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a b s t r a c t

The conjugate natural convectioneconduction heat transfer in a square domain composed of nanofluids
filled porous cavity heated by a triangular solid wall is studied under steady-state conditions. The vertical
and horizontal walls of the triangular solid wall are kept isothermal and at the same hot temperature Th.
The other boundaries surrounding the porous cavity are kept adiabatic except the right vertical wall
where it is kept isothermally at the lower temperature Tc. Equations governing the heat transfer in the
triangular wall and heat and nanofluid flow, based on the Darcy model, in the nanofluid-saturated
porous medium together with the derived relation of the interface temperature are solved numeri-
cally using the over-successive relaxation finite-difference method. A temperature independent nano-
fluids properties model is adopted. Three nanoparticle types dispersed in one base fluid (water) are
investigated. The investigated parameters are the nanoparticles volume fraction 4 (0e0.2), Rayleigh
number Ra (10e1000), solid wall to base-fluid saturated porous medium thermal conductivity ratio Kro

(0.44, 1, 23.8), and the triangular wall thickness D (0.1e1). The results are presented in the conventional
form; contours of streamlines and isotherms and the local and average Nusselt numbers. At a very low
Rayleigh number Ra ¼ 10, a significant enhancement in heat transfer within the porous cavity with 4 is
observed. Otherwise, the heat transfer may be enhanced or deteriorated with 4 depending on the wall
thickness D and the Rayleigh number Ra. At high Rayleigh numbers and low conductivity ratios, critical
values of D, regardless of 4, are observed and accounted.

� 2012 Elsevier Masson SAS. All rights reserved.

1. Introduction

About a decade ago, the field of nanofluids has received
attracted attention in engineering applications. In engineering,
a nanofluid refers to nanometer-sized metallic or non-metallic
particles dispersed in a base fluid having relatively low thermal
conductivity likewater and ethylene glycol in order to obtain a fluid
with improved thermo-physical properties. For example, it was
reported [1] that the use of high thermal conductive nanofluids in
a radiator can lead to a reduction in the frontal area of the radiator
up to 10%. Also, the fuel saving is up to 5% due to a reduction in
aerodynamic drag, where the radiator can be placed elsewhere in
the vehicle and as a result, the vehicle can be redesigned with less
aerodynamic drag. Extensive applications of nanofluids are found
in industry like enhancement of heat dissipation from electronic
components, improving the efficiency of thermal management

system, industrial cooling systems, heating or cooling buildings,
cooling nuclear system, energy storage system (solar absorber) and
improvements of lubricants. However, the most important feature
of nanofluids in industry is the energy saving and emissions
reduction, hence, the environmental pollutants could be reduced.
Excellent reviews of nanofluids applications are presented with
some details in [2]. Most of these applications are simulated as
natural convection inside enclosures of different geometries. The
history of nanofluids investigation may refer to Choi and Eastman
[3] where the term “nanofluids” was firstly introduced. Their
theoretical study was as “hope” of heat transfer enhancement and
actually their estimations concluded that dramatic reductions in
heat exchanger pumping power could be obtained by dispersing
cupper nanoparticles in water. Pak and Cho [4] investigated
experimentally the turbulent friction and heat transfer behavior of
dispersed fluids (nanofluids term was not activated at that time).
Their most relevant result was that the Nusselt number increased
with increasing of volume concentration. However, they found that
the convective heat transfer coefficient of the dispersed fluid at
a certain volume fraction was 12% smaller than that of pure water.
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Therefore, they proposed that a better selection of nanaoparticles
should be taken into account. Since then, a series of experimental
studies was conducted and published as in [5e9]. Putra et al. [5]
reported a systematic and definite deterioration in natural
convection heat transfer of nanofluids inside a horizontal cylinder
and no clear reason of this deterioration was given. Wen and Ding
[6] reported that the enhancement of convective heat transfer of
nanofluids made of g-Al2O3 and de-ionized water was particularly
significant in the entrance region of a laminar flow region of copper
tube. Choi et al. [7] reported that a volume fraction of 0.5% of AlN
(Aluminum Nitride) nanoparticles dispersed in transformer oil can
increase the thermal conductivity by 8% and the overall heat
transfer coefficient by 20%. Ho et al. [8] studied the natural
convection of water-Al2O3 nanofluids filled three sizes of vertically
square enclosures. Fedele et al. [9] studied the effect of dispersion
process and dispersants type on the stability of nanofluids.
However, the Agronne National Laboratory can be considered as
a source of countless experimental studies listed in [1]. Due to their
extent applications and progressively developing published works

