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The conjugate natural convection-conduction heat transfer in a square domain composed of a
cavity heated by a triangular solid wall is studied under steady state condition. The vertical
and horizontal walls of the triangular solid are kept isothermal and at the same hot temperature Th. The other boundaries surrounding the porous cavity are kept adiabatic except the
right vertical wall, where it is kept isothermally at the lower temperature Tc. Equations
governing the heat transfer in the triangular wall and heat and ﬂuid ﬂow, based on the Darcy
model, in the ﬂuid-saturated porous medium together with the derived relation of the
interface temperature are solved numerically using the second order central differences ﬁnite
difference scheme with the successive over relaxation (SOR) method. The investigated
parameters are the Rayleigh number Ra (100-1000), solid to ﬂuid saturated porous medium
thermal conductivity ratio Kr (0.1–10), and the triangular wall thickness D (0.05-1). The
results are presented in the conventional form; contours of streamlines and isotherms and the
local and average Nusselt numbers. An uncommon behavior of the heat transfer in the porous
medium with the triangular wall thickness D is observed and accounted.

1. INTRODUCTION
The last few decades have possessed a distinctive feature of abundant research
concered with the natural convection process in ﬂuid-saturated porous media due for
a growing need for more efﬁcient industrial applications. These applications include
grain storage, ﬁltering, drying of gasses, underground pollutants, storage and cooling
of radioactive waste containers, soil cleaning using steam injection, building thermal
insulation, solar collector technology, design of casting molds, and many other applications. Indeed, the books of Nield and Bejan [1], Ingham and Pop [2], and Vafai [3]
make the literature in this ﬁeld of investigation repetitious because it discusses say, the
history of this ﬁeld. However, numerous studies are still published and developed
regarding aspects of this ﬁeld of investigation. Due to developments in numerical
techniques, the ﬂuid ﬂow and heat transfer in enclosures ﬁlled with ﬂuid-saturated
porous media has received extensive studies with more sophisticated problems, such
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D
g
k
K
Kr
L
n
Nu
Ra
S
T
u
v
U

dimensionless triangular wall thickness
gravitational ﬁeld, m=s2
thermal conductivity, w=m.K
permeability of porous medium, m2
solid wall to ﬂuid saturated porous
medium thermal conductivity ratio
square cavity wall length, m
normal vector
average Nusselt number
Rayleigh number
segment along the interface line
temperature, K
velocity component along x-direction,
m=s
velocity component along y-direction, m=s
dimensionless velocity component along
x-direction

V
x,y
X,Y
a
b
n
m
h
q
W

dimensionless velocity component along
y-direction
Cartesian coordinates, m
dimensionless Cartesian coordinates
effective thermal diffusivity, m2=s
thermal expansion coefﬁcient, 1=K
kinematics viscosity, m2=s
ﬂuid viscosity, Pa.s
dimensionless temperature
ﬂuid density, kg=m3
dimensionless stream function

