid, Ri = 10 Brinkman
model [36] ( ) and Pak and Cho correlation [37] ( ).

Figs. 10–12 show the distribution of the local Nusselt number
Nu along the horizontal wall for various values of the nanoparticle
volume fractions for a single-lid cavity configuration and three
values of Richardson number (Ri = 0.001, 1 and 10) based on
Fig. 13. Distribution of local Nusselt number for double lids, Ri = 0.001 Brinkman
model [36] ( ) and Pak and Cho correlation [37] ( ).

Fig. 14. Distribution of local Nusselt number for double lids, Ri = 1 Brinkman
model [36] ( ) and Pak and Cho correlation [37] ( ).

the Brinkman model [36] and the Pak and Cho correlation [37],
respectively. It is observed that for Ri = 0.001, the local
Nusselt number increases as the nanoparticle volume fractions ϕ
increases for the Brinkman model [36] whereas the Pak and Cho
correlation [37] under predicts the local Nusselt number than that
corresponding to the Brinkman model [36] and show decreases
in the local Nusselt number below the case of a clear water in
most of the x-axis (x > 0.2) and all values of ϕ. In the range
0 < x < 0.2, the local Nusselt number for ϕ = 2% only is
lower than that for a clear water (ϕ = 0%) while for ϕ = 10%
it is higher. However, for Ri = 1 and Ri = 10, the local Nusselt
number increases due to increases in the nanoparticle volume
fractions for both the Brinkman model [36] and the Pak and Cho
correlation [37]. In addition, the Pak and Cho correlation [37] over
predicts the local Nusselt number than that corresponding to the
Brinkman model [36] for all values of ϕ except for Ri = 10 in very
limited range of x (x > 0.7). These features are clearly seen in
Figs. 10–12.

In Figs. 13–15, similar results for the local Nusselt number Nu as
those discussed in Figs. 10–12 are presented but for a two-lid cavity
configuration. In this case, in general, it is predicted that the local
Nusselt number increases due to the presence of nanoparticles for
both the Brinkmanmodel [36] and the Pak and Cho correlation [37]
even for Ri = 0.001. In addition, it is observed that the Pak and
Cho correlation [37] significantly over predicts the local Nusselt
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Fig. 15. Distribution of local Nusselt number for double lids, Ri = 10 Brinkman
model [36] ( ) and Pak and Cho correlation [37] ( ).

Fig. 16. Nusselt number vs. volume fraction of nanoparticles for single lid (a)
average Nusselt number (b) normalized Nusselt number.

number than that corresponding to the Brinkman model [36] for
all values of ϕ and Ri.

Fig. 16 depicts the average Nusselt number Nuavg and the
normalized average Nusselt number Nu∗

avg for various values of
the volume fraction of nanoparticles ϕ and Richardson number
Ri using the Brinkman model [36] and the Pak and Cho
correlation [37] for a single-lid cavity configuration. As discussed
above, it is clearly seen that the values of Nuavg and Nu∗

avg increase
as the value of the nanoparticle volume fractions ϕ increases for
all values of Ri except that for Ri = 0.001 using the Pak and
a

b

Fig. 17. Nusselt number vs. volume fraction of nanoparticles for double lids (a)
average Nusselt number (b) normalized Nusselt number.

Cho correlation [37] for which both Nuavg and Nu∗

avg decrease
significantly below those for a clear water (ϕ = 0%) reaching
minimum at about ϕ = 2.5% and then increase as ϕ increases
further but they stay below those for ϕ = 0%. However, for Ri = 1
and Ri = 10, the values Nuavg and Nu∗

avg are higher for the Pak and
Cho correlation [37] than those for the Brinkman model [36] for
almost all considered values of ϕ. In addition, The values of Nuavg
decrease as the value of Ri increases. However, the values for Nu∗

avg
follow the same trend for the results based on the Pak and Cho
correlation [37] while they do not for the results obtained using
the Brinkman model [36] for which the increase in Nu∗

avg is less for
Ri = 1 than for Ri = 0.001 and Ri = 10. Moreover, it is seen from
Fig. 16(b) that the percent increases in the average Nusselt number
for Ri = 1 and10 atϕ = 10%using the Pak andCho correlation [37]
are 21% and 26%, respectively. However, the percent increases in
the average Nusselt number for Ri = 0.001, Ri = 1 and Ri = 10
at ϕ = 10% using the Brinkman model [36] are 24%, 17% and 24%,
respectively.

Fig. 17 displays similar results for Nuavg and Nu∗

avg as those
discussed in Fig. 16 but for a two-lid cavity configuration. It
is observed that the same trends as those seen for a single-
lid configuration (Fig. 16) still hold with the exception of that
corresponding to Ri = 0.001using the Pak andCho correlation [37]
for which the values of Nuavg and Nu∗

avg increase with increasing
values of the nanoparticle volume fractions ϕ. The percent
increase in the average Nusselt number using the Pak and Cho
correlation [37] is significantly higher than those corresponding to
the Brinkman model [36] for all values of ϕ.
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6. Conclusions

The problem of steady laminar mixed convective flow and heat
transfer of a nanofluid made up of water and Al2O3 in single-
and double-lid driven cavities was considered. The left and right
walls of the cavity were kept insulated while the bottom and
top walls were maintained at constant temperatures with the top
surface being the hot wall. In the single-lid cavity configuration,
the top wall moved to the right at a constant speed whereas
in the double-lid cavity configuration, the top wall moved to
the right while the bottom wall moved to the left at the same
constant speed. Two viscosity models are used to approximate
nanofluid viscosity namely the Brinkman model [36] and the Pak
and Cho correlation [37]. The governing equations were developed
in terms of the stream function–vorticity formulation and were
non-dimensionalized and then solved numerically subject to
appropriate boundary conditions by a second-order accurate
finite-volume method. Comparisons with previously published
work were performed and the results were found to be in good
agreement. A parametric study was conducted and a selective
set of graphical results was presented and discussed to illustrate
the influence of the presence of nanoparticles and the Richardson
number on the flow and heat transfer characteristics in both cavity
configurations and to compare the predictions obtained by the
two different nanofluid models. It was found that significant heat
transfer enhancement can be obtained due to the presence of
nanoparticles and that this was accentuated by increasing the
nanoparticle volume fractions at moderate and large Richardson
numbers using both nanofluid models for both single- and double-
lid cavity configurations. However, for small Richardson number,
the Pak and Cho correlation [37] predicted that the presence of
nanoparticles caused reductions in the average Nusselt number
in the single-lid cavity configuration. In all other conditions, the
percent increase in the average Nusselt number using the Pak
and Cho correlation [37] was significantly higher than those
corresponding to the Brinkman model [36] for all values of
nanoparticle volume fractions.
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