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Abstract An analysis is performed to study unsteady
free convective boundary layer flow of a nanofluid
over a vertical cylinder. The model used for the
nanofluid incorporates the effects of Brownian mo-
tion and thermophoresis. The governing equations are
formulated and a numerical solution is obtained by us-
ing an explicit finite-difference scheme of the Crank-
Nicolson type. The solutions at each time step have
been found to reach the steady state solution properly.
Numerical results for the steady-state velocity, tem-
perature and nanoparticles volume fraction profiles as
well as the axial distributions and the time histories of
the skin-friction coefficient, Nusselt number and the
Sherwood number are presented graphically and dis-
cussed.
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1 Introduction

Transient natural convection flow of a viscous incom-
pressible fluid over a heated vertical cylinder is an im-
portant problem relevant to many engineering appli-
cations. In the glass and polymer industries, hot fil-
aments, which are considered as vertical cylinders,
are cooled as they pass through the surrounding en-
vironment. Sparrow and Gregg [1] studied the lam-
inar buoyant flow of air bathing a vertical cylinder
heated with a prescribed surface temperature. Chen
and Yuh [2] considered the effects of heat and mass
transfer on natural convective flow along a vertical
cylinder. The problem of natural convection in laminar
boundary layer flow along slender vertical cylinders
and needles is presented by Lee et al. [3]. Velusamy
and Grag [4] studied the transient natural convection
over heat generating vertical cylinder. Ganesan and
Rani [5] investigated unsteady natural convection flow
along vertical cylinder with variable heat and mass
transfer. Rani [6] studied transient natural convection
along a vertical cylinder with variable temperature and
mass diffusion. All of the above mentioned investiga-
tions dealt with flows of ordinary Newtonian fluids.

On other hand, it is well known that conventional
heat transfer fluids, including oil, water, and ethylene
glycol mixture are poor heat transfer fluids, since the
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thermal conductivity of these fluids plays an impor-
tant role on the heat transfer coefficient between the
heat transfer medium and the heat transfer surface.
An innovative technique for improving heat transfer
by using ultra fine solid particles in the fluids has
been used extensively during the last several years.
A nanofluid, which is a term introduced by Choi [7],
is a base fluid with suspended metallic nano-scale par-
ticles called nanoparticles. Because traditional fluids
used for heat transfer applications such as water, min-
eral oils and ethylene glycol have a rather low thermal
conductivity, nanofluids with relatively higher thermal
conductivities have attracted enormous interest from
researchers due to their potential in enhancement of
heat transfer with little or no penalty in pressure drop.
Daungthongsuk and Wongwises [8] studied the influ-
ence of thermophysical properties of nanofluids on the
convective heat transfer and summarized various mod-
els used in literature for predicting the thermophysi-
cal properties of nanofluids. Abu-Nada and Oztop [9]
studied effects of inclination angle on natural con-
vection in enclosures filled with Cu-water nanofluid.
Nield and Kuznetsov [10] reported the natural convec-
tive boundary-layer flow of a nanofluid past a vertical
plate. Chamkha et al. [11] studied mixed convection
MHD flow of a nanofluid past a stretching permeable
surface in the presence of Brownian motion and ther-
mophoresis effects. Chamkha et al. [12] also analyzed
natural convection past a sphere embedded in a porous
medium saturated by a nanofluid. Gorla et al. [13]
studied steady boundary layer flow of a nanofluid on a
stretching circular cylinder in a stagnant free stream.
Gorla et al. [14] analyzed mixed convection past a
vertical wedge embedded in a porous medium sat-
urated by a nanofluid. Rashad et al. [15] analyzed
the free convection boundary layer flow of a non-
Newtonian fluid over a permeable vertical cone em-
bedded in a porous medium saturated with a nanofluid.
The problem of mixed convection boundary-layer flow
over an isothermal vertical wedge embedded in a
porous medium saturated with a nanofluid is studied
by Chamkha et al. [16]. Chamkha et al. [17] studied
the unsteady boundary-layer flow of a nanofluid over
a horizontal stretching plate in the presence of melting
effect.

The objective of this paper is to study unsteady free
convective boundary layer flow of a nanofluid over a
vertical cylinder. The model used for the nanofluid in-
corporates the effects of Brownian motion and ther-
mophoresis. The governing boundary layer equations

along with the initial and boundary conditions are first
cast into a dimensionless form and the resulting sys-
tem of equations are then solved by an implicit finite-
difference scheme. Numerical results for the steady-
state velocity, temperature and nanoparticles volume
fraction profiles as well as the axial distributions of
the skin-friction coefficient, local Nusselt number and
the local Sherwood number are presented graphically
and discussed.

