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In recent years, nanofluids have attracted attention as a new generation of heat transfer
fluids in building heating, heat exchangers, plants, and automotive cooling applications
because of their excellent thermal performance. Various benefits of the application of
nanofluids include improved heat transfer, heat transfer system size reduction, minimal
clogging, microchannel cooling, and miniaturization of systems. In this paper, a study of
steady, laminar, natural convection boundary-layer flow adjacent to a vertical cylinder
embedded in a thermally stratified nanofluid-saturated non-Darcy porous medium is
investigated. The model used for the nanofluid incorporates the effects of Brownian
motion and thermophoresis, and a generalized porous media model, which includes iner-
tia and boundary effects, is employed. The cylinder surface is maintained at a constant
nanoparticles volume fraction, and the wall temperature is assumed to vary with the ver-
tical distance according to the power law form. The resulting governing equations are
nondimensionalized and transformed into a nonsimilar form and then solved by Keller
box method. A comparison is made with the available results in the literature, and our
results are in very good agreement with the known results. A parametric study of the
physical parameters is made, and a representative set of numerical results for the veloc-
ity, temperature, and volume fraction, as well as local shear stress and local Nusselt and
Sherwood numbers, are presented graphically. The salient features of the results are ana-
lyzed and discussed. The results indicate that, when the buoyancy ratio or modified Gra-
shof number increases, all of the local shear stress, local Nusselt number, and the local
Sherwood number enhance while the opposite behaviors are predicted when the thermo-
phoresis parameter increases. Moreover, increasing the value of the surface curvature
parameter leads to increases in all of the local shear stress and the local Nusselt and
Sherwood numbers while the opposite behaviors are obtained when either of the thermal
stratification parameter or the boundary effect parameter increases.
[DOI: 10.1115/1.4025559]

Keywords: non-Darcy natural convection, porous medium, nanofluids, thermal stratifica-
tion, vertical cylinder

1 Introduction

Natural convection from different geometrics embedded in po-
rous media has been the subject of numerous investigations during
the past several decades. The interest in this subject has been
stimulated, to a large extent, by the fact that thermally driven
flows in porous media have several applications in chemical and
mechanical engineering, e.g., food processing and storage, geo-
physical systems, electrochemistry, fibrous insulation, metallurgy,
the design of pebble bed nuclear reactors, underground disposal of
nuclear or non-nuclear waste, microelectronics cooling, etc. A
wide application of porous media in many practical applications
can be found in the well-known books by Nield and Bejan [1],
Vafai [2], Pop and Ingham [3], and Ingham and Pop [4].

On other side, the area of nanofluids, a term referring to low
thermal conductivity base fluids containing suspension of
nanometer-sized particles (nanoparticles) introduced by Choi [5],
has been an active area of research because of their enhanced
thermal properties over the base fluids. This makes them very

