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The steady mixed convection boundary-layer flow past a horizontal circular cylinder in a stream flowing
vertically upwards embedded in porous medium filled with a nanofluid is studied, taking into account the
thermal convective boundary condition is studied. The model used for the nanofluid incorporates the
effects of Brownian motion and thermophoresis. The governing partial differential equations are trans-
formed into a set of non-similar equations and solved numerically by an efficient implicit, iterative,
finite-difference method. Comparisons with previously published work are performed and excellent
agreement is obtained. A parametric study of the physical parameters is conducted and a representative
set of numerical results for the velocity, temperature, and nanoparticle volume fraction profiles as well as
the local skin-friction coefficient, local Nusselt and Sherwood numbers is illustrated graphically to show
interesting features of the solutions.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

Mixed convection boundary-layer flow and heat transfer in fluid
saturated porous media occurs in many applications of engineer-
ing. The interest in this subject has been stimulated, to a large
extent, by the fact that thermally driven flows in porous media
have considerable applications in mechanical, chemical and civil
engineering. Applications include fibrous insulation, food process-
ing and storage, thermal insulation of buildings, geophysical sys-
tems, electro chemistry, metallurgy, the design of pebble bed
nuclear reactors, underground disposal of nuclear or non-nuclear
waste, solar power collectors, geothermal applications, nuclear
reactors, etc. Theories and experiments of thermal convection in
porous media and state-of-the-art reviews with special emphasis
on practical applications are presented in the recent books by,
Pop and Ingham [1], Ingham and Pop [2], Vafai [3] and Nield and
Bejan [4].

On other hand, the term of nanofluid refers to a solid–liquid
mixture with a continuous phase which is a nanometer sized nano-
particle dispersed in conventional base fluids. In order to study the
heat transfer behavior of the nanofluids, precise values of thermal
and physical properties such as specific heat, viscosity and thermal
conductivity of the nanofluids are required. There are a few well-
known correlations for predicting the thermal and physical proper-
ties of nanofluids which are often cited by researchers to calculate
the convective heat transfer behaviors of the nanofluids. Each re-
searcher has used different models of the thermophysical proper-
ties in their works. Convective heat transfer in nanofluids is a
topic of major contemporary interest both in sciences and engi-
neering. Several ordinary fluids including water, toluene, ethylene
glycol and mineral oils, etc. in heat transfer processes have rather
low thermal conductivity. The nanofluid (initially introduced by
Choi [5]) is an advance type of fluid containing nanometer sized
particles (diameter less than 100 nm) or fibers suspended in the or-
dinary fluid. Undoubtedly, the nanofluids are advantageous in the
sense that they are more stable and have acceptable viscosity
and better wetting, spreading and dispersion properties on solid
surface. Nanofluids are used in different engineering applications
such as microelectronics, microfluidics, transportation, biomedical,
solid-state lighting and manufacturing. Furthermore, suspensions
of metal nanoparticles are also being developed for other purposes,
such as medical applications including cancer therapy. The
interdisciplinary nature of nanofluid research presents a great
opportunity for exploration and discovery at the frontiers of nano-
technology. A comprehensive survey of convective transport in
nanofluids was made by Buongiorno [6]. Abu-Nada et al. [7] re-
ported on the heat transfer enhancement in combined convection
around a rotating horizontal cylinder using nanofluids. Kuznetsov
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Fig. 1. Flow model and coordinate system.