2 Mathematical analysis

Consider unsteady two-dimensional laminar natural
convection boundary layer flow of a nanofluid over a
semi-infinite vertical isothermal cylinder of radius r0.
The x-axis is measured vertically upward along the
axis of the cylinder. The radial coordinate r-axis is
measured normal to axis of the cylinder. Initially, the
fluid and the cylinder are at the same temperature
T∞ and the nanoparticles volume faction ϕ∞. At time
t̃ > 0, the temperature and the nanoparticles volume
faction of the cylinder are raised to T = T∞ + (Tw −
T∞)xm, and ϕ = ϕ∞+(ϕw −ϕ∞)xm, respectively and
are maintained constantly thereafter. It is also assumed
that all the fluid properties are constant except that of
the influence of the density variation with tempera-
ture and the nanoparticles volume faction in the body
force term (Boussinesq’s approximation). Then, under
the above assumptions the governing boundary layer
equations are

∇.V = 0, (1)

ρf

(
∂V

∂t̃
+ V.∇V

)

= μ
(∇2V

) − ∇P

+ [
ϕρp + (1 − ϕ)

(
ρf

{
1 − β(T − T∞)

})]
g, (2)

(ρC)f

(
∂T

∂t̃
+ V.∇T

)

= k∇2T + (ρC)p

[
DB∇ϕ.∇T +

(
DT

T∞

)
∇T .∇T

]
,

(3)
∂ϕ

∂t̃
+ V.∇ϕ = DB∇2ϕ +

(
DT

T∞

)
∇2T , (4)

where V = (u, v) is the fluid velocity vector, T is the
fluid temperature, ϕ is the nanoparticles volume fac-
tion, t̃ is the time, P is the pressure, ρf is the den-
sity of the base fluid and ρp is the density of the
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nanoparticles. DB and DT are the Brownian diffusion
coefficient and the thermophoresis diffusion coeffi-
cient, respectively. g is the acceleration due to gravity.
μ,k and β are the dynamic viscosity, thermal con-
ductivity and volumetric volume expansion coefficient
of the fluid, respectively. (ρC)f and (ρC)p are the
heat capacity of the base fluid and the effective heat
capacity of the nanoparticles material, respectively.
T∞ is the free stream temperature. By assuming that
nanoparticles volume fraction is dilute (that is, no
particle-particle interaction exists) and using a suitable
choice for the reference pressure, Eq. (2) can be lin-
earized and written as follows:

ρf

(
∂V

∂t̃
+ V.∇V

)

= μ
(∇2V

) − ∇P + [
(ρp − ρf∞)(ϕ − ϕ∞)

+ (1 − ϕ∞)ρf∞β(T − T∞)
]
g. (5)

Using the standard boundary-layer approximation,
based on a scale analysis, the governing equations can
be written as (Ganesan and Rani [18]);

∂(ru)

∂x
+ ∂(rv)

∂r
= 0, (6)

∂P

∂x
= μ

r

∂

∂r

(
r
∂u

∂r

)
− ρf

(
∂u

∂t̃
+ u

∂u

∂x
+ v

∂u

∂r

)

+ [
(1 − ϕ∞)ρf∞βg(T − T∞)

− (ρp − ρf∞)g(ϕ − ϕ∞)
]
, (7)

∂P

∂r
= 0, (8)

∂T

∂t̃
+ u

∂T

∂x
+ v

∂T

∂r

= k

ρCP

1

r

∂

∂r

(
r
∂T

∂r

)

+ τ

[
DB

∂ϕ

∂r

∂T

∂r
+ DT

T∞

(
∂T

∂r

)2]
, (9)

∂ϕ

∂t̃
+ u

∂ϕ

∂x
+ v

∂ϕ

∂r

= DB

1

r

∂

∂r

(
r
∂ϕ

∂r

)
+

(
DT

T∞

)
1

r

∂

∂r

(
r
∂T

∂r

)
. (10)

The initial and the boundary conditions are:

t̃ = 0, u = 0, v = 0, T = T∞, ϕ = ϕ∞

t̃ > 0 :

