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Boundary-layer forced convection flow of a Casson fluid past a symmetric
wedge is investigated. Similarity transformations are used to convert the governing
partial differential equations to ordinary ones and the reduced equations are then solved
numerically with the help of the shooting method. Comparisons with various previously published works on special cases are performed and the results are found to
be in excellent agreement. A representative set of graphical results is obtained and
illustrated graphically. The velocity is found to increase with an increasing Falkner–
Skan exponent whereas the temperature decreases. With the rise of the Casson fluid
parameter, the fluid velocity increases but the temperature is found to decrease in this
case. The skin friction decreases with increasing values of the Casson fluid parameter.
It is found that the temperature decreases as the Prandtl number increases and thermal
boundary layer thickness decreases with increasing values of the Prandtl number. A
significant finding of this investigation is that flow separation can be controlled by
increasing the value of the Casson fluid parameter. © 2013 Wiley Periodicals, Inc.
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1. Introduction
During the last few decades, laminar boundary-layer flow past a semi-infinite wedge is of
considerable practical and theoretical interest. Falkner and Skan [1] investigated the steady incompressible laminar boundary-layer flow past a wedge. In this pioneering work, Falkner and Skan [1]
used the similarity transformation method to reduce the partial differential equation to a third-order
ordinary differential equation which was solved numerically. A detailed study of the same problem
was carried out by Hartree [2]. The effect of a transverse magnetic field on a permeable wedge placed
symmetrically with respect to the flow direction in a non-Newtonian fluid has been considered by
Hady and Hassanien [3]. The problem of wedge flow has been further studied by Lin and Lin [4]. In
the presence of a magnetic field, Watanabe and Pop [5] presented numerical results for MHD free
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convection flow over a wedge. On the other hand, Kafoussias and Nanousis [6] investigated the MHD
laminar boundary-layer flow over a permeable wedge. Both of these papers considered a wedge
immersed in a Newtonian fluid. Later, the MHD forced convection flow adjacent to a non-isothermal
wedge was analyzed in detail by Yih [7]. Several researchers, viz., Hossain et al. [8], Chamkha et al.
[9], Pantokratoras [10], Mukhopadhyay [11], Pal and Mondal [12], and others, reconsidered the wedge
flow problem under various thermo-physical conditions. Kandasamy et al. [13] discussed the
influence of chemical reaction on flow past a wedge in the presence of suction/injection. Also, Hossain
et al. [14] studied the unsteady boundary-layer flow past a wedge. Kim [15] and Kim and Kim [16]
have considered the steady boundary-layer flow of a micropolar fluid past a fixed wedge with constant
surface temperature and constant surface heat flux, respectively. Later on, Ishak et al. [17] discussed
the MHD micropolar fluid flow past a wedge in the presence of uniform heat flux. The boundary layer
flow over a static or a moving wedge in a viscous fluid (regular fluid) has been extended under diverse
physical aspects by Riley and Weidman [18] and Ishak et al. [19, 20]. With the help of similarity
transformation, they obtained the self-similar equation which was solved numerically. Kandasamy et
al. [21] reported the combined effects of variable viscosity, thermophoresis, and chemical reaction
on mixed convection flow past a porous wedge embedded in a non-Darcy porous medium. Recently,
in the case of a nanofluid, Yacob et al. [22] analyzed the static/moving wedge flow problem.
Boundary-layer flows of non-Newtonian fluids have been a topic of investigation for a long
time as it has applications in various industries. The governing equations of non-Newtonian fluids
are highly non-linear and much more complicated than that of Newtonian fluids. Due to the
complexity of these fluids, no single constitutive equation exhibiting all properties of such fluids is
available (Mukhopadhyay [23], Mukhopadhyay and Vajravelu [24]). Several models can be found in
this regard. Though considerable progress has been made in the understanding of the flow characteristics of a non-Newtonian fluid, more investigation on different non-Newtonian models is still
needed. Most of the works on the wedge flow problem in the literature are limited to the non-Newtonian power-law fluids. Simply because these fluids are mathematically the easiest to be treated
among most of the non-Newtonian fluids (Patel and Timol [25]). There are other non-Newtonian
models as well. Among them is the Casson fluid model. In the literature, the Casson fluid model is
sometimes stated to fit rheological data better than general viscoplastic models for many materials
(Mustafa et al. [26, 27], Bhattacharyya et al. [28]). It becomes the preferred rheological model for
blood and chocolate (Singh [29]). Casson fluid exhibits a yield stress (Nadeem et al. [30], Kandasamy
and Pai [31]). If a shear stress less than the yield stress is applied to the fluid, it behaves like a solid
whereas if a shear stress greater than the yield stress is applied, it starts to move (Eldabe and Salwa
[32], Dash et al. [33]).
To the best of the authors’ knowledge, Casson fluid flow past a symmetric wedge has not yet
been addressed in the literature. Keeping this fact in mind, an attempt is made to investigate the flow
and heat transfer characteristics for a Casson fluid in the case of a symmetric wedge. With the help
of similarity transformations, the governing partial differential equations corresponding to the
momentum and energy equations are transformed to ordinary ones. Using the shooting method, a
numerical solution of the problem is obtained. Comparisons with various previously published works
on special cases are performed and the results are found to be in excellent agreement. The effects of
different parameters have been studied in detail with the help of their graphical representations.
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2. Formulation of the Problem
We consider a steady, two-dimensional, laminar boundary-layer flow of a non-Newtonian
Casson fluid past a symmetrical sharp wedge (Fig. 1) and its velocity is given by ue(x) = U∞(x / L)m
for m ≤ 1 where L is a characteristic length, U∞ is the main stream velocity, and m is the wedge angle
parameter related to the included angle πβ1 by m = β1 / (2 − β1). It is worth mentioning that β1 is a
measure of the pressure gradient. If β1 is positive, the pressure gradient is negative or favorable, and
a negative value of β1 denotes a positive pressure gradient (adverse). For m < 0, the solution becomes
singular at x = 0, while for m ≥ 0, the solution can be defined for all values of x.
The rheological equation of state for an isotropic and incompressible flow of a Casson fluid
is given by (see Nakamura and Sawada [34], Mustafa et al. [27])