Subscripts
c
cold
f
ﬂuid
h
hot
i
interface
s
solid

as mixed convection in rectangular porous lid-driven cavities as in Sivasankaran and
Pan [4], Kumar et al. [5], and Vishnuvardhanarao and Das [6]. Nonroutine visualization of heat transport also has a space of investigation, as in Basak et al. [7] and
Kaluri et al. [8]. One of the developments in porous media is bounding the
ﬂuid-saturated porous medium by a solid wall(s) of different thermal conductivity
and, therefore, the coupled conduction-convection heat transfer cannot be ignored.
Hence, the interest in conjugate natural convection in porous media is originated.
Examples of such applications are found in solidiﬁcation processes, modern building
thermal insulators which are composed of two different thermal conductivities (solid
and ﬁbrous) materials, and cooling hot intrusions in a geological setting. From the
literature survey, it can be concluded that the history of this process started in the
1980s. The interest was regarding a vertical ﬁn embedded in a porous medium; the
ﬁn is either cylindrical, as in Liu et al. [9], or a plate ﬁn, as in Liu and Minkowycz
[10], Liu et al. [11], Liu and Minkowycz [12], Chen et al. [13], Pop et al. [14], and
Merkin and Pop [15]. Other studies regarding the effect of conduction in cavity walls
on the convection motion of ﬂuid-saturated porous media are reported in Acharya
et al. [16] and Shaw et al. [17]. The analytical study of Mbaye et al. [18] discussed
the effect of inclination of a porous cavity boarded by a ﬁnite thickness wall through
it in which the heat ﬂux is added for heating and cooling. Several different ﬂow
models, rather than the Darcy model, were relied on in their analysis. Kimura et al.
[19] reviewed conjugate natural convection heat transfer from various geometries in a
ﬂuid-saturated porous media. A simple formula for the average Nusselt number was
expressed by the Darcy-Rayleigh modiﬁed number and the average porous-solid
boundary temperature. The effect of the conductivity ratio of a porous cavity
composed of two horizontal conductive isothermal walls of ﬁnite thickness and two
vertical walls at different uniform temperatures was studied by Baytas et al. [20].
They indicated that the ﬂow characteristics were signiﬁcantly inﬂuenced by the conductivity ratio parameter.
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Vaszi et al. [21] developed three methods in order to investigate the phenomenon of conjugate free convection in a semi-inﬁnite porous media above a heated
ﬁnite plate. They showed that the thickness of the ﬁnite plate and the conductivity
ratio both play an important role in the heat transfer process in the boundary layer.
Saeid [22] studied conjugate natural convection-conduction heat transfer in a horizontally heated porous enclosure with a ﬁnite wall thickness. In most cases, he found
that either increasing the Rayleigh number or decreasing the thickness of the vertical
boundary wall can increase the average Nusselt number of the porous enclosure. In a
special case at low Rayleigh number and high conductivity ratio, he observed that
the average Nusselt number of the porous medium increases with increasing values
of the wall thickness. Hong et al. [23] studied a practical problem of the dynamic
stability associated with melting or solidiﬁcation. They found that the critical
Rayleigh number of the buoyancy-driven onset approached the well known
Lapwood value (4p2). Al-Amiri et al. [24] extended the problem of references [22]
by assuming the Forchheimer-Brinkman extended Darcy model. They established
a correlation for the average Nusselt number for a wide range of dimensionless
parameters. They found that the average Nusselt number was strongly dependent
upon the conductivity ratio, while it was a relatively weak function of the cavity
aspect ratio. Saleh et al. [25] investigated the effects of conduction in a bottom wall
on Darcy-Bénard convection in a square porous enclosure. They concluded that
contra-rotation cells and the strength of the circulation of each cell can be controlled
by Rayleigh number, conductivity ratio, and the wall thickness.
All of the surveyed literature above is concerned with regular geometries, such
as rectangular or square cavity. This motivated Varol et al. [26] to study the conjugate
heat transfer by natural convection and conduction in a triangular porous enclosure.
The heat comes from the ﬁnite thickness bottom wall and transferred from the cooled
inclined wall, while the vertical wall is kept adiabatic. Their analyses were based on
the Darcy model. Regarding the effect of the bottom thickness, similar results with
most previous cases were obtained. They found that the conductivity ratio became
effective when its value was greater than unity. Based on the survey above, the objective of this article is to consider steady natural convection–conduction heat transfer in
a two-dimensional porous cavity attached to a solid wall occupying one corner of the
square cavity, i.e., making an inclined interface between the solid and the ﬂuid saturated porous media. This geometry has not been considered before and, therefore, a
detailed numerical solution is sought to illustrate the new features of this problem.
The numerical results of this geometry are thought to be useful in controlling
the effect of wall thermal resistance in such industrial applications; particularly, the
solidiﬁcation process in porous media.
2. MATHEMATICAL MODELING
The problem under consideration is shown schematically in Figure 1. It is a
two-dimensional square domain, and the lower left corner is a solid wall like an isosceles triangular block with its bottom and vertical walls kept isothermally at higher
temperature Th. The inclined wall is in contact with a ﬂuid-saturated porous medium
forming the remainder domain. The outer boundaries of the porous domain are kept
adiabatic except for the right vertical wall where it is cooled at constant temperature
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Figure 1. Physical domain and coordinate system (color ﬁgure available online).