⎡
⎢⎢⎢⎣

u = v = 0,

T = T∞ + (Tw − T∞)xm,

ϕ = ϕ∞ + (ϕw − ϕ∞)xm

at x > 0 as r = r0

⎤
⎥⎥⎥⎦ ,

(11)

Using the following non-dimensional quantities:

X = Gr−1 x

r0
, R = r

r0
, U = ur0Gr−1

υ
,

Ṽ = vr0

υ
, t = υ

r2
0

t̃ , θ = T − T∞
Tw − T∞

,

f = ϕ − ϕ∞
ϕw − ϕ∞

, Gr = gβr3
0 (Tw − T∞)

υ2

(12)

in the governing equations gives the following dimen-
sionless equations:

∂

∂X
(RU) + ∂

∂R
(RṼ ) = 0, (13)

∂U

∂t
+ U

∂U

∂X
+ Ṽ

∂U

∂R

= θ − Nrf + 1

R

∂

∂R

(
R

∂U

∂R

)
, (14)

∂θ

∂t
+ U

∂θ

∂X
+ Ṽ

∂θ

∂R

= 1

Pr

1

R

∂

∂R

(
R

∂θ

∂R

)
+ Nb

∂f

∂R

∂θ

∂R
+ Nt

(
∂θ

∂R

)2

,

(15)
∂f

∂t
+ U

∂f

∂X
+ Ṽ

∂f

∂R

= 1

Le

1

R

∂

∂R

(
R

∂f

∂R

)
+ 1

Le

Nt

Nb

1

R

∂

∂R

(
R

∂θ

∂R

)
,

(16)

where

Nb = (ρC)P DB(ϕw − ϕ∞)

(ρC)vυ
,

Nt = (ρC)P DT (Tw − T∞)

T∞υ(ρC)v
,

Nr = (ρp − ρf∞)(φw − φ∞)

ρf∞β(Tw − T∞)(1 − φ∞)
,

Pr = ρCP υ

k
, Le = υ

DB

,

(17)

are the Brownian motion parameter, thermophoresis
parameter, buoyancy ratio parameter, Prandtl number
and the Lewis number, respectively.

The dimensionless initial and boundary conditions
become:

t = 0, U = 0, V = 0, θ = 0, ϕ = 0,

for all X and R

t > 0 :
⎡
⎢⎣

U = V = 0,

θ = Xm, ϕ = Xm

at X > 0 as R = R0

⎤
⎥⎦ .

(18)
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Of special significance for this type of flow and heat
and mass transfer situation are the local skin-friction
coefficient Cf , the local rate of heat transfer or Nus-
selt number Nux and the local rate of mass transfer
or Sherwood number Shx . These physical quantities
are defined in dimensionless form, respectively, as fol-
lows:

Cf = Gr

(
∂U

∂R

)
R=1

, (19)

Nux = −XGr

(
∂θ

∂R

)
R=1

, (20)

Shx = −XGr

(
∂f

∂R

)
R=1

. (21)

3 Solution technique

The system of partial differential equations (13)–(16)
with initial and boundary conditions (18) was solved
for the dependent variables U,V, θ and f as func-
tions of X,R and t . The steady-state condition was
assumed to approach when ∂U/∂t, ∂T /∂t and ∂f/∂t

approach zero in the unsteady-state problem already
formulated in the previous section. Successive steps
in time can then be regarded as successive approx-
imations towards the steady-state solution. The so-
lution was obtained by numerical integration carried
out on the time-dependent form of the equations by
the finite-difference method as explained by Chamkha
et al. [19]. The spatial domain under investigation was
restricted to a finite dimension. Here, the height of the
cylinder Xmax was assumed to be 10. The boundary
layer thickness Rmax was taken as 30 where Rmax cor-
responds to R = ∞ which lies very well outside the
momentum, thermal and nanoparticles volume frac-
tion boundary layers. After performing few tests on
sets of mesh sizes to access grid independence, the
time and spatial step sizes 
t = 0.001, 
X = 0.033
and 
R = 0.4 were found to give accurate results.
The optimization procedure of the grid sizes included
computing the spatial values of U,V, θ and f distribu-
tions at any arbitrary time and employing a given num-
ber of grid points in a spatial direction. After that, the
number of grid points was increased gradually and in
each time, a computer run was performed to compute
the boundary-layer profile. A residue was defined as
the absolute difference in linear velocity, temperature
and nanoparticles volume fraction between the two