Nomenclature

D dimensionless triangular wall thickness
g gravitational field (m s�2)
k thermal conductivity (W m�1 K�1)
K permeability of porous medium (m2)
Kr triangular wall to nanofluid thermal conductivity ratio

Kr ¼ kw/knf
Kro triangular wall to base fluid thermal conductivity ratio

Kro ¼ kw/kf
L square cavity wall length (m)
n normal vector
Nunf average Nusselt number over the right cold wall
Nunfi average Nusselt number over the interface line.
Nui local Nusselt number along the interface line
Ra Rayleigh number Ra ¼ gKrf bf ðTh � TcÞL=ðmf af Þ
s segment along the interface line
T temperature (K)
u velocity component along x-direction (m s�1)
v velocity component along y-direction (m s�1)
U dimensionless velocity component along x-direction

V dimensionless velocity component along y-direction
x,y Cartesian coordinates (m)
X,Y dimensionless Cartesian coordinates

Greek symbols
a thermal diffusivity (m2 s�1)
b thermal expansion coefficient (K�1)
4 nanoparticles volume fraction
m dynamic viscosity (Pa s)
q dimensionless temperature
r density (kg m�3)
J dimensionless stream function

Subscripts
c cold
f fluid
h hot
i interface
nf nanofluid
p solid nanoparticles
w wall

Fig. 1. Physical domain and coordinate system.

Fig. 2. Computational domain and discretization.
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concern with nanofluids, many researchers published review
papers as in [2,10e12].

Focusing more into enclosures filled nanofluids; Khanafar et al.
[13] studied the variances among different nanofluid models based
on the physical properties of Cuewater inside differentially heated
rectangular enclosures. They reported that the variants among the
models for nanofluid density have substantial effect on heat
transfer rate at a given Grashof number. The same geometry of [13]
was studied by Khodadadi and Hosseinizadeh [14] but they
directed the problem to be concerning with enhancing the thermal
conductivity of phase change materials. Tiwari and Das [15] studied
mixed convection inside two-sided lid-driven differentially heated
square cavity. One of their conclusions was that nonoparticles were
able to change the flow pattern of fluid from natural to forced
convection regime. Santra et al. [16] considered the problem of
differentially heated square cavity by considering the nanofluid as
a non-Newtonian fluid. Their novel result showed a considerable
decrease in heat transfer for increase of solid volume fraction for
any Rayleigh number. Abu-Nada et al. [17] considered various
nanofluids inside horizontal concentric annuli. They showed that at
intermediate value of Rayleigh number with low thermal conduc-
tive nanparticles, the Nusselt number decreased with solid volume
fraction. The annuli of two differentially heated square ducts filled
with TiO2ewater nanofluid were investigated by Arefmanesh et al.
[18].

However, recently, studies of nanofluids filled enclosures are
found for many different geometries and with different models and

subjected to various boundary conditions. Some of these studies
considered the variable properties of nanofluids such as Abu-Nada
[19,20], Abu-Nada and Chamkha [21], Abu-Nada et al. [22], Lin and
Violi [23]. The effects of inclined enclosure are studied by Abu-Nada
and Oztop [24], and Oztop et al. [25]. A variety of enclosure
geometries also finds a place in this field of investigation such as
the work on the triangular geometry by Aminossadati and Ghasemi
[26], the trapezoidal geometry by Saleh et al. [27], the C-shaped
geometry by Mahmoodi and Hashemi [28], and the vertical wavy
walls geometry by Esmaeilpour and Abdollahzadeh [29]. The
effects of internal fins (or heater) and conjugate heat transfer were
studied by Mahmoodi [30], Mahmoudi et al. [31], Mahmoudi et al.
[32] and Shahi et al. [33]. The problem of lid-driven cavity heated by
two finite heat sources on the bottom and sidewalls was studied by
Salari et al. [34].

