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The problem of steady, laminar, coupled heat and mass transfer by MHD free
convective boundary-layer flow along a vertical flat plate with the combined effects
of streamwise sinusoidal variations of both the surface temperature and the species
concentration in the presence of Soret and Dufour effects is considered. A suitable set
of dimensionless variables is used to transform the governing equations of the problem
into a non-similar form. The resulting non-similar equations have the property that
they reduce to various special cases previously considered in the literature. An
adequate and efficient implicit, tri-diagonal finite difference scheme is employed for
the numerical solution of the obtained equations. Various comparisons with previously
published work are performed and the results are found to be in excellent agreement.
A representative set of numerical results for the velocity, temperature, and concentration profiles as well as the surface shear stress, rate of heat transfer, and the rate of
mass transfer is presented graphically for various parametric conditions and is discussed. © 2012 Wiley Periodicals, Inc. Heat Trans Asian Res, 42(2): 100–110, 2013;
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1. Introduction
Coupled heat and mass transfer finds applications in a variety of engineering applications,
such as the migration of moisture through the air contained in fibrous insulation, grain storage
installations, filtration, and chemical catalytic reactors, and in processes such as spreading of chemical
pollutants in plants and diffusion of medicine in blood veins. Free convection flow of an incompressible viscous fluid past an infinite or semi-infinite vertical plate has been studied so long because of
its technological importance. Many studies that considered combined heat and mass transfer in natural
convection boundary-layer flows over heated surfaces with various geometries can be found in the
monograph by Gebhart el al. [1]. Callahan and Marner [2] solved the problem of transient free
© 2012 Wiley Periodicals, Inc.
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convection with mass transfer on an isothermal vertical plate using an explicit finite difference
scheme. Unsteady free convective flow taking into account the mass transfer phenomenon past an
infinite vertical porous plate with constant suction was studied by Soundalgekar and Wavre [3].
Soundalgekar [4] studied the effects of mass transfer and free convection currents on the flow past an
impulsively started vertical plate. In these studies, the magnetohydrodynamic effect is ignored.
However, in metallurgical transport systems, by drawing plates in an electrically conducting fluid
subjected to a transverse magnetic field, the rate of cooling can be controlled and the final desired
characteristics can be further refined. Magnetohydrodynamic flows have applications in meteorology,
solar physics, cosmic fluid dynamics, astrophysics, geophysics, and in the motion of the earth’s core.
Shanker and Kishan [5] presented the effect of mass transfer on the MHD flow past an impulsively
started infinite vertical plate. Chamkha [6] considered the problem of MHD natural convection from
an isothermal inclined plate embedded in a thermally stratified porous medium. Elabashbeshy [7]
studied heat and mass transfer along a vertical plate in the presence of a magnetic field. Chamkha and
Khaled [8] investigated the problem of coupled heat and mass transfer by hydromagnetic free
convection from an inclined plate in the presence of internal heat generation or absorption. Chen [9]
studied the heat and mass transfer characteristics of MHD natural convection flow over an inclined
surface with variable wall temperature and concentration. Rashad [10] studied heat and mass transfer
by MHD free convection over a vertical flat plate embedded in a porous medium. Rashad et al. [11]
studied the problem of the magnetohydrodynamic free convective heat and mass transfer of a fluid
adjacent to a vertical stretching surface embedded in a porous medium. Chamkha et al. [12] studied
the coupled heat and mass transfer by MHD natural convection boundary-layer flow over a permeable
truncated cone with variable surface temperature and concentration.
In all these studies, the Soret and Dufour effects are assumed to be negligible. Such effects