A.M. Rashad et al. / Computers & Fluids 86 (2013) 380–388 381
and Nield [8] have studied the classical problem of free convection
boundary layer flow of a Newtonian fluid past a vertical flat plate
in a porous medium saturated by a nanofluid. Abu-Nada [9] inves-
tigated the effects of variable viscosity and thermal conductivity of
Al2O3–water nanofluid on heat transfer enhancement in horizontal
annuli. Ahmed and Pop [10] studied the steady mixed convection
boundary layer flow past a vertical flat plate embedded in a porous
medium filled with nanofluids. Chamkha et al. [11] have also ana-
lyzed the natural convection past a sphere embedded in a porous
medium saturated by a nanofluid. Nazar et al. [12] studied steady
mixed convection boundary layer flow from a circular cylinder
embedded in a porous medium filled with a nanofluid. A similarity
analysis for the problem of a steady boundary-layer flow of a nano-
fluid on an isothermal stretching circular cylindrical surface is pre-
sented by Gorla et al. [13]. Gorla et al. [14] have also studied mixed
convective boundary layer flow over a vertical wedge embedded in
a porous medium saturated with a nanofluid. Chamkha et al. [15]
analyzed the effect of melting on unsteady hydromagnetic flow
of a nanofluid past a stretching sheet. The problem of the natural
convection boundary layer of a non-Newtonian fluid about a per-
meable vertical cone embedded in a porous medium saturated
with nanofluid has been performed by Rashad et al. [16]. Chamkha
et al. [17,18] investigated the effect of radiation on mixed convec-
tion over a wedge and cone embedded in a porous medium filled
with a nanofluid. Chamkha and Rashad [19] studied the natural
convection from a vertical permeable cone in nanofluid saturated
porous media for uniform heat and nanoparticles volume fraction
fluxes. Chamkha et al. [20] have studied the effect of radiation on
boundary-layer flow of a nanofluid on a continuously moving or
fixed permeable surface. Chamkha et al. [21] have analyzed the
transient natural convection flow of a nanofluid over a vertical cyl-
inder. Modather and Chamkha [22] investigated the effect of dou-
ble diffusion on mixed convection in an axisymmetric stagnation
flow of a nanofluid past a vertical cylinder.

The objective of the present study is to analyze the mixed con-
vection boundary-layer flow past a horizontal circular cylinder in a
stream flowing vertically upwards embedded in porous medium
filled with a nanofluid taking into account the thermal convective
boundary condition. The effects of Brownian motion and thermo-
phoresis are included for the nanofluid. The coupled nonlinear par-
tial differential equations are solved numerically using an implicit
finite difference scheme. The effects of relevant parameters on the
dimensionless nanofluid velocity, the temperature, the nanoparti-
cle volume fraction, as well as the local skin-friction coefficient, lo-
cal Nusselt number and local Sherwood number are investigated
and shown graphically and discussed.
2. Mathematical formulation

Consider a steady mixed convection boundary layer flow past a
horizontal circular cylinder of radius a in a stream flowing
vertically upwards embedded in porous medium filled with a
nanofluid taking into account the thermal convective boundary
condition. It is assumed that the uniform temperature of the cylin-
der surface is Tf and that of the nanofluid volume fraction is /w,
while the uniform temperature and nanofluid volume fraction in
the ambient nanofluid are T1 and /1, respectively. The cylinder
is either heated or cooled by convection from a fluid of tempera-
ture Tf such that Tf > T1 corresponding to a heated surface (assist-
ing flow) and Tf < T1 corresponding to a cooled surface (opposing
flow) respectively, where the velocity of the external flow is
�ueðxÞ. Fig. 1 shows the flow model and physical coordinate system.
The orthogonal coordinates x and y are measured along the surface
of the cylinder, starting with the lower stagnation point, and
normal to it, respectively. In order to study transport through
non-Darcian porous medium, the Brinkman-extended Darcy model
is used, where the velocity square term is neglected (see, Vafai and
Tien [23]). It is assumed that the Boussinesq and boundary layer
approximations are valid. Under these assumptions, the equations
governing the steady mixed convection boundary-layer flow are;
(see Merkin [24] and Nazar et al. [25])
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subject to the boundary conditions;

�u ¼ �v ¼ 0; �k
@T
@y
¼ hf ðTf � TÞ; / ¼ /w on y ¼ 0

�u! �ueðxÞ; T ! T1; /! /1 on y!1;
ð5Þ

where �u and �v are the velocity components along x and y axes,
respectively, T is the temperature in the fluid phase, / is the nano-
particle volume fraction, K is the permeability of the porous med-
ium, q, l, k, g, and b are the density, viscosity, thermal
conductivity, gravitational acceleration and volumetric thermal
expansion coefficient of the nanofluid, qf1 is the density of the base
fluid, qp is the density of the nanoparticles, am = k/(qC)f is the ther-
mal diffusivity of the fluid, s = (qC)p/(qC)f is the nanofluid heat
capacity ratio, (qC)f is the heat capacity of the fluid and (qC)p is
the effective heat capacity of the nanoparticle material. DB the
Brownian diffusion coefficient, DT the thermophoretic diffusion
coefficient, hf is the convective heat transfer coefficient and the sub-
scripts w and 1 indicate the conditions at the surface and at the
outer edge of the boundary layer respectively. Following see Merkin
[24] and Nazar et al. [25] that the velocity of the external flow �ueðxÞ
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for the boundary-layer equations can be written as
�ueðxÞ ¼ U1 sinðx=aÞ, where U1 is the free stream velocity.