At this point, it is worth it to mention two matters; namely that
all of the above surveyedworks dealt with viscous clear fluids (non-
porous media) and that most of them reported that it was not
always true that increasing the volume fraction of solid particles
enhanced the heat transfer rate. A relatively small number papers
dealing with nanofluids saturated in porous media were published;
and most of these papers studied the boundary layer flow. Nield
and Kuzentov [35] examined the influence of nanoparticles natural
convection past a vertical plate. Ahmed and Pop [36] studied
numerically the mixed convection boundary layer flow of the same
problem of [35] using three different nanoparticles based on the
conventional model of Tiwari and Das [15] which incorporates only
the nanofluid volume fraction. Gorla and Chamkha [37] considered
natural convection boundary layer over a non-isothermal flat plate
embedded in a porous medium. The natural convection boundary-
layer flow about a sphere embedded in porous media was consid-
ered by Chamkha et al. [38]. More recently, Cimpean and Pop [39]
studied fully developed steady-state mixed convection flow of
nanofluids in an inclined porous channel. Hajipour and Dehkordi
[40] considered mixed convection heat transfer of nanofluids based
on the Brownian motion and thermophoresis in a vertical channel
partially filled with highly porous medium using the Brinkmane
Forchheimer model. Cheng [41] considered the studies of [37]
and [38] but for a truncated cone. However, the sole work of
nanofluids in a cavity-filled porous media is that of Sun and Pop
[42], where they considered a triangular enclosure heated by a wall
heater and filled with a porous medium and saturated with three
different nanofluids. Their numerical study was based on the
nanofluids model of [15] and the Darcy model for porous media.

Fig. 3. Grid dependency test (grid size ¼ N � N).

Table 1
Comparison of the average Nusselt numbers with other works e conjugate cases,
pure fluid (4 ¼ 0).

Ra D Kr Nu

Saeid [45] Saleh et al. [44] Present

500 0.1 0.44 2.333 e 2.334
1000 0.4 2.4 3.511 e 3.49
1000 0.2 0.1 e 0.446 0.451
1000 0.5 1 e 1.566 1.578

Table 2
Comparison of the average Nusselt number with nanofluid saturated in porous
triangular enclosure, Sun and Pop [42].

Ra 4 Nunf

Sun and Pop [42] Present

500 0 9.66 9.52
500 0.1 9.42 9.44
1000 0 13.9 13.6
1000 0.2 12.85 12.82

Table 3
Thermo physical properties of base fluid and nanoparticles [17].

Physical property Base fluid (water) Cu Al2O3 TiO2

Cp (J/kg/K) 4179 385 765 686.2
r (kg/m3) 997.1 8933 3970 4250
k (W/m/K) 0.613 401 40 8.9538
b � 10�5 (1/K) 21 1.67 0.85 0.9
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They also recorded in some circumstances the adverse relation
between the Nusselt number and solid volume fraction i.e.
decreasing of Nusselt number with the increase in the solid volume
fraction.

Thus, what motivates us to continue in the field of natural
convection in enclosures filled with nanofluids saturated porous
media is the rareness of published works and hence, the incom-
plete views regarding this field of investigation which has an
important role in biomedical applications. Moreover, the present
authors are more interested in the conjugate conductione

convection heat transfer features. Therefore, the present study
considers steady conjugate conductioneconvection inside a square
cavity, filled with a nanofluid-saturated porousmedium and heated
by a triangular solid wall occupying one corner of the square cavity
i.e. making an inclined interface between the solid and the
nanofluid-saturated porous medium. The numerical results of this
geometry are thought to be useful in control and suppression of
what is called bioconvection i.e. in controlling or suppression
mixing between living and dead cells in suspensions of up swim-
ming mobile microorganisms.

Fig. 4. Contours of streamlines (a) and isotherms (b) for Cuewater nanofluids, Kro ¼ 23.8, D ¼ 0.4 and Ra ¼ 10.
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2. Mathematical modeling

Fig. 1 is a schematic illustration of the problem under consid-
eration. It is a two-dimensional square domain with length L, the
lower left corner is a solid wall like an isosceles triangular block
with its bottom and vertical walls, with length d, kept isothermally
at higher temperature Th. The length d is varied in such a way to
keep the overall domain as a square. The inclined wall of the
triangular wall is in contact with the contents-saturated porous
medium forming the remainder domain. The outer boundaries of
the porous domain are kept adiabatic except the right vertical wall
where it is cooled at constant temperature Tc. All of the boundaries

are assumed impermeable. The pores between the solid matrix are
assumed to be uniform and undeformable. The fluid filling the
pores is composed of a base fluid (water) and nanoparticles forming
a nanofluid. They (the base fluid and the nanoparticles) are
assumed to be in thermal equilibrium and no slip occurs between
them. This nanofluid is assumed incompressible. Also, a thermal
equilibrium between the nanofluid and the solid matrix is assumed
to exist. The convective (slow) motion of the nanofluid in the
saturated porous medium is considered to satisfy the Darcy model
and the Boussinesq approximation. The governing equations based
on these assumptions together with adopting Tiwari and Das [15]
nanofluid model can be written as:

Fig. 5. Contours of streamlines (a) and isotherms (b) for Cuewater nanofluids, Kro ¼ 23.8, D ¼ 0.4 and Ra ¼ 500.
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Continuity:

vu
vx

þ vv

vy
¼ 0 (1)

Momentum (Darcy equation)

vu
vy

� vv

vx
¼ �

gK
�
4rpbp þ ð1� 4Þrf bf

�
mnf

vTnf
vx

(2)

Energy (for nanofluid)

u
vTnf
vx

þ v
vTnf
vy

¼ anf

 
v2Tnf
vx2

þ v2Tnf
vy2

!
(3)

Energy (for the solid wall)

v2Tw
vx2

þ v2Tw
vy2

¼ 0 (4)

where b is the thermal expansion coefficient, r is the density, K is
the permeability of the porous medium, m is the dynamic viscosity,
a is thermal diffusivity of the porousmedium and 4 is nanoparticles
volume fraction. The subscripts p, f, nf, and w stand for solid
nanoparticles, base fluid, nanofluid, and triangular wall, respec-
tively. Numerous formulations for the thermo-physical properties
of nanofluids are proposed in the literature. In the present study,
we are adopting the relations which depend on the nanoparticles
volume fraction only and which were proven and used in many
previous studies as follows:

Thermal diffusivity (Abu-Nada [19]):

anf ¼ knf�
rCp
�
nf

(5)

Heat capacity (Khanafer et al. [13]):

�
rCp
�
nf ¼ ð1� 4Þ�rCp�f þ 4

�
rCp
�
p (6)

Thermal conductivity, based on Maxwell-Garnetts

knf ¼
�
kp þ 2kf

�
� 24

�
kf � kp

�
�
kp þ 2kf

�
þ 4

�
kf � kp

� kf (7)

Viscosity (Brinkman [43])

mnf ¼ mf

ð1� 4Þ2:5
(8)

where k and (rCp) represent the thermal conductivity and heat
capacity, respectively. The limitations of Maxwell-Garnetts model
are that the nanoparticles should be spherical in shape and with
low volumetric fraction.

Introducing the following dimensionless set: D ¼ d/L, X ¼ x/L,
Y ¼ y/L, U ¼ uL/af, V ¼ vL/af, qnf ¼ (Tnf � Tc)/(Th � Tc), qw ¼ (Tw � Tc)/
(Th � Tc), and the dimensionless definition of the stream function
as: U ¼ vJ/vY, V ¼ �vJ/vX, the set of Eqs. (2)e(4) can be rewritten
for the nanofluid-saturated porous medium as

1

ð1� 4Þ2:5
V2J ¼ �Ra

h
ð1� 4Þ þ 4

�
rp=rf

��
bp=bf

�i vqnf
vX

(9)

vJ

vY
vqnf
vX

� vJ

vX
vqnf
vY

¼ anf
af

V2qnf (10)

and for the solid triangular wall

V2qw ¼ 0 (11)

where V2 ¼ v2=vX2 þ v2=vY2 is the Laplace operator and Ra is the
Rayleigh number of the porous media defined as
Ra ¼ gKrf bf ðTh � TcÞL=ðmf af Þ.

Eqs. (9)e(11) are subjected to the following boundary
conditions:

J ¼ 0 on the solid boundaries.
qnf ¼ 0 on the right vertical wall, X ¼ 1, 0 � Y � 1.
vqnf/vY¼ 0 on the top horizontal wall 0� X� 1, Y¼ 1 and on the

horizontal segment D � X � 1, Y ¼ 0.
vqnf/vX ¼ 0 on the left wall segment X ¼ 0, D � Y � 1.
qw ¼ 1 on the horizontal triangular wall, 0 � X � D, Y¼ 0 and on

the vertical triangular wall, X ¼ 0, 0 � Y � D.
At the interface between the solid triangular inclined wall and

the fluid-saturated porous medium, the equilibrium state is
assumed to be verified. Therefore, both the temperatures and the
heat fluxes are the same;

qnf ¼ qw and kw
vqw
vn

¼ knf
vqnf
vn

or :

vqnf
vn

¼ Kr
vqw
vn

(12)

where n is the vector normal to the interface (n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dX2 þ dY2

p
)

and Kr is the thermal conductivity ratio,

Kr ¼ kw
knf

¼
�
kp þ 2kf

�
þ 4

�
kf � kp

�
�
kp þ 2kf

�
� 24

�
kf � kp

� kw
kf

(13)

It is worth to mention here that when 4 ¼ 0, the value of Kr

becomes: Kro ¼ Krj4¼0 ¼ kw/kf, which shows the effect of wall

Fig. 6. Effect of the volume fraction on the strength of the streamlines.
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thermal conductivity kw on the heat transfer within the porous
cavity.