are significant when density differences exist in the flow regime. For example, when species are
introduced at a surface in the fluid domain, with different (lower) density than the surrounding fluid,
both Soret and Dufour effects can be significant. Also, when heat and mass transfer occur simultaneously in a moving fluid, the relations between the fluxes and the driving potentials are of a more
intricate nature. It has been found that an energy flux can be generated not only by temperature
gradients but by composition gradients as well. The energy flux caused by a composition gradient is
called the Dufour or diffusion-thermo effect. On the other hand, mass fluxes can also be created by
temperature gradients and this is the Soret or thermal-diffusion effect. The thermal-diffusion (Soret)
effect, for instance, has been utilized for isotope separation, and in mixtures between gases with very
light molecular weight (H2, He) and those of medium molecular weight (N2, air), the diffusion-thermo
(Dufour) effect was found to be of such a considerable magnitude that it cannot be ignored (Eckert
and Drake [13]). In view of the importance of these above mentioned effects, Dursunkaya and Worek
[14] studied diffusion-thermo and thermal-diffusion effects in transient and steady natural convection
from a vertical surface, whereas Kafoussias and Williams [15] studied the same effects on mixed
free-forced convective and mass transfer boundary-layer flow with temperature-dependent viscosity.
Anghel et al. [16] investigated the Dufour and Soret effects on the free convection boundary layer
over a vertical surface embedded in a porous medium. Postelnicu [17] studied numerically the
influence of a magnetic field on heat and mass transfer by natural convection from vertical surfaces
in porous media considering Soret and Dufour effects. Recently, the thermal-diffusion and diffusionthermo effects on heat and mass transfer by magnetohydrodynamic (MHD) mixed convection
stagnation-point flow of a power-law fluid towards a stretching surface in the presence of a magnetic
field effect was studied by EL-Kabeir et al. [18].
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Hence, the purpose of the present work is to study the coupled heat and mass transfer by MHD
natural convection boundary-layer flow over a vertical flat plate with the combined effects of
streamwise sinusoidal variations of both the surface temperature and the species concentration in the
presence of Soret and Dufour effects. The governing boundary-layer equations have been transformed
into a non-similar form, and these have been solved numerically. The effects of magnetic field, Soret
and Dufour, combined buoyancy parameter, and the relative amplitude of the surface temperature and
species concentration variations on the velocity, temperature, and concentration profiles as well as
the surface shear stress, rate of heat transfer, and the rate of mass transfer have been shown graphically
and are discussed.
2. Governing Equations
Consider steady, laminar, heat and mass transfer by natural convection and boundary-layer
flow of a viscous, incompressible and electrically conducting fluid along a vertical flat plate with the
combined effects of streamwise sinusoidal variations of both the surface temperature and the species
concentration in the presence of Soret and Dufour effects. The heated surface of the plate is_maintained
at a steady temperature_ and steady concentration T = T∞ + (Tw − T∞)(1 + asin(πx / L)), C =
C∞ + (Cw − C∞)(1 + asin(πx / L)) where T∞ and C∞ are the ambient temperature and concentration far
away from the surface of the plate and Tw and Cw are the mean temperature and mean concentration
with Tw > T∞ and Cw > C∞, where a is the relative amplitude of the surface temperature and species
concentration variations, and 2L is the wave length of the variations. The magnetic Reynolds number
is assumed to be small so the induced magnetic field is neglected. In addition, the Hall effect and the
electric field are assumed negligible. The small magnetic Reynolds number assumption uncouples
the Navier–Stokes equations from Maxwell’s equations. With the introduction of Boussinesq and
boundary-layer approximations, the equations governing the steady state conservation of mass,
momentum, the heat transfer, and the species mass transfer processes can be written as follows (Rees
[19] and Roy and Hossain [20]):
(1)
(2)