Eqs. (1)–(4) are now non-dimensionalised using the variables

n¼x=a; g¼Re1=2ðy=aÞ; u¼ �u=U1; v¼Re1=2ð�v=U1Þ; ueðnÞ¼ �ueðxÞ=U1;
hðn;gÞ¼ðT�T1Þ=ðTf �T1Þ; Sðn;gÞ¼ð/�/1Þ=ð/w�/1Þ:

ð6Þ

where Re = U1a/t is the Reynolds number, m = l/qf1 the kinematic
viscosity coefficient.

Substituting the variables in Eqs. (6) into Eqs. (1)–(5) leads the
following non-dimensional equations:
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The dimensionless boundary conditions become:

u ¼ v ¼ 0;
@h
@g
¼ �Bi½1� h�; S ¼ 1 on g ¼ 0

u! ue; h! 0; S! 0 as g!1;
ð11Þ

where k is the mixed convection parameter, Gr is the Grashof num-
ber, e is the permeability parameter (porous medium parameter), Nr
is the nanofluid buoyancy ratio, Nb the Brownian motion parameter,
Nt the thermophoresis parameter, Bi is the Biot number, Pr is the
Prandtl number, and Le is the Lewis number which are respectively
given by;
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To solve Eqs. (7)–(10) subject to the boundary conditions (11), we
assume the form proposed by Merkin [24] as: w = nf(n,g),
h = h(n,g), / = S(n,g) where w is the a non-dimensional stream func-
tion defined in the usual way as: u = ow/og and v = �ow/on.

Then we have the following transformed equations:
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Subject to the boundary conditions:
f ¼ f 0 ¼ 0; h0 ¼ �Bi½1� h�; / ¼ 1 on g ¼ 0;

f 0 ! sin n
n

; h! 0; /! 0 as g!1:
ð16Þ

where primes denote differentiation with respect to g. It can be
seen that near the lower stagnation point of the cylinder, i.e.,
n � 0; Eqs. (13)–(15) reduce to the following ordinary differential
equations:
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Subject to the boundary conditions:
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The physical quantities of interests are the skin-friction coeffi-
cient (wall shear stress) and the Nusselt and Sherwood numbers,
which can be expressed as:
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3. Numerical method

The non-similar Eqs. (13)–(15) are linearized and then descri-
tized using three-points central difference quotients with variable
step sizes in the g direction and using two-point backward differ-
ence formulae in the n direction with a constant step size. The
resulting equations form a tri-diagonal system of algebraic equa-
tions that can be solved by the well known Thomas algorithm
(see Blottner [26]). The solution process starts at n = 0 where Eqs.
(17)–(19) are solved and then marches forward using the solution
at the previous line of constant n until it reaches the desired value
of n (= 120� in this case). Due to the nonlinearities of the equations,
an iterative solution with successive over or under relaxation tech-
niques is required. The convergence criterion required that the
maximum absolute error between two successive iterations be
10�6. The computational domain was made of 196 grids in the g
direction and 1000 grids in the n direction. A starting step size of
0.001 in the g direction with an increase of 1.0375 times the pre-
vious step size and a constant step size in the n direction of
0.0021 were found to give very accurate results. The maximum va-
lue of g (g1) which represented the ambient conditions was as-
sumed to be 35. The step sizes employed were arrived at after
performing numerical experimentations to assess grid indepen-
dence and ensure accuracy of the results. The accuracy of the afore-
mentioned numerical method was validated by direct comparisons
with the numerical results reported earlier by see Merkin [24] and
Nazar et al. [25] for various values of k at Nr = Nb = Nt = e = 0 and
Bi ?1 (in the absence of the nanofluid parameters, permeability
of porous mediumalong isothermal cylinder) at the lower stagna-
tion point of the cylinder, i.e., n � 0. For small values of jkj the
forced convection effects dominate, while for large jkj, it is the nat-
ural convection which is important, so that values of k of O(1),
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where both effects are comparable, are of most interest. Table 1
presents the results of this comparison. It can be seen from this
table that excellent agreement between the results exists. This
favorable comparison lends confidence in the numerical results
to be reported in the next section.
Fig. 2a. Effect of k on the velocity profiles.