Tc. All the boundaries are assumed impermeable. The pores between the solid matrix
are assumed to be uniform and undeformable. The ﬂuid ﬁlling the pores is assumed
incompressible. Furthermore, a thermal equilibrium between the ﬂuid and the solid
matrix is assumed. The convective motion of the ﬂuid-saturated porous medium is
considered to satisfy the Darcy model and the Boussinesq approximation. The governing equations based on these assumptions can be written as follows.
Continuity
qu qv
þ
¼0
qx qy

ð1Þ

qu qv
bgK qTf

¼
qy qx
n qx

ð2Þ

Momentum (Darcy equation)

Energy (for ﬂuid)
qTf
qTf
q2 Tf q2 Tf
u
þv
¼a
þ
qx
qy
qx2
qy2

!
ð3Þ

Energy (for the solid wall)
q2 Ts q2 Ts
þ 2 ¼0
qx2
qy

ð4Þ
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where b is the thermal expansion coefﬁcient, K is the permeability of the porous
media, n is the ﬂuid kinematic viscosity, a is effective thermal diffusivity of the porous
medium, and the subscripts f and s stand for ﬂuid and solid walls, respectively.
Introducing the following dimensionless set: D ¼ d=L X ¼ x=L, Y ¼ y=L,
U ¼ uL=a, V ¼ vL=a, hf ¼ (Tf-Tc)=(Th-Tc), hs ¼ (Ts-Tc)=(Th-Tc), and the dimensionless deﬁnition of the stream function as: U ¼ qW=qY, V ¼ -qW=qX, the equation set
(Eqs. (1)–(4)) can be rewritten for the ﬂuid-saturated porous medium as follows.
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r2 W ¼ Ra

qhf
qX

ð5Þ

qW qhf qW qhf

¼ r 2 hf
qY qX qX qY

ð6Þ

r 2 hs ¼ 0

ð7Þ

For the solid wall

Where Ra is the Rayleigh number of the porous media, deﬁned as Ra ¼ gKb
(Th  Tc)L=na.
Equations (5)–(7) are subjected to the following boundary conditions.
. W ¼ 0 on the solid boundaries and on the solid wall.
. hf ¼ 0 on the right vertical wall, X ¼ 1, 0  Y  1.
. qhf=qY ¼ 0 on the top horizontal wall 0  X  1, Y ¼ 1, and on the horizontal
segment D  X  1.
. qhf=qX ¼ 0 on the left wall segment X ¼ 0, D  Y  1.
. hs ¼ 1 on the horizontal triangular wall, 0  X  D, Y ¼ 0, and on the vertical
triangular wall X ¼ 0, 0  Y  D.
At the interface between the solid triangular inclined wall and the ﬂuidsaturated porous medium, the equilibrium state is assumed to be veriﬁed; hence,
both the temperatures and the heat ﬂux are the same.
h f ¼ hs

and ks

qhf
qhs
¼ kf
qn
qn

or
qhf
qhs
¼ Kr
ð8Þ
qn
qn
Where n is the vector normal to the interface, and k is the thermal conductivity
and Kr ¼ kkfs is the thermal conductivity ratio.
The average Nusselt numbers of interest are calculated along the interface for
both the solid and porous mediums.
pﬃﬃ
Z 2D  
qhf
1
Nufi ¼  pﬃﬃﬃ
dS
ð9Þ
qn i
2D
0

CONJUGATE HEAT TRANSFER IN A POROUS CAVITY
pﬃﬃ
Z 2D  
1
qhs
Nusi ¼  pﬃﬃﬃ
dS
qn i
2D
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ð10Þ

0

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Where n ¼ dx2 þ dy2 , and S is a segment along the interface. From condition
(8), it is as follows.
Nuf ¼ KrNus

ð11Þ
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Due to energy balance, the average Nusselt number of the porous medium on
the right vertical wall is written as follows.