attractive as heat transfer fluids in many applications such as cool-
ants in the automobile and electronics industries and manufactur-
ing processes. In a better description, nanofluids are engineered
colloidal suspensions of nanoparticles (1–100 nm) in a base fluid.
Common base fluids include water and organic liquids, while
nanoparticles are typically made of chemically stable metals,
metal oxides, or carbon in various forms. The size of the nanopar-
ticles imparts some unique characteristics to these fluids, includ-
ing greatly enhanced energy, momentum, and mass transfer, as
well as reduced tendency for sedimentation and erosion of the
containing surfaces. Nanofluids are being investigated for numer-
ous applications, including cooling, manufacturing, chemical and
pharmaceutical processes, medical treatments, cosmetics, etc.
Daungthongsuk and Wongwises [6] analyzed the effect of thermo-
physical properties models on the predicting of the convective
heat transfer coefficient for low concentration nanofluid. A com-
prehensive survey of convective transport in nanofluids was made
by Buongiorno [7] who proposed a model that takes into account
the Brownian diffusion as well as thermophoresis in writing the
transport equations. Kuznetsov and Nield [8] studied the influence
of nanoparticles on natural convection boundary layer flow past a
vertical plate by taking Brownian motion and thermophoresis into
account. To the best of the authors’ knowledge, in a pioneering pi-
ece of research, Nield and Kuznetsov [9] were the first to consider
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convection of nanofluids in porous media, and they have devel-
oped a systematic nanofluid model that incorporates the effects of
Brownian motion and thermophoresis. A similarity analysis for
the problem of a steady boundary-layer flow of a nanofluid on an
isothermal stretching circular cylindrical surface is analyzed by
Gorla et al. [10]. Gorla et al. [11] also considered the problem of
mixed convective boundary layer flow of a nanofluid over a verti-
cal wedge saturated porous medium. Chamkha et al. [12] investi-
gated the unsteady hydromagnetic flow of a nanofluid past a
stretching sheet. The problem of the natural convection boundary
layer of a non-Newtonian fluid adjacent to a vertical cone embed-
ded in a porous medium saturated with nanofluid has been per-
formed by Rashad et al. [13]. Chamkha and Rashad [14]
investigated the natural convection from a vertical permeable
cone in nanofluid-saturated porous media for uniform heat and
nanoparticles volume fraction fluxes. The problem of transient
natural convection flow of a nanofluid over a vertical cylinder was
reported Chamkha et al. [15]. Nazar et al. [16] studied mixed con-
vection boundary layer flow over a horizontal circular cylinder
embedded in a porous medium filled with a nanofluid. Rohni et al.
[17] studied mixed convection boundary-layer flow along a verti-
cal permeable cylinder embedded in a porous medium filled by a
nanofluid. Cheng [18] studied free convection boundary layer
flow over a horizontal cylinder of elliptic cross section in porous
media saturated by a nanofluid. In addition, Cheng [19] analyzed
free convection of non-Newtonian nanofluids about a vertical
truncated cone in a porous medium. Khan and Aziz [20] consid-
ered double-diffusive natural convective boundary layer flow in a
porous medium saturated with a nanofluid over a vertical plate for
the prescribed surface heat, solute, and nanoparticle fluxes. Rosca
et al. [21] solved the problem of non-Darcy mixed convection
from a horizontal plate embedded in a nanofluid-saturated porous
medium. Uddin et al. [22] reported a numerical solution for free
convection boundary layer flow from a heated upward facing hori-
zontal flat plate embedded in a porous medium filled by a nanofluid
with convective boundary condition. Nield and Kuznetsov [23]
considered the Cheng–Minkowycz problem for natural convective
boundary-layer flow in a porous medium saturated by a nanofluid.
The thermal stratification effects on Hiemenz flow of a nanofluid
over a porous wedge sheet in the presence of suction/injection due
to solar energy was reported by Kandaswamy et al. [24].

The aim of the present study is to investigate the non-Darcy
natural convection flow over a vertical cylinder embedded in ther-
mally stratified nanofluid-saturated porous medium. The model
used for the nanofluid incorporates the effects of Brownian motion
and thermophoresis, and a generalized porous media model,
which includes inertia and boundary effects, is employed. The
resulting governing equations are nondimensionalized and trans-
formed into a nonsimilar form and then solved by the Keller box
method. Numerical solutions of the boundary layer equations are
obtained and discussion is provided for several values of parame-
ters governing the problem. The profiles of velocity, temperature,
and nanoparticles volume fraction profiles as well as the local
shear stress, local Nusselt number, and local Sherwood number on
these parameters have been presented graphically and discussed.

2 Mathematical Formulation

Consider the steady laminar natural convection flow of a vis-
cous incompressible nanofluid from a heated vertical cylinder em-
bedded in an isotropic homogenous and thermally stratified non-
Darcy porous medium. Following Nield and Kuznetsov [23], it is
assumed that nanoparticles are suspended in the nanofluid using
either surfactant or surface charge technology. This prevents par-
ticles from agglomeration and deposition on the porous matrix.
The model used for the nanofluid incorporates the effects of
Brownian motion and thermophoresis. The cylinder surface is
maintained at a constant nanoparticles volume fraction Cw, which
is higher than the ambient nanoparticles volume fraction C1. The
free or ambient temperature T1 is assumed to increase linearly

with the vertical distance according to T1ðxÞ ¼ T1;0 þ Bx, where
T1,0 is the ambient temperature at x¼ 0 and B ¼ dT1ðxÞ=dx is a
positive constant, which implies a stable, stratified ambient envi-
ronment. The surface temperature on the heated cylinder is also
assumed to vary with the vertical distance according to the power
law form TwðxÞ ¼ T1;0 þ Axm, where A is a positive constant and
m is the exponent. It is noted that m¼ 0 represents the case of an
isothermal cylinder. Figure 1 shows the physical model and coor-
dinate system of the problem where x represents the axial or verti-
cal distance while r represents the radial distance. The cylinder is
aligned along the x-direction. The gravity g acts downward in the
negative x-direction. The nanofluid properties are assumed to be
constant except the density variation in the momentum equation
according to the model reported by Buongiorno [7], which gives
rise to the buoyancy forces. Since the surface is extended along
the x-axis, the flow, temperature, and volume fraction fields are
two-dimensional and depend on x and r only. A non-Darcian po-
rous medium model, which includes inertia and boundary effects,
is employed. The porous medium and cylinder are assumed to be
in local thermal equilibrium. Under these assumptions along with
the Boussinesq approximation, the boundary-layer equations
based on the balance laws of mass, momentum, temperature, and
nanoparticles volume fraction can be expressed as (see, Kumari
et al. [25], Singh and Tewari [26], Chen and Horng [27], and Al-
Humoud and Chamkha [28])
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The boundary conditions are given by

uðx; r0Þ ¼ 0; vðx; r0Þ ¼ 0;