The local Nusselt number along the interface within the
nanofluid-saturated porous medium side can be written as:

Nui ¼ �knf
kf

vqnf
vn

�
i

(14)

The average Nusselt numbers of interest are calculated on the
interface (for the porous medium) and on the vertical right wall,
respectively as:

Nunfi ¼
1ffiffiffi
2

p
D

Zffiffiffi2p
D

0

Nuids (15)

Nunf ¼ �knf
kf

Z1
0

vqnf
vX

�
X¼1

dY (16)

where s is a segment along the interface as shown in Fig. 1.

Fig. 7. Contours of streamlines (a) and isotherms (b) for Cuewater nanofluids, 4 ¼ 0.1, D ¼ 0.8 and Ra ¼ 10.
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Due to energy balance, the overall heat transfer entering to the
porous cavity from the interface line must be equal to that leaving
the cavity from the right wall. Hence, the following energy balance
can be employed for checking the accuracy of the numerical
solution:

ffiffiffi
2

p
D Nunfi ¼ Nunf (17)

3. Numerical solution and validations

Equations that prescribe the present problem, Eqs. (9)e(11), are
discretized uniformly (DX ¼ DY) over the square domain using the
finite-differencemethod. The values of the dimensionless solid wall
D are varied with care in such a way that the interface must be
localized on grid nodes. The grid domain is shown in Fig. 2. The
boundary condition (12) is interpreted numerically by taking three
points backward temperature gradient for the solid wall and three
points forward temperature gradient through the porous medium

Fig. 8. Contours of streamlines (a) and isotherms (b) for Cuewater nanofluids, 4 ¼ 0.1, D ¼ 0.8 and Ra ¼ 1000.
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and since qnf ¼ qw. Hence, the following difference equation is
invoked to compute the interface temperature:

GausseSeidel iteration procedure with Over Successive Relax-
ation (OSR) method is followed in the solution. The iteration is
terminated when the following criterion is satisfied;

Fig. 9. Contours of streamlines (a) and isotherms (b) for Cuewater nanofluids, 4 ¼ 0.1, Kro ¼ 1 and Ra ¼ 50.

qiði; jÞ ¼ 4qnf ðiþ 1; jþ 1Þ � qnf ðiþ 2; jþ 2Þ þ Kr½4qwði� 1; j� 1Þ � qwði� 2; j� 2Þ�
3ð1þ KrÞ (18)
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max
����
	
cnewði; jÞ � coldði; jÞ

coldði; jÞ

���� � 10�6 (19)

c denotes any variable, J, qnf or qw. Now, the choice of grid size
requires some effort. The suitable grid size was based not only on
the steadiness of say Nusselt number, but also on the verification of
energy balance through the domain i.e. Eq. (17). It is found that
these conditions are sensitive to the value of the Rayleigh number.
Fig. 3 presents grid dependency behavior for Ra ¼ 1000, D ¼ 0.1,
kw ¼ 14.589 W/m K, Copper nanoparticles (kp ¼ 400 W/m K) with

volume fraction 4 ¼ 0.1 dispersed inwater base fluid (kf ¼ 0.613W/
m K). For these conditions Kr ¼ 17.872 and Kro ¼ 23.8. Accordingly,
a grid size of 121 � 121 was chosen in the numerical solution.
Relatively, this grid size is very fine, but we found it is necessary to
interpret the normal gradient on the inclined interface surface and
then to hold the condition of Eq. (17).

The numerical methodology was coded in FORTRAN, and to
check its validity, a comparison with selective data from the pub-
lished literature was carried out. A conjugate conductione
convection case across an inclined solid wall with respect to the
porous medium saturated with nanofluids was not exactly found in

Fig. 10. Contours of streamlines (a) and isotherms (b) for Cuewater nanofluids, 4 ¼ 0.1, Kro ¼ 1 and Ra ¼ 500.
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the literature. However, the comparison was made by resolving,
using the present code, three different cases namely: conjugate
DarcyeBénard convection (Saleh et al. [44]) and conjugate hori-
zontally heating (Saeid [45]). The third case is that of triangular
enclosure filled with a nanofluid-saturated porous medium of Sun
and Pop [42] with heater length of 0.8 times of the vertical wall. The
results are documented in Tables 1 and 2. It is obvious that good
agreement is obtained, knowing that different numerical tech-
niques were followed in these three different works, and this is the
reason behind the relatively noticeable discrepancy (about 2

percent) incorporated in Table 3 for Ra¼ 1000 and 4¼ 0. As a result,
the confidence in the present numerical solution is enhanced.