Nuf ¼ 

Z1 
0

qhf
qX


dY

ð12Þ

X ¼1

The next step is to formulate the equations above numerically.
3. NUMERICAL FORMULATION AND SOLUTION
The numerical solution of the governing equations (Eqs. (5)–(7)) has been
adopted, which is based upon a uniform grid ﬁnite difference method. All terms
(convective and diffusive terms) of Eqs. (5)–(7) were discretized according to the
second-order central scheme. A successive over relaxation (SOR) method was
followed. The overall square domain is divided into uniform and equal intervals
(DX ¼ DY), as shown in Figure 2. The values of the dimensionless solid wall D are
varied with care in such a way that the interface must be localized on grid nodes.
The boundary condition (8) is interpreted numerically by taking a three points backward temperature gradient for the solid wall, and a three points forward temperature
gradient through the porous media and since hf ¼ hs, the following difference equation is invoked to compute the interface temperature.

Figure 2. Computational domain and descretization (color ﬁgure available online).
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hi ði; jÞ ¼

4hf ði þ 1; j þ 1Þ  hf ði þ 2; j þ 2Þ þ Kr½4hs ði  1; j  1Þ  hs ði  2; j  2Þ
3ð1 þ KrÞ
ð13Þ

The Gauss-Seidel iteration procedure is followed in the solution. The iteration
is terminated when the following criterion is satisﬁed.


 vnew ði; jÞ  vold ði; jÞ 

  105
max

v ði; jÞ

ð14Þ
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v denotes any variable W, hf, or hs. Now, the choice of grid size requires some
effort. The suitable grid size was based on the veriﬁcation of energy balance through
the domain, i.e., Eq. (11), must be fulﬁlled at the interface; moreover, the average
Nusselt number calculated over the right wall, Eq. (12), must be equal to that of
the interface, Eq. (9). It is found that these conditions are sensitive to the Rayleigh
number. Figure 3 presents grid dependency behavior for Ra ¼ 1000, Kr ¼ 0.1, and
D ¼ 0.5. Accordingly, a grid size of 121  121 was chosen in the numerical solution.
However, this relatively very ﬁne grid size is necessary with the present geometry to
hold the condition of Eq. (11).
The numerical methodology was coded in FORTRAN, and to check its
validity, a comparison with selective data from the published literature was carried
out. An inclined solid wall with respect to the porous medium was not exactly found
in the literature. However, the comparison was made by resolving, using the present
code, three different cases, namely, conjugate Darcy-Bénard convection (Saleh et al.
[25]), conjugate horizontally heating (Saied [22]), and nominal convection, i.e., zero
wall thickness (Baytas and Pop [27]). The results are documented in Table 1, and it
is obvious that good agreement is obtained knowing that different numerical
techniques were followed in these three different works. As a result, the conﬁdence
in the present numerical solution is enhanced.

Figure 3. Grid size (Nx  Ny ¼ N  N) dependency for Ra ¼ 1000, Kr ¼ 0.1, and D ¼ 1.
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Table 1. Comparison of the average Nusselt numbers with other research

D

Kr

100
500
1000
1000
1000

0.0
0.1
0.4
0.2
0.5

–
0.44
2.4
0.1
1

3.16
–
–
–
–

Saeid [22]

Saleh et al. [25]