Fig. 1 Comparison of velocity and temperature with Ganesan
and Rani [18]

Fig. 2 Effect of buoyancy ratio parameter Nr on the velocity
profiles

runs. The procedure was continued until the residue
approaches a value less than 1 × 10−4. At this point,
the spatial grid size was fixed and assumed optimized.
A similar procedure was followed to choose the opti-
mum time step. The numerical results are presented
in the next section with a view to isolate the effect
of each individual parameter. The complete results for
t = 1,2, . . . ,20 show the development or changes in
U , V , T and f from unsteady to steady-state con-
ditions. The value t = 20 is used in the figures and
is considered as representing the steady-state condi-
tion.
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Fig. 3 Effect of buoyancy ratio parameter Nr on the tempera-
ture profiles

Fig. 4 Effect of buoyancy ratio parameter Nr on the nanoparti-
cles volume fraction profiles

In order to verify the accuracy of the aforemen-
tioned numerical method, particular results are com-
pared with those available in the literature. A compar-
ison of the velocity and temperature profiles for the
present results with those reported earlier by Ganesan
and Rani [18] in the absence of the current nanofluid
parameters is done and presented in Fig. 1. From this
comparison, it can be seen that good agreement be-
tween the results exists. This lends confidence in the
numerical results reported in this work.

Fig. 5 Effects of buoyancy ratio parameter Nr on the axial dis-
tributions of the skin friction coefficient, Nusselt number and
Sherwood number
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Fig. 6 Effect of Brownian motion parameter Nb on the velocity
profiles

Fig. 7 Effect of Brownian motion parameter Nb on the temper-
ature profiles

4 Results and discussion

In this section, representative numerical results are dis-
played with the help of graphical illustrations. Com-
putations were carried out for various values of phys-
ical parameters such as the buoyancy ratio parameter
Nr, Brownian motion parameter Nb, thermophoresis
parameter Nt, Prandtl number Pr and the Lewis num-
ber Le.

Figures 2, 3, 4, 5 present the effect of the buoyancy
ratio parameter Nr on the longitudinal velocity, tem-
perature, and nanoparticles volume fraction profiles,
as well as the axial distributions of the skin friction

Fig. 8 Effect of Brownian motion parameter Nb on the
nanoparticles volume fraction profiles

coefficient, Nusselt number and the Sherwood num-
ber, respectively. It is seen that as the buoyancy ra-
tio parameter Nr increases, both of the temperature
and nanoparticles volume fraction profiles increase,
while the velocity profiles within the boundary layer
decreases. This causes the value of wall velocity gradi-
ent to enhance, whereas the negative values of the wall
temperature and volume fraction slopes to decrease
yielding corresponding decreases in all of the skin fric-
tion coefficient, Nusselt and the Sherwood numbers
as evident from Fig. 5. It is also noted that the skin
friction coefficient increases with the vertical or axial
distance along the cylinder X while the Nusselt and
Sherwood numbers decrease.

Figures 6, 7, 8 show the effects of the Brownian
motion parameter Nb on the velocity, temperature and
nanoparticles volume fraction profiles, respectively. It
is noted that as the Brownian motion parameter Nb in-
creases, the velocity profiles increase, while the tem-
perature and nanoparticles volume fraction profiles de-
crease within the boundary layer. Figure 9 shows the
effect of Brownian motion parameter Nb on the ax-
ial distributions of the skin friction coefficient, Nus-
selt number and the Sherwood number, respectively. It
is seen that as the Brownian motion parameter Nb in-
creases, the skin friction coefficient and the Sherwood
number increase while the Nusselt number decreases.

Figures 10, 11, 12 present the effects of the ther-
mophoresis parameter Nt on the temperature and
nanoparticles volume fraction profiles, as well as the
axial distributions of the skin friction coefficient, Nus-
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Fig. 9 Effects of Brownian motion parameter Nb on the axial
distributions of the skin friction coefficient, Nusselt number and
the Sherwood number

selt number and the Sherwood number, respectively.
As the thermophoresis parameter Nt increases, the
temperature and nanoparticles volume fraction profiles

Fig. 10 Effect of thermophoresis parameter Nt on the tempera-
ture profiles

Fig. 11 Effect of thermophoresis parameter Nt on the nanopar-
ticles volume fraction profiles

increase within the boundary layer. In addition, as the
thermophoresis parameter Nt increases, the skin fric-
tion coefficient increases, and the Nusselt and Sher-
wood numbers decrease.