Tðx; r0Þ ¼ TwðxÞ ¼ T1;0 þ AxmCðx; r0Þ ¼ Cw; uðx;1Þ ¼ 0;

Tðx;1Þ ¼ T1ðxÞ ¼ T1;0 þ Bx;Cðx;1Þ ¼ C1 (5)

where u, v are the velocity components in the axial and radial
directions, respectively; T and C are the nanofluid temperature
and nanoparticles volume fraction, respectively. K, C*, b, g, DB,
and DT are the permeability of the porous medium, inertia coeffi-
cient, volumetric expansion coefficient of the fluid, gravitational
acceleration, Brownian diffusion coefficient, and thermophoretic
diffusion coefficient, respectively. r0, l, qf, and qp are the radius

Fig. 1 The physical model and coordinate system
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of the cylinder, fluid viscosity, fluid density, and nanoparticles
mass density, respectively. a ¼ km=ðqcÞf and s ¼ ðqcÞp=ðqcÞf are
the effective thermal diffusivity of porous medium and the ratio
of heat capacities, respectively. km, (qc)f, and (qc)p are effective
thermal conductivity, heat capacity of the fluid, and the effective
heat capacity of nanoparticles material, respectively. It should be
mentioned that the two terms (second term on the left-hand side
and the first term on right-hand side) in Eq. (2), represent the non-
Darcy effects (porous medium inertia and boundary effects). By
introducing the boundary effect term, the order of the governing
equations is raised by one, which enables applying the no-slip
boundary condition at the wall (see Chen and Horng [27] and Al-
Humoud and Chamkha [28]).

It is more convenient to deal with dimensionless equations.
Hence, applying the following transformations
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TwðxÞ � T1;0

; g ¼ r2 � r2
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to Eqs. (1)–(5) results in the following dimensionless nonsimilar
equations and boundary conditions
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and the boundary conditions become as follows:

f 0ðn; 0Þ ¼ 0; f ðn; 0Þ þ 2ð1� mÞ
ðmþ 1Þ n

@f ðn; 0Þ
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¼ 0;
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f 0ðn;1Þ ¼ 0; hðn;1Þ ¼ 0; /ðn;1Þ ¼ 0 (10)
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Table 1 Comparison of 2h0(n,0) for a vertical plate in thermally stratified porous medium (Ergun’s model, m 5 0 and n 5 0)

Chen and Horng [27] Singh and Tewari [26] Al-Humoud and Chamkha [28] Present work

Gr n¼ 0.0 n¼ 0.1 n¼ 0.0 n¼ 0.1 n¼ 0.0 n¼ 0.1 n¼ 0.0 n¼ 0.1

0 0.4438 0.3867 0.443 0.386 0.4437 0.3861 0.4437 0.3857
0.01 0.443 0.3855 0.442 0.385 0.4423 0.3851 0.4422 0.3846
0.1 0.4304 0.3764 0.43 0.376 0.4295 0.3756 0.4295 0.3755
0.4 0.4007 0.3537 0.4 0.353 0.4 0.3535 0.4001 0.3533
1 0.3666 0.3263 0.366 0.326 0.3662 0.3254 0.3658 0.3257
4 0.2989 0.2961 0.298 0.268 0.299 0.2688 0.2978 0.2685
6 0.2782 0.2512 0.277 0.25 0.278 0.251 0.2767 0.2502
10 0.252 0.2281 0.251 0.227 0.2522 0.2281 0.2506 0.2273
100 — — — — 0.1512 0.1379 0.1511 0.1382

Table 2 Comparison of 2h0(n,0) for a vertical cylinder (Darcy’s law, m 5 0 and n 5 0)