(3)

(4)
_ _
_ _
where (u, v) are the velocity components along the (x, y) directions. Here T and C are the fluid
temperature, and species concentration, respectively. While g1, ρ, α, Dm, βT, and βC are the
gravitational acceleration, kinematic viscosity, thermal diffusivity, mass diffusivity, coefficient
of thermal expansion, and coefficient of concentration of expansion, respectively. Then σ and
B0 are the electrical conductivity and magnetic induction, respectively, while cp, Tm, KT, and cs
are the specific heat at constant pressure, mean fluid temperature, thermal diffusion ratio, and
concentration susceptibility.
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The corresponding boundary conditions for this problem can be written as:
(5a)
(5b)
It is convenient to non-dimensionalize and transform Eqs. (1) through (4) by using

(6)

Substituting Eqs. (6) into Eqs. (1)–(5) yields the following non-similar equations and boundary conditions:
(7)

(8)

(9)

(10)

(11a)
(11b)
σB20L2 / µGr1L / 2 is the Hartmann number, Pr

= υ / α and Sc = υ / Dm are the Prandtl number
where Ha =
and Schmidt number, respectively. Df = DmkT(Cw − C∞) / ncpcs(Tw − T∞) is the Dufour number,
Sr = DmkT(Tw − T∞) / υTm(Cw − C∞) is the Soret number, and w = GrC / (GrT + GrC) = N / (1 + N) is the
combined buoyancy parameter where N = GrC / GrT measures the relative importance of solutal and
thermal diffusion in causing the density changes which drive the flow. It is to be noted that N = 0 (i.e.,
w = 0) corresponds to no species diffusion and N → ∞ (i.e., w → 1) to no thermal diffusion. Positive
values of N correspond to both effects combining to drive the flow whereas negative values correspond
to opposing effects from these two diffusing components.
As the equations are two-dimensional, we define a stream function ψ in the usual way
u = ∂ψ / ∂y, v = −∂ψ / ∂x and therefore, Eq. (7) is satisfied automatically. Guided by the familiar
non-similar form corresponding to both a uniform surface temperature and concentration, we use the
substitution
(12)
into Eqs. (7) through (11) to yield:
(13)
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(14)

(15)

The transformed boundary conditions become:

(16)
The physical quantities of principle interest are the surface shear stress, rate of heat transfer,
and the rate of mass transfer, respectively. These can be written as
(17)
Using the variables (6), (12) and the boundary conditions (16) into Eqs. (17), we get