Figure 13 shows the effect of the Prandtl number
on the axial distributions of the local Nusselt number
Nux . It is observed from other figures not presented
here for brevity that increasing the Prandtl number Pr
leads to a decrease in both of the longitudinal veloc-
ity and temperature profiles within the boundary layer.
This results in a pronounced increase in the values of
the local Nusselt number Nux , as seen in Fig. 13, since
it is directly proportional to the negative wall slope of
the temperature profile (see Eq. (20)) which increases
as Pr increases.
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Fig. 12 Effects of thermophoresis parameter Nt on the axial
distributions of the skin friction coefficient, Nusselt number and
the Sherwood number

Figure 14 displays the effects of the Lewis num-
ber on the axial distributions of the skin friction co-
efficient, Nusselt number and the Sherwood number.
An increase in the value of the Lewis number Le is ex-

Fig. 13 Effect of Prandtl number on the axial distribution of the
Nusselt number

pected to cause a sufficient decrease in the nanoparti-
cles volume fraction profile and its boundary layer and
a weak increase in the velocity profile and its bound-
ary layer as observed from other results not presented
here for brevity. This leads to corresponding increases
in the skin friction coefficient, Nusselt number and the
Sherwood number.

Figures 15, 16, 17 display the development of the
fluid velocity, temperature and nanoparticles volume
fraction profiles with the dimensionless time t , respec-
tively. As expected, the distributions of all of the ve-
locity, temperature and nanoparticles volume fraction
as well as their boundary-layer thicknesses increase as
time progresses until they reach their steady-state val-
ues as t → ∞. It should be noted that there are no sig-
nificant differences between the results at t = 20 and
t > 20 and therefore, t = 20 represents the steady-state
condition.

Figures 18, 19, 20 depict the axial distributions
of the skin-friction coefficient, Nusselt number and
the Sherwood number at various dimensionless times
ranging from unsteady conditions to steady-state con-
ditions. The proper transition of the results from the
transient to the steady-state conditions is apparent. As
expected, it is predicted that the local skin-friction co-
efficient increases while the local Nusselt and Sher-
wood numbers decrease as the dimensionless time t

increases.
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Fig. 14 Effects of Lewis number on the axial distributions of
the skin friction coefficient, Nusselt number and the Sherwood
number

5 Conclusion

In this paper, a boundary layer analysis for unsteady
free convective boundary layer flow of a nanofluid
over a vertical cylinder was presented. The model used

Fig. 15 Development of the velocity profiles with time

Fig. 16 Development of the temperature profiles with time

for the nanofluid incorporated the effects of Brown-
ian motion and thermophoresis. Numerical results for
the axial distributions of the skin friction coefficient,
Nusselt and Sherwood numbers were presented for
parametric variations of the buoyancy ratio parame-
ter, Brownian motion parameter, thermophoresis pa-
rameter, Prandtl number and the Lewis number. The
results indicated that as the buoyancy ratio parameter
increased, all of the skin friction coefficient, Nusselt
number and the Sherwood number decreased. Also,
as the thermophoresis parameter increased, the skin
friction coefficient increased, whereas the Nusselt and
Sherwood numbers decreased. Moreover, as the Brow-
nian motion parameter increased, the skin friction co-
efficient, and the Sherwood number increased whereas
the Nusselt number decreased. Furthermore, as the
Prandtl number increased, the rate of heat transfer or
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Fig. 17 Development of the nanoparticles volume fraction pro-
files with time

Fig. 18 Development of the local skin-friction coefficient dis-
tribution with time

Nusselt number increased. As the Lewis number in-
creased, the skin friction coefficient and the Nusselt
and Sherwood numbers increased. It was also noted
that while the skin friction coefficient increased with
the axial distance along the vertical cylinder, the Nus-
selt and Sherwood numbers decreased. Finally, it was
predicted that the local skin-friction coefficient in-
creased while the local Nusselt and Sherwood num-
bers decreased as the dimensionless time increases
from the unsteady to the steady-state conditions. It is
hoped that the present work will serve as a motivation
for future experimental work which seems to be lack-
ing at the present time.

Fig. 19 Development of the local Nusselt number distribution
with time

Fig. 20 Development of the local Sherwood number distribu-
tion with time
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