4. Results and discussion

This section presents selective results for the contour maps of
streamlines and isotherms, the local Nusselt number and average
Nusselt number. The results are presented graphically to show the
behavior of steady conjugate natural convectioneconduction of
water-based nanofluids of three nanoparticles types; copper (Cu),
aluminum oxide (Al2O3), and titanium oxide (TiO3) under the effect
of four parameters these; nanoparticles volume fraction 4 (0e0.2),
Rayleigh number Ra (10e1000), triangular wall thickness D (0.1e1)
and the triangular wall to fluid conductivity ratio Kro (23.8 stainless
steelewater, 1.0 brickworkewater, 0.44 epoxyewater). The
thermo-physical properties of the considered nanoparticles are
listed in Table 3 [17].

Figs. 4 and 5 display the contours of streamlines and isotherms
of Cuewater nanofluid, D ¼ 0.4, and Kro ¼ 23.8 for two Rayleigh
numbers Ra ¼ 10 and Ra ¼ 500, respectively. In each figure, the
effect of 4 is presented. In general, the effects of buoyancy together
with the boundary conditions setting make the nanofluids to rotate
clockwise forming a single-cell circulation. Looking closely in these
contours, we can see that for Ra ¼ 10, the streamlines closer to the
right cooled wall are crowded with increasing values of 4 and the
isotherms tend to be horizontal. This indicates the convection heat
transfer enhancement with 4. These observations are inversed for
Ra ¼ 500 (Fig. 5) where the streamlines closer to the right wall are
separated with 4 and the isotherms tend to be vertical. The
reduction in the streamlines strength with increasing 4, as appears
in these two figures, is due to the effect of the viscous and inertial
forces. This effect is depicted separately in Fig. 6 where the absolute
maximum value of the stream function is presented for the three
nanofluids.

The effect of Kro on Nunf in term of the contour maps of the
streamlines and isotherms are presented in Figs. 7 and 8 for D¼ 0.8,
4 ¼ 0.1 and two Rayleigh numbers, Ra ¼ 10 and 1000. It can be
clearly seen how the streamlines becomemore crowded in the high

Fig. 11. Local Nusselt number Nui along the interface line for D ¼ 0.8, Ra ¼ 50, Cue
water nanofluid and different volume fractions.

Fig. 12. Local Nusselt number Nui along the interface line for D ¼ 0.8, Ra ¼ 500, Cue
water nanofluid and different volume fractions.

Fig. 13. Local Nusselt number Nui along the interface line for D ¼ 0.8, Kro ¼ 23.8,
4 ¼ 0.1, Cuewater nanofluid and different Rayleigh numbers.
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Fig. 14. Variations of Nunf with 4 for Ra ¼ 10 and D ¼ 0.1 (a), D ¼ 0.4 (b), D ¼ 1 (c).

Fig. 15. Variations of Nunf with 4 for Ra ¼ 50 and D ¼ 0.1 (a), D ¼ 0.4 (b), D ¼ 1 (c).
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Fig. 16. Variations of Nunf with 4 for Ra ¼ 100 and D ¼ 0.1 (a), D ¼ 0.4 (b), D ¼ 1 (c).

Fig. 17. Variations of Nunf with 4 for Ra ¼ 500 and D ¼ 0.1 (a), D ¼ 0.4 (b), D ¼ 1 (c).
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Fig. 18. Variations of Nunf with 4 for different Kro, D ¼ 0.8, Cuewater nanofluid and Ra ¼ 50 (a), Ra ¼ 500 (b), and Ra ¼ 1000 (c).

Fig. 19. Variation of Nunf with the triangular wall thickness for Cuewater nanofluids, 4 ¼ 0 (solid lines) and 4 ¼ 0.1 (dashed lines) for Kro ¼ 23.8 (a), Kro ¼ 1 (b) and Kro ¼ 0.44 (c).
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Kro region for both Rayleigh numbers while the triangular wall
appears as an isothermal region with approximately the same
temperature of the hot walls. In addition, the lower Kro values have
higher thermal resistance and this can be reflected and distin-
guished by the higher temperature gradients within the triangular
wall domain of the lower Kro. The convection dominance is the
feature of Fig. 8 (Ra¼ 1000) where the isotherms seem to be purely
horizontal.