3. Numerical Method

The problem represented by Eqs. (13)–(16) is nonlinear and has no closed-form solution.
Therefore, it must be solved numerically. The implicit, tri-diagonal, finite-difference method discussed by Blottner [21] has proven to be adequate for the accurate solution of boundary-layer
equations. For this reason, it is adopted in this work. All first-order derivatives with respect to ξ are
replaced by two-point backward difference quotients while the derivatives with respect to η are
discretized using three-point central-difference quotients and, as a consequence, a set of algebraic
equations results at each line of constant ξ. These algebraic equations are then solved by the
well-known Thomas algorithm (see Blottner [21]) with iteration to deal with the non-linearities of
the problem. When the solution at a specific line of constant ξ is obtained, the same solution procedure
is used for the next line of constant ξ. This marching process continues until the desired value of ξ is
reached. At each line of constant ξ, when f′ is known, the trapezoidal rule is used to solve for f. The
convergence criterion employed was based on the relative difference between the current and the
previous iterations. When this difference reached 10–5, the solution was assumed converged and the
iteration procedure was terminated. Constant step sizes in the ξ direction were used whereas variable
step sizes in the η direction were utilized in order to accommodate the sharp changes in the dependent
variables especially in the immediate vicinity of the truncated cone surface. The (ξ, η) computational
domain consisted of 1001 and 196 points, respectively. The initial step sizes in ∆ξ1 and ∆η1 were
taken to be equal to 2 × 10–2 and 10–3, respectively, and the growth factor for the η direction was
taken to be 1.0375. This gave ξ∞ = 20 and η∞ = 35. These values were found to give accurate
grid-independent results as verified by the comparisons mentioned below.
In order to access the accuracy of the numerical results, a comparison with previously
published work for (Ha = Df = Sr = 0) is performed. This comparison is presented in Fig. 1. It is
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Fig. 1. Comparison between present work and Roy and Hossain [20] for Ha = 0.0, Sr = 0.0, and Df
= 0.0.
obvious from this figure that excellent agreement between the results exist. This favorable comparison
lends confidence in the graphical results reported in the next section.
4. Results and Discussion
In this section, a representative set of numerical results for the velocity, temperature, and
concentration profiles as well as the local skin-friction coefficient, local Nusselt number, and the local
Sherwood number is presented graphically in Figs. 2 through 13. These results illustrate the effects
of the Hartmann number Ha, relative amplitude of the surface temperature, and species concentration
variations a, Dufour number Df, and the Soret number Sr. Throughout the calculations, the conditions
are intended for a fluid with a Prandtl number Pr = 0.7 which represents air at 20 °C and 1 atmosphere,
polluted by hydrogen (Sc = 0.22). The values of the corresponding Dufour number and Soret number
are chosen in such a way that their product is constant provided the mean temperature Tm is kept
constant as well.
Figures 2 to 4 present typical profiles for the velocity along the plate f′, temperature g, and
concentration h for two different values of the Hartmann number Ha and various values of the relative
amplitude of the temperature and species concentration variations a, respectively. Application of a
magnetic field normal to the flow of an electrically conducting fluid gives rise to a resistive force
called the Lorentz force which acts in the direction opposite to that of the flow. This resistive force
tends to slow down the motion of the fluid along the plate and causes increases in its temperature and
solute concentration. On other hand, it is seen that all of the velocity, temperature, and concentration
profiles increase significantly with increases in the relative amplitude of the temperature and species
concentration variations a. This arises because relatively high surface temperatures and species
concentration induce relatively large upward fluid velocities with the consequent increase in the rate
entrainment into the boundary layer.
Figures 5 to 7 illustrate the effects of the Hartmann number Ha and the relative amplitude of
the temperature and species concentration variations a on the development of the surface shear stress
(or f″(ξ, 0)), rate of heat transfer (or g′(ξ, 0)), and the rate of mass transfer (or h′(ξ, 0)), respectively.
It can be observed that there are two opposite behaviors for the local skin-friction coefficient and both
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Fig. 2. Effects of Ha and a on velocity profiles.

Fig. 3. Effects of Ha and a on temperature
profiles.

the local Nusselt number and the local Sherwood number. These behaviors are represented by the
increases in both of the rates of heat and mass transfer and the decrease in the surface shear stress as
a result of increasing the Hartmann number. Further, it can be seen that the increase of the relative
amplitude of the temperature and species concentration variations a causes increases in all of the
surface shear stress, rate of heat transfer, and the rate of mass transfer. Moreover, it is also observed
that the amplitude of oscillation of the shear stress curves decays slowly while the amplitudes of
oscillations of both the rate of heat transfer and the rate of mass transfer increase as ξ increases. Indeed,
the curves in Figs. 5–7 show that whatever the value of a, there will always be a value of ξ beyond
which some part of the rate of heat transfer and the rate of mass transfer curves between successive
surface temperature maxima will be positive.
Figures 8 to 10 show the effects of the Dufour number Df and the Soret number Sr on the
velocity, temperature, and concentration profiles for two values of the combined buoyancy parameter
w, respectively. It should be noted that the parameter w measures the relative importance of solutal
and thermal diffusion in causing the density changes which drive the flow. It is also to be noted that
the condition w = 0 corresponds to no species diffusion and the condition as w → 1 corresponds to

Fig. 4. Effects of Ha and a on concentration
profiles.

Fig. 5. Effects of Ha and a on the surface shear
stress.
106

Fig. 6. Effects of Ha and a on the rate of heat
transfer.