Present

Nuf

Nusi

Nuf

Nusi

Nuf

Nusi

–
2.333
3.511
–
–

–
5.292
1.458
–
–

–
–
–
0.446
1.566

–
–
–
4.46
1.566

3.05
2.334
3.49
0.451
1.578

–
5.296
1.454
4.51
1.578
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Ra

Baytas and
Pop [27]
Nu

Figure 4. Streamlines (left) and isotherm (right), Ra ¼ 800, D ¼ 0.5. (a) Kr ¼ 0.1, (b) Kr ¼ 2, and (c)
Kr ¼ 10.
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4. RESULTS AND DISCUSSION
Numerical results for the streamline and dimensionless temperature contours
are reported in this section. Variations of the average and local Nusselt numbers
are also presented here. These are tested against three groups of dimensionless parameters; Rayleigh number Ra (100-1000), thermal conductivity ratio Kr (0.1–10), and
the solid wall thickness D (0.05-1).
Figure 4 shows the effect of the conductivity ratio Kr on the streamlines (on the
left) and the isotherms (on the right) for Ra ¼ 800 and D ¼ 0.5. Generally, the ﬂuid
saturated in the porous medium closer to the inclined wall of the solid triangular
domain (interface line) is heated, becomes lighter, and moves up (Buoyancy effect)
to hold back from the horizontal adiabatic top wall to turn clockwise towards the

Figure 5. Streamlines (left) and isotherm (right); Ra ¼ 800, Kr ¼ 1. (a) D ¼ 0.05, (b) D ¼ 0.4, and (c) D ¼ 1.
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cold vertical wall, forming a circulating vortex. As shown in Figure 4, the strength of
the vortex is signiﬁcantly increased with increasing Kr. A plume-like distribution of
the streamline appears near the upper part of the interface surface for Kr ¼ 0.1, trying to generate a secondary vortex. This plume-like distribution is not observed with
increasing Kr. On the other hand, the isotherms of the ﬂuid-saturated porous
medium are mostly constant and weak for Kr ¼ 0.1, indicating weak convection.
Increasing Kr leads to higher and mostly parallel isotherms, which implies convection dominance. This phenomenon is attributed to the variation in the thermal resistance of the solid wall with the variation of Kr where at a lower value (Kr ¼ 0.1), the
solid wall acts as an insulator, while at a higher value (Kr ¼ 10) the added heat is
transferred to the porous medium with lesser thermal resistance. This can also be
characterized by increased interface temperature contours with increasing Kr.
The effect of the triangular wall thickness D on the streamlines and isotherms is
shown in Figure 5 for Ra ¼ 800 and Kr ¼ 1. This ﬁgure illustrate that the vortex is
diagonally elongated at a very low thickness (D ¼ 0.05), and vertically elongated at
a very high thickness (D ¼ 1). Moreover, uncommon behavior exists in this ﬁgure,
that is, the streamlines are strengthening to an extent of D value after which the
streamlines are weakening. This behavior is shown on the corresponding isotherms,
where they show convection dominance at D ¼ 0.4; otherwise, a considerable number
of isotherms are mostly parallel to the right vertical wall of the porous medium, as
shown in Figure 5c. To explain this uncommon behavior more, the average Nusselt
number is examined against the solid wall thickness D for Ra ¼ 1000 and different
values of Kr and displayed in Figure 6. It is clear from this ﬁgure that the average
Nusselt number of the porous medium Nuf is an increasing function of D only to
a certain limit i.e., the maximum Nuf occurs, say, at a critical value of D depending
on the values of Kr and Ra. The reason of this uncommon behavior is referred to that
for a given value of Ra and Kr, increasing the value of D increases two parameters.
The ﬁrst, is the thermal resistance of the solid wall, which in turn, reduces the

Figure 6. Variation of average Nusselt number in porous medium with D for different values of Kr at
Ra ¼ 1000.
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interface temperature; and the second is the length of interface surface, which in
turn, heats more quantity of the ﬂuid-saturated porous medium. Thus, the critical
value of D is that in which the interface surface effect overcomes the thermal
resistance effect.
For a given solid wall thickness D ¼ 0.5 and conductivity ratio Kr ¼ 1, the effect
of the Rayleigh number on the streamlines and isotherms is plotted in Figure 7. As
expected, strong circulation of the ﬂuid with ﬂattened isotherms and a denser boundary layer closer to the cold wall is attained with increasing the value of Ra from 150 to
500, and then to 1000. Further clariﬁcation of this phenomenon can be drawn from
Figure 8. This ﬁgure shows that when the solid wall acts as an insulator (Kr ¼ 0.1), the