Here, π = eijeij and eij is the (i,j)-th component of the deformation rate, π is the product of the
component of the deformation rate with itself, πc is a critical value of this product based on the
non-Newtonian model, µB is the plastic dynamic viscosity of the non-Newtonian fluid, and py is the
yield stress of the fluid.
The governing equations of such type of flow, in the usual notations, can be written as
(1)

(2)

Fig. 1. Sketch of the physical problem and the coordinate system.
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(3)
where the viscous dissipation term in the energy equation is neglected due to its small value for an
incompressible fluid motion. Here, u and v are the components of velocity in the x and y directions,
respectively. While n = µ / ρ is the kinematic viscosity of the fluid, µ is the coefficient of fluid
viscosity, ρ is the fluid density, β is the Casson parameter, T is the temperature, and κ is the coefficient
of thermal diffusivity of the fluid.
2.1 Boundary conditions
The appropriate boundary conditions for the problem are given by
(4)
(5)
where Tw is the wall temperature and T∞ is the free stream or ambient temperature at infinity.
2.2 Method of solution
We now introduce the following relations for u, v as
(6)
where ψ is the stream function.
We also introduce the following dimensionless variables
(7)

(8)
Using the relations (6) and (7) in the boundary layer Eq. (2) and in the energy Eq. (3), we get the
following equations:
(9)

(10)
The boundary conditions Eqs. (4) and (5) then become
(11)
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(12)
Using Eqs. (8), Eqs. (9) and (10) can finally be put in the following form:
(13)

(14)
where Pr = n / κ and the boundary conditions finally become
(15)
(16)
Equations (13) and (14) along with the boundary conditions are solved by converting them to an initial
value problem. We set
(17)

(18)
with the boundary conditions
(19)
In order to integrate Eqs. (17) and (18) as an initial value problem, we require a value for p(0)
that is f″(0) and q(0) that is θ′(0) but no such values are given in the boundary conditions. The suitable
guess values for f″(0) and θ′(0) are chosen and then integration is carried out. We compare the
calculated values for f′ and θ at η = 8 (say) with the given boundary condition f′(8) = 1 and θ(8) = 0
and adjust the estimated values, f″(0) and θ′(0), to give a better approximation for the solution. We
take the series of values for f″(0) and θ′(0), and apply the fourth-order classical Runge–Kutta method
with step-size h = 0.01. The above procedure is repeated until we get the converged results within a
tolerance limit of 10–5.

Table 1. Comparison of Values of f″(0) for Variable Values of m for Newtonian Fluid
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Table 2. Comparison of Values of θ′(0) for Variable Values of Prandtl number Pr with m = 0 for
Newtonian Fluid

For the verification of the accuracy of the applied numerical scheme, results for f″(0) for
various values of m and also for θ′(0) and different values of the Prandtl number Pr (with m = 0) in
case of a Newtonian fluid are compared with those reported by Lin and Lin [4], Yih [7], Chamkha et
al. [9], Pal and Mondal [12], and Cebeci and Bradshaw [35]. The results are found to be in excellent
agreement which builds confidence that the present numerical results are accurate and the numerical
method used is accurate. The comparisons are shown in Tables 1 and 2.