Fig. 7. Effects of Ha and a on the rate of mass
transfer.

no thermal diffusion. Increasing the combined buoyancy parameter w has a tendency to accelerate the
flow causing its velocity to increase while it produces decreases in both the temperature and
concentration profiles. It is also observed that as w increases, the distinctive peak or maximum point
in the velocity profile tends to move away from the surface. On other hand, it is noticed that as Sr
increases (or Df decreases) the concentration profiles increase while the temperature profiles decrease.
This behavior is a direct consequence of the Soret effect which produces a mass flux from lower to
higher solute concentration driven by the temperature gradient. Moreover, when w = 1 and Df is high
enough, the thermal and the solutal buoyancy forces combine their actions to enhance the convection
velocity, which leads to an increase in the velocity of the fluid, whereas the opposite behavior is
predicted when w = 0.
The effects of both the Dufour number Df and the Soret number Sr on the development of the
surface shear stress f″(ξ, 0), rate of heat transfer g′(ξ, 0), and the rate of mass transfer h′(ξ, 0) for
various values of the buoyancy parameter w are displayed in Figs. 11–13, respectively. From these
figures, it can observed that as the Dufour number Df increases (Sr decreases), both the surface shear
stress and the rate of heat transfer increase slightly, while the rate of mass transfer decreases weakly.

Fig. 8. Effects of w, Df, and Sr on velocity
profiles.

Fig. 9. Effects of w, Df, and Sr on temperature
profiles.
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Fig. 10. Effects of w, Df, and Sr on
concentration profiles.

Fig. 11. Effects of w, Df, and Sr on the surface
shear stress.

This is because either an increase in the temperature difference or a decrease in the concentration
difference leads to an increase in the value of Df resulting in trends similar to the above observation.
Similarly, either an increase in the concentration difference or a decrease in the temperature difference
leads to an increase in the value of the Soret number Sr. Therefore, increasing the parameter Sr causes
decreases in the surface shear stress f″(ξ, 0) and the rate of heat transfer g′(ξ, 0) while it produces
increases in the rate of mass transfer h′(ξ, 0). However, it should be mentioned that the rate of shear
stress increases with increasing values in the buoyancy parameter w whereas the opposite effect is
produced with the rate of heat transfer and the rate of mass transfer. In addition, for a given value of
w, the amplitude of oscillation of the local surface shear stress curves are higher close to ξ = 0 and
decreases as ξ increases. On the other hand, the amplitudes of oscillations of both the rate of heat
transfer and the rate of mass transfer increase as ξ increases. Finally, it can be seen that the effect of
the buoyancy parameter w on the rate of heat transfer and the rate of mass transfer are considerably
less because the flow is induced almost entirely by thermal buoyancy and produces a very effective
species diffusion at very low concentration.

Fig. 12. Effects of w, Df, and Sr on the rate of
heat transfer.

Fig. 13. Effects of w, Df, and Sr on the rate of
mass transfer.
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5. Conclusion
The problem of coupled heat and mass transfer by MHD free convective boundary-layer flow
along a vertical flat plate with the combined effects of streamwise sinusoidal variations of both the
surface temperature and the species concentration in the presence of magnetic field, Soret, and Dufour
effects is considered. A set of non-similar governing differential equations was obtained and solved
numerically by an implicit finite-difference methodology. Comparisons with previously published
works on a special case of the general problem was performed and the results were found to be in
excellent agreement. A representative set of numerical results for the velocity, temperature, and
concentration profiles as well as the surface shear stress, rate of heat transfer, and the rate of mass
transfer was presented graphically and discussed. It was found that both the rate of heat transfer, and
the rate of mass transfer increased while the shear stress decreased as the magnetic Hartmann number
was increased. Furthermore, it was found that owing to the increase of the relative amplitude of the
temperature and species concentration variations, the surface shear stress, rate of heat transfer, and
the rate of mass transfer all increased. In addition, it was observed that both the shear stress and the
rate of mass transfer were found to increase slightly while the rate of mass transfer decreased as the
Dufour number increased or the Soret decreased. It should be mentioned that the shear stress increased
with increases in the value of the combined buoyancy parameter whereas the opposite effect was
obtained for the rates of heat and mass transfer.
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