Fig. 2b. Effect of k on the temperature profiles.
4. Results and discussions

A comprehensive numerical parametric study is conducted and
the results are reported in terms of graphs. Numerical calculations
have been carried out for different values of the permeability
parameter e, mixed convection parameter k, nanofluid buoyancy
ratio Nr, Brownian motion parameter Nb, thermophoresis parame-
ter Nt, Biot number Bi, Lewis number Le and the circumferential
position parameter n.

Figs. 2a–2c present the effect of mixed convection parameter k
on the velocity f0, temperature h, and nanoparticles volume fraction
S profiles, respectively. It should be noted that k > 0 corresponds to
pure assisting flow (heated cylinder) while k < 0 corresponds to
opposing flow (cooled cylinder). In these figures, it is predicted that
the velocity increases while both the nanofluid temperature and
volume fraction decrease as k increases. This is due to the fact that
when k (i.e., buoyancy effects) increases, the convection cooling
effect increases and hence the fluid flow accelerates. Therefore
both the temperature and volume fraction reduce. Moreover, the
variations of the skin friction coefficient Cf(n), local Nusselt number
Nu(n) and local Sherwood number Sh(n) with different values of
mixed convection parameter k are shown in Figs. 3a–3c. As indi-
cated before, increasing in the values of k causes increasing in
the buoyancy effect in a mixed convection flow which leads to
an acceleration of the fluid flow. This yields reduction in the local
skin friction coefficient and enhancement in the local Nusselt num-
ber and local Sherwood number in both the cases of opposing and
aiding flows. Hence the mixed convection parameter has an impor-
tant role in controlling the temperature and nanoparticle volume
friction. It is also observed that the local skin-friction coefficient
is minimum at the circumferential position n = 0 (lower stagnation
point of the cylinder) whereas the local Nusselt number and the lo-
cal Sherwood number are maximum there. In addition, as the cir-
cumferential position n increases, the values of Cf(n) increase while
the values of Nu(n) and Sh(n) decrease. These behaviors are clearly
shown in Figs. 3a–3c, which are consistent with the behaviors re-
ported by Merkin [24] and Nazar et al. [25].

Figs. 4a–4c present the effect of the buoyancy ratio Nr and Biot
number Bi on the velocity f0, temperature h and nanoparticle vol-
ume fraction S, respectively. It can be observed that that convective
heating increases with increasing the Biot number, i.e., Bi ?1
simulates the isothermal surface, shown in Fig. 4b, where h(0) = 1
as Bi ?1. In fact, a high Biot number produces strong surface con-
vection which in turn supplies more heat to the cylinder surface
Table 1
Comparison of �h0(0) for different values of k for e = Nr = Nb = Nt = 0, Bi ?1 and
Pr = 1.0.

k Merkin [24] Nazar et al. [25] Present results

�1.75 0.4199 0.4205 0.4202
�1.5 0.4576 0.4601 0.4579
�1.0 0.5067 0.5080 0.5068
�0.5 0.5420 0.5430 0.5421

0.0 0.5705 0.5710 0.5706
0.5 0.5943 0.5949 0.5947
0.88 0.6096 0.6112 0.6111
0.89 0.6110 0.6116 0.6114
1.0 0.6158 0.6160 0.6160
2.0 0.6497 0.6518 0.6518
5.0 0.7315 0.7320 0.7319

Fig. 2c. Effect of k on the volume fraction profiles.
and as a consequence of the temperature difference between the
surface and the nanofluid intensifies. As a result, these figures illus-
trate that the increasing the value of Biot number Bi causes in-
creases in both the velocity and temperature profiles with
significant decrease on volume fraction profiles. In addition, an
increasing in the values of the buoyancy ratio Nr has a tendency
to decelerate the flow along the cylinder surface which filled with
nanofluids. This behavior in the flow velocity is accompanied by
slight increases in the nanofluid temperature and volume fraction
as Nr increases.