The streamlines and isotherms contours illustrating the effect of
D for Kro ¼ 1, 4 ¼ 0.1 and two Rayleigh numbers are presented in
Figs. 9 and 10. It is clear that for a low Rayleigh number when D is
increased, the crowdedness of the streamlines through the region
close to the right cooled wall increases and the isotherms tend to be
horizontal. Fig. 10 which refers to high Ra shows that the maximum
crowdedness of streamlines and the horizontal isotherms occur at
D¼ 0.7 which is considered as a critical value of D. When D¼ 1 and
for any Ra, the streamlines are weakened due to the insufficient
space for vortex rotation.

The local Nusselt number along the interface line Nui in the
porous medium side is plotted for D ¼ 0.8, Kro ¼ 23.8, Cuewater
nanofluid, and different volume fractions 4 for Ra ¼ 50 (Fig. 11)
and Ra ¼ 500 (Fig. 12). These two figures offer an opposite effect
(say positive and negative) of 4 on the heat transfer depending on
the Rayleigh number. This effect will be discussed extensively in the
next figures. Locally also, the Nusselt number Nui is tested along the
interface line with Ra and presented in Fig. 13 for D ¼ 0.8, 4 ¼ 0.1
and Kro ¼ 23.8. The expectation of the increased Nui with Ra is
verified.

In order to have a better understanding of the aspects of the
considered parameters, the average Nusselt number Nunf at the

right cold wall (Eq. (16)) is investigated in some details through
the following figures. Except the wall to fluid conductivity ratio
Kro, the effects of all parameters on heat transfer which is rep-
resented by the average Nusselt number are depicted in Figs. 14e
17 which are plotted against the volume fraction 4 and for
Kro ¼ 23.8. Fig. 14 which corresponds for a very low Rayleigh
number Ra ¼ 10 implies to a uniform enhancement of Nunf with 4

for all values of the triangular wall thickness D and nanoparticles
type. A significant increase of Nunf with D is recorded. Increasing
Ra to 50 (Fig. 15), the effect of D on Nunf is seen to be different,
that is for lower values of D, an inversion of Nunf curves with 4

appears at say that critical 4 values. When D is set to be a high
value D ¼ 1 (Fig. 15c), the uniform enhancement of Nunf with 4 is
recovered. A similar behavior of Nunf with 4 for Ra ¼ 100 is
observed as shown in Fig. 16, except that the inversion points of
Nunf (for lower values of D) occurs at higher 4 values. When Ra is
further increased to 500 (Fig. 17) a uniform decrease of Nunf with
4 is seen when D � 0.4. For higher values of D (Fig. 17c),
a different effect of nanoparticles type is seen where for Cu
nanoparticles, a little enhancement of Nunf is seen while the
other two nanoparticles (Al2O3 and TiO3) show a deterioration of
Nunf with 4.

Fig. 18 is prepared to clarify the effect of Kro on Nunf. Cu nano-
particle is considered for D ¼ 0.8 and three Rayleigh numbers
Ra ¼ 50, 500, and 1000. The higher the wall to fluid conductivity
ratio is, the lower the wall thermal resistance. This leads to more
heat transfer from the triangular wall to the nanofluid-saturated
porous medium within the cavity. This is very clear from the
curves of Nunf for different values of Kro. The other two nano-
particles have the same trend and they are not shown for brevity.