Figure 7. Streamlines (left) and isotherm (right); D ¼ 0.5, Kr ¼ 1. (a) Ra ¼ 150, (b) Ra ¼ 500, and (c)
Ra ¼ 1000.
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Figure 8. Variation of average Nusselt number in porous medium with Ra for different values of Kr at
D ¼ 0.5.

effect of the Rayleigh number on Nuf is relatively limited. When Kr > 0.1, the Nuf
becomes an increasing function of Ra. This behavior has been noticed by many
researchers [22, 25, 26].
The effect of Kr on Nuf (Figure 9) and on the strength of the vortex jWmaxj
(Figure 10) are tested for various D values. Figure 9 depicts that Nuf increases rapidly within the range 0.1 < Kr < 1; then, a moderate increase is recorded. This ﬁgure
enhances the uncommon behavior of Nuf with D where it is seen that when Kr  5,
the greatest values of Nuf is recorded at D ¼ 0.8 rather than D ¼ 1. To some extent,
the behavior of jWmaxj shown in Figure 10 carries the same trend where when Kr < 1,
a sharp slope of jWmaxj is recorded for all values of D. After this range, i.e., when

Figure 9. Variation of average Nusselt number in porous medium with Kr for different values of D at
Ra ¼ 500.
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Figure 10. Variation of maximum stream function with Kr for different values of D at Ra ¼ 500.

Kr > 1, a slight increase of jWmaxj with Kr is observed. From this ﬁgure, a critical
value of D ¼ 0.8 is observed where the streamfunction is largely strengthened. When
D is set greater, the streamfunction is reduced due to space limitation of the porous
cavity. Nevertheless, with increasing Kr, the buoyancy takes its effect and enhances
the circulation strength when Kr  5, as shown in Figure 10.
The numerical results are terminated with the examination of the local Nusselt
number along the interface line. Figure 11 depicts the interface local Nusselt number
in the porous side (Nuﬁ ¼  qhf=qn) for different Kr, D ¼ 1, and Ra. The distinguished object of this ﬁgure is that the total heat transfer arises from the lower
part of the interface. This is because it is closer to two walls; the horizontal hot wall
of the triangular wall, which increases the interface temperature, and to the vertical
cold wall of the porous cavity, which results in a high temperature difference. Hence,
the overall energy contribution increases the Nuﬁ in this region rapidly. The conductivity of the solid wall also plays some role in increasing the temperature of the interface, as can be seen for Kr ¼ 10.

Figure 11. Variation of local Nusselt number along the interface. (a) Ra ¼ 500, D ¼ 1, and (b) Ra ¼ 1000,
D ¼ 0.5.
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5. CONCLUSION
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Conjugate natural convection-conduction heat transfer in a square ﬂuid ﬁlled
porous cavity heated by a solid isosceles triangular domain occupies its lower left
corner was studied numerically. The effect of the three dimensionless parameters,
Rayleigh number, solid to ﬂuid thermal conductivity, and triangular wall thickness
on the heat transfer and ﬂow characteristics, were presented graphically. The results
led to the following conclusions.
. An uncommon effect of the solid wall thickness D was observed, where increasing,
it had two contrary effects. These are: increasing the thermal resistance (reduction
of heat transfer), and increasing the contact interface (enhancement of heat
transfer).
. The total heat transfer in the ﬂuid-saturated porous cavity resulted from the
contribution of the lower part of the interface line.
. A very small value of the conductivity ratio (insulator solid wall) qualiﬁed the
effect of both Rayleigh number and even the solid wall thickness. The effect of
Ra and D became noticeable when Kr > 0.1.
. A sequence effect of the Rayleigh number on the heat and ﬂuid ﬂow was recorded
where the average Nusselt number and circulation strength were increasing functions with Ra.
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