Figs. 5a–5c display the effects of the buoyancy ratio parameter
Nr and Biot number Bi on the skin friction coefficient Cf(n), local



Fig. 3a. Effect of k on the skin-friction coefficient.

Fig. 3b. Effect of k on the local Nusselt number.

Fig. 3c. Effect of k on the local Sherwood number.

Fig. 4a. Effects of Bi and Nr on the velocity profiles.

Fig. 4b. Effects of Bi and Nr on the temperature profiles.

Fig. 4c. Effects of Bi and Nr on the volume fraction profiles.
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Nusselt number Nu(n) and local Sherwood number Sh(n), respec-
tively. As the buoyancy ratio parameter Nr increases, all the skin
friction coefficient Cf(n), local Nusselt number Nu(n) and local Sher-
wood number Sh(n) decrease. On contrast, an increasing in the Biot
number Bi leads to increase all the skin friction coefficient, local
Nusselt and Sherwood numbers. This reason because, as the Biot
number increases, the convective heat transfer from the hot nano-
fluid side on the surface of the cylinder to the cold nanofluid side
increases leading to an increase in both the velocity, temperature
and volume fraction gradients.
Figs. 6a–6c present the effects of the Brownian motion param-
eter Nb and thermophoresis parameter Nt (nanofluid parameters)
on the velocity f0, temperature h and nanoparticle volume fraction
S, respectively. It can be observed that the increasing the Brownian
motion parameter Nb causes increases in either of the velocity or
the temperature profiles with significant decreases in the volume
fraction profiles. Whereas, increasing the thermophoresis parame-
ter Nt leads to increases in the velocity, temperature and the vol-
ume fraction profiles. As expected, the boundary layer profile for
the temperature function is essentially in the same form as in



Fig. 5a. Effects of Bi and Nr on the skin-friction coefficient.

Fig. 5b. Effects of Bi and Nr on the local Nusselt number.

Fig. 5c. Effects of Bi and Nr on the local Sherwood number.

Fig. 6a. Effects of Nb and Nt on the velocity profiles.

Fig. 6b. Effects of Nb and Nt on the temperature profiles.

Fig. 6c. Effects of Nb and Nt on the volume fraction profiles.
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the case of a regular (Newtonian) fluid but the nanoparticle volume
fraction decreases with an increase in Nb. This may be attributed to
the fact that for small particles, Brownian motion is strong, and the
parameter Nb will have high values; the converse is the case for
large particles, and clearly Brownian motion does exert a signifi-
cant enhancing effect on both the temperature and the volume
fraction profiles. Furthermore, a positive Nt indicates a cold surface
while negative Nt corresponds to a hot surface. For hot surfaces,
thermophoresis tends to blow the nanoparticle volume fraction
boundary layer away from the surface since a hot surface repels
the sub-micron sized particles from it, thereby forming a relatively
particle-free layer near the surface. and consequently, thermopho-
resis serves to warm the boundary layer, and it simultaneously
exacerbates particle deposition away from the fluid regime onto
the cylinder surface, thereby accounting for the increased volume
fraction magnitudes in Fig. 6c.

Figs. 7a–7c display the effects of the Brownian motion parame-
ter Nb and the thermophoresis parameter Nt on the skin friction
coefficient Cf(n), local Nusselt number Nu(n) and local Sherwood
number Sh(n), respectively. In nanofluid systems, owing to the size



Fig. 7a. Effects of Nb and Nt on the skin-friction coefficient.

Fig. 7b. Effects of Nb and Nt on the local Nusselt number.

Fig. 7c. Effects of Nb and Nt on the Sherwood number.

Fig. 8a. Effects of e and Le on the velocity profiles.

Fig. 8b. Effects of e and Le on the temperature profiles.