Fig. 20. Effect of Rayleigh number on Nusselt number for Cuewater nanofluid, Kro ¼ 1 and D ¼ 0.1 (a), D ¼ 0.8 (b), D ¼ 1 (c).
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Now, return to the adverse behavior of Nunf with 4 appearing
in certain circumstances of Figs. 15e18. This phenomenon was
seen in viscous (non-porous media) nanofluids experimentally by
Putra et al. [5] and numerically by Santra et al. [16], Abu-Nada
[19], Abu-Nada and Chamkha [21], and others. In porous media,
this phenomenon was also observed by Sun and Pop [42]. The
interpretation of this phenomenon was unclear for Putra et al. [5]
but they pointed out that the density and concentration of
nanoparticles were key factors causing the deterioration of Nunf
with 4. After the development of proposed models that govern
the nanofluid properties, the deterioration can be attributed to
the following. Increasing 4 leads to enhancements of the nano-
fluids properties and more particularly, viscosity (Eq. (8)), density
[21] and thermal conductivity (Eq. (7)). Hence, at low Rayleigh
number, the convection is insignificant (as illustrated in Figs. 4, 7
and 9), this means that increasing the inertial and viscous forces
would not be significant on the buoyancy force which is already
small, so that the increase in the thermal conductivity will take
its role in enhancing Nunf. On the other hand, at high Rayleigh
number, the buoyancy force will be strong and hence, increasing
the inertial and viscous (due to increasing 4) will take their
opposite effect on buoyancy and overcome the increase in
thermal conductivity and as a result, a drop in Nunf is recorded.
Now, the inversion points appearing in Figs. 15 and 16 can be
considered as a limit of 4, around it, a competition between the
effects of viscous and inertial forces on one side, and the effects
of thermal conductivity on the other side exists.

The combined effect of the triangular wall thickness D and the
volume fraction 4 can be explained with the aid of Fig. 19. Two
important matters can be drawn from this figure. The first is that
the inversion points, which are proved to be affected by Ra and D
depend also on Kro. That is, the value of D in which the positive
and negative effect of 4 is distinguished becomes lesser when Kro

is lowered. The second matter is that, in general, increasing the
wall thickness D leads to an increase in the Nusselt number. But
this is not always true, where we can see that at high Rayleigh
number Ra � 500 and lower Kro � 23.8 (Fig. 19b and c) there is
a critical value of D beyond which a deterioration of Nunf is seen.
These two matters can be elucidated as follows. The increase of D
increases three parameters; the first is the thermal resistance of
the triangular wall which in turn reduces the temperature of the
interface line, the second is the length of the interface line which
in turn heats more quantity of nanofluid saturated porous
medium, and the third is the temperature difference between the
interface surface and the vertical right cooled wall where they
become closer when D increases. Thus, the critical values of D are
those for which the latter two parameters are insufficient to
overcome the effect of the thermal resistance and this is a good
reason to the absence of such critical D values at Kro ¼ 23.8 as
shown in Fig. 19a.

The effect of the Rayleigh number on Nunf is shown in Fig. 20.
As expected, the Nusselt number is an increasing function of the
Rayleigh number regardless of the values of the other parame-
ters. This figure demonstrates also that when D is increased, the
process of increasing the nanoparticles volume fraction 4

becomes valuable for a wide range of Rayleigh numbers. Another
feature can be extracted from this figure; namely, for each D
value there is a specified Rayleigh number at which the nano-
particle volume fraction seems to be insignificant. This specified
value of Ra increases with increasing values of D.

5. Conclusions

The problem of steady conjugate natural convectione
conduction heat transfer in a square porous cavity heated

diagonally and filled with nanofluids was investigated numerically
using Over Successive Relaxation (OSR) finite-difference method.
The diagonally heating was achieved by an isosceles triangular wall
occupies the lower left corner of the porous cavity. Three types of
nanoparticles were examined under a wide range of nanoparticles
volume fraction, triangular wall thickness, triangular wall to base-
fluid conductivity ratio, and Rayleigh number. The main distinc-
tive features that emerged from the present study are as follows:

1 The heat transfer within nanofluids-saturated porous media
may be enhanced or deteriorated with increasing the nano-
particles volume fraction. This significantly depends on the
Rayleigh number and the triangular wall thickness, where
when Ra � 10, the average Nusselt number is an increasing
function of volume fraction regardless of the triangular wall
thickness. As Ra > 10, the role of triangular wall thickness is
originated. That is, the heat transfer enhancement is occurred
when the wall thickness is greater than a critical value, and this
critical value becomes larger when Ra increases. In general, the
addition of nanoparticles to pure water has a valuable effect
when D ¼ 1.0.

2 Considering the triangular wall thickness D separately, the heat
transfer is increased with increasing the value of D up to
a certain value beyond which the heat transfer is reduced. This
behavior is not recorded for a high wall to fluid conductivity
ratio (Kro ¼ 23.8).

3 However, in all circumstances, the copper nanoparticles give
greater values of average Nusselt number than the other two
nanoparticles types, aluminum oxide and titanium oxide. This
may be attributed to the relatively higher thermal conductivity
of copper.

4 Themost common effect of the Rayleigh number on the Nusselt
number is held in this study, i.e. the Nusselt number is an
increasing function of the Rayleigh number.
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