3. Results and Discussion

In order to analyze the results, numerical computation has been carried out for various values
of the Falkner–Skan exponent m, Casson fluid parameter β, and the Prandtl number Pr. For
illustrations of the results, numerical values are plotted in Fig. 2(a) through Fig. 5(c).
Figures 2(a) and 2(b) depict the effects of the Falkner–Skan exponent m on the velocity and
temperature profiles, respectively. Figure 2(a) presents the effects of increasing m on the fluid velocity.
With increasing values of the exponent m, the fluid velocity is found to increase. It is observed that
in the case of an accelerated flow (m > 0), the velocity profiles have no point of inflection whereas in
the case of decelerated flow (m < 0), they exhibit a point of inflection. Flow separation occurs at m =
–0.091. For accelerated flows (i.e., positive values of m), the velocity profiles merely squeeze closer
and closer to the wall, and backflow phenomena are not noted. Here, m = 0 presents the result for a
flat plate. It is noted that the boundary layer thickness decreases as m increases, hence it gives rise to
the velocity gradient, which in turn causes an increase in the skin friction [Fig. 2(a)]. Figure 2(b)
exhibits that the temperature θ(η) in the boundary layer region decreases with increasing values of
m. Since the thermal boundary layer thickness increases with m, it causes a decrease in the rate of heat
transfer [Fig. 2(b)].
The effects of the Casson fluid parameter β on the velocity and temperature profiles are
exhibited in Figs. 3(a) and 3(b), respectively. In this study we have considered the values of the Casson
parameter in the range 0.2 ≤ β ≤ 5. With increasing values of β, the fluid velocity increases but the
temperature decreases in this case. Figure 3(a) clearly indicates that the thickness of the velocity
boundary layer decreases. No point of inflection is observed for higher values of β [see Fig. 3(a)].
From this figure, it is very clear that flow separation can be controlled in the case of a non-Newtonian
Casson fluid by increasing the value of the Casson fluid parameter. Figure 3(b) shows that the
temperature decreases with increasing values of β. That is, the rate of heat transfer (the thermal
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Fig. 3. (a) Velocity profiles for variable
values of Casson parameter β; (b)
temperature profiles for variable values of
Casson parameter β.

Fig. 2. (a) Velocity profiles for variable
values of m; (b) temperature profiles for
variable values of m.

Fig. 4. Temperature profiles for variable values of Prandtl number Pr.
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Fig. 5. (a) Variations of skin friction coefficient with Casson parameter β for various values m; (b)
variations of heat transfer coefficient with Casson parameter β for various values of m; (c)
variations of heat transfer coefficient with Prandtl number Pr for various values of m.
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boundary-layer thickness becomes thinner) is enhanced when the velocity boundary-layer thickness
decreases.
Figure 4 presents the effect of the Prandtl number on the temperature profile. With increasing
values of the Prandtl number Pr, the temperature is found to decrease. This is in agreement with the
physical fact that the thermal boundary-layer thickness decreases with increasing values of Pr.
Figure 5(a) exhibits the nature of the skin friction coefficient. It is very clear that the force due
to the skin friction increases as the included angle of the wedge (β1) increases, i.e., the skin friction
coefficient increases with Falkner–Skan exponent m but it decreases with the Casson fluid parameter
β. On the other hand, the heat transfer coefficient is found to increase with increasing values of m, β
[Fig. 5(b)] and also with Pr [Fig. 5(c)]. It is noted that the values of [−θ′(0)] are always positive, i.e.,
the heat is transferred from the heated surface to the cold fluid (see, Yacob et al. [22]).
4. Conclusions
A numerical solution for the flow of a Casson fluid and heat transfer over a symmetric wedge
is presented. A transformed set of self-similar equations is obtained and solved numerically by the
Runge–Kutta method with the help of the shooting technique. With an increase in the Casson fluid
parameter, the fluid velocity is found to increase whereas the temperature decreases. The non-dimensional temperature decreases with increasing values of the Prandtl number. A significant result
obtained is that by increasing the values of the Casson fluid parameter, flow separation can be
prevented. The rate of heat transfer increases with increasing values of the Falkner-Skan exponent,
Casson fluid parameter, and the Prandtl number.
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