Fig. 8c. Effects of e and Le on the volume fraction profiles.
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of the nanoparticles, Brownian motion takes place, and this can en-
hance the heat transfer properties. This is due to the fact that the
Brownian diffusion promotes heat conduction. The nanoparticles
increase the cylinder surface area for heat transfer. A nanofluid is
a two phase fluid where the nanoparticles move randomly and in-
crease the energy exchange rates. However, the Brownian motion
reduces nanoparticles diffusion. The increase in the local Sherwood
number as Nb changes is relatively small. Therefore, as indicated
before, increasing the values of the Brownian motion parameter
Nb causes increasing in the velocity and temperature profiles while
its volume fraction decreases. This yields reduction in the local
Nusselt number and enhancement in both the skin friction coeffi-
cient and local Sherwood number. On the other hand, it can be seen
that the thermophoresis parameter Nt appears in thermal and con-
centration boundary layer equations. As we note that, it is coupled
with the temperature function and plays a strong role in determin-
ing the diffusion of heat and nanoparticles concentration in the
boundary layer. Thus, an increasing in the values of the thermo-
phoresis parameter Nt leads to a decreasing in the local Nusselt
number and an increasing in both the local skin friction coefficient
and local Sherwood number.



Fig. 9a. Effects of e and Le on the skin-friction coefficient.

Fig. 9b. Effects of e and Le on the local Nusselt number.

Fig. 9c. Effects of e and Le on the Sherwood number.
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Figs. 8a–8c display the velocity f0, temperature h and nanoparti-
cle volume fraction S, respectively for various values of the perme-
ability parameter e and Lewis number Le. The presence of a
permeability of porous medium in the flow presents resistance to
flow. This resistive force tends to slow down the flow around the
cylinder at the expense of increasing its temperature and volume
fraction. This is depicted by the decreases in the velocity profiles
and increases in both the temperature and volume fraction profiles
as e increases as shown in Figs. 8a–8c. The reason for this behavior
is that the increase in the permeability parameter e decreases the
permeability of the porous medium which results in obstruction
in the motion of the nanofluid due to which there are increases
in the temperature and in the thermal boundary layer. This in-
crease in temperature is indeed due to increased frictional effects
of particles. In other words, increases in the values of Le are seen
to cause acceleration of the flow represented by increases in the
velocity profiles because of the reduction in the nanoparticle buoy-
ancy effect. Also, it is observed that the volume fraction profiles
and its boundary layer decrease as Le increases, whereas the tem-
perature profiles and its boundary layer increase as Le increases.

Figs. 9a–9c illustrate the behaviors of the skin friction coeffi-
cient, local Nusselt and Sherwood numbers with changes in the
values of e and Le, respectively. For a small Le, an increasing in
the permeability parameter e causes the negative slopes of the
velocity gradient, temperature and volume fraction profiles at the
cylinder surface at every circumferential position n. This behavior
results in decreases in all the skin friction coefficient, Nusselt and
Sherwood numbers, whereas for a large values of Le, increasing e
has an opposing effect on the local Nusselt number. Finally, it is ob-
served that the increases in the values of Le produce decreases in
the Nusselt number and increases in both the local skin friction
and Sherwood number. This is associated with the decreases in
the nanoparticle boundary layer as Le increases as discussed
earlier.

5. Conclusions

This work considered the mixed convection boundary-layer
flow past a horizontal circular cylinder in a stream flowing verti-
cally upwards embedded in porous medium filled with a nanofluid
taking into account the thermal convective boundary condition.
The effects of Brownian motion and thermophoresis are included
for the nanofluid. The obtained transformed non-similar equations
were solved numerically by an implicit, tridiagonal finite-differ-
ence method. The obtained results were checked against
previously published work and were found to be in excellent
agreement. Numerical results for the velocity, temperature, and
nanoparticles volume fraction profiles as well as the skin-friction
coefficient, local Nusselt and Sherwood numbers were reported
graphically. It was found that both the local Nusselt and Sherwood
numbers increased due to increase in either the mixed convection
parameter or Biot number. However, they decreased due to
increase in the nanofluid buoyancy ratio or the circumferential po-
sition. Furthermore, the skin-friction coefficient was increased as
either of the Biot number or the circumferential position increased,
and it was decreased due to increase in the mixed convection and
buoyancy ratio parameters. Moreover, an increase in the values of
nanofluid parameters, permeability parameter and Lewis number
produced a decrease in the local Nusselt number and an increase
in both the skin-friction coefficient and local Sherwood number.
It is hoped that the present work will be useful for validating more
complex investigations dealing with mixed convection flow of a
nanofluid past a horizontal circular cylinder embedded in porous
media.
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