Al-Humoud and Chamkha [28] Present

x Chen and Horng [27] Kumari et al. [25] g1¼ 8 g1¼ 50 g1¼ 8 g1¼ 50

0.00 0.4438 0.4438 0.4437 0.4437 0.4446 0.4437
0.25 0.4942 0.4977 0.4931 0.4769 0.4926 0.4828
0.50 0.5440 0.5472 0.5468 0.5218 0.5452 0.5220
0.75 0.5939 0.5971 0.5999 0.5555 0.5993 0.5608
1.00 0.6439 0.6479 0.6568 0.6000 0.6535 0.5994
1.50 0.7612 0.7509 0.7652 0.6765 0.7612 0.6754
2.00 0.8669 0.8538 0.8701 0.7510 0.8669 0.7499
2.50 0.9705 0.9562 0.9753 0.8248 0.9706 0.8231
3.00 1.0721 1.0576 1.0792 0.8968 1.0723 0.8952
4.00 1.2703 1.2571 1.2789 1.0395 1.2705 1.0366
5.00 1.4625 1.4519 1.4733 1.1786 1.4629 1.1750
6.00 1.6498 1.6424 1.6621 1.3159 1.6504 1.3112
7.00 1.8330 1.8290 1.8450 1.4514 1.8338 1.4453
8.00 2.0126 2.0120 2.0272 1.5844 2.0137 1.5778
9.00 2.1891 2.1918 2.1951 1.7166 2.1906 1.7089
10.00 2.3673 2.3688 2.3810 1.8466 2.3647 1.8386
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In the above equations, the primes denote to differentiations with
respect to g, n is termed as the local thermal stratification parame-
ter, with n¼ 0 describing the case of uniform ambient tempera-
ture, i.e., no thermal stratification, x is the curvature effect
parameter with x¼ 0 denoting the special case of a flat plate, Gr is
the modified Grashof number, which represents the importance of
the inertia effect, Nr is the buoyancy ratio, Nb is the Brownian
motion parameter, Nt is the thermophoresis parameter, Le is the
Lewis number, Bp is the boundary effect parameter, Dax is the
local Darcy number, Rax is the modified local Rayleigh number,
and Rad is the modified local Rayleigh number based on pore di-
ameter. It is important to mention here that Nield and Kuznetsov
[9] in their work on thermal instability in a porous medium layer

saturated by a nanofluid were the first to introduce the parameters
Nr, Nb, and Nt.

Of special significance for this type of flow, heat and nanopar-
ticles volume fraction transfer situation are the local skin-friction
coefficient, local Nusselt number, and the local Sherwood number.
These physical parameters can be defined in dimensionless form
as

sw ¼ l
@u

@y

� �
r¼r0

¼ laRa3=2
x

x2
f 00ðn; 0Þ; swx2Ra�3=2

x

la
¼ f 00ðn; 0Þ

(12)

Nux ¼
hx

km
¼ �Ra1=2

x h0ðn; 0Þ; NuxRa�1=2
x ¼ �h0ðn; 0Þ (13)

Fig. 2 Effects of Nr and Gr on the (a) velocity; (b) temperature
profiles; and (c) nanoparticles volume fraction profiles

Fig. 3 Effects of Nr and Gr on the local (a) shear stress; (b)
Nusselt number; and (c) Sherwood number
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Shx ¼
hmx

DB
¼ �Ra1=2

x /0ðn; 0Þ; NuxRa�1=2
x ¼ �/0ðn; 0Þ (14)

3 Numerical Method and Validation

The governing Eqs. (7)–(9) with the boundary conditions (10)
are nonlinear partial differential equations. Here the system of
Eqs. (7)–(9) are solved numerically using an implicit finite differ-
ence scheme known as the Keller box method as described by
Cebeci and Bradshaw [29]. The computations were carried out
with Dn¼ 0.001 and Dg¼ 0.01 (uniform grids). The edge of the
boundary layer was represented by g1 and the value of g1¼ 30

was found to be sufficiently enough to obtain accurate results that
approach the free stream values asymptotically. The convergence
criterion required that the difference between two successive itera-
tions of all dependent variables be less than 10� 5. In order to vali-
date the numerical results, comparisons with the previously
published results of Singh and Tewari [26], Chen and Horng [27],
and Al-Humoud and Chamkha [28] for Ergun’s model (m¼ 0 and
n¼ 0) are shown in Table 1. We have compared the results
obtained by this numerical method with the previously published
work of the results of Kumari et al. [25], Chen and Horng [27],
and Al-Humoud and Chamkha [28] for Darcy’s law (m¼ 0 and
n¼ 0) in Table 2. In our computations, we have used exponential
functions as initial guesses.

Fig. 4 Effects of Nb and x on the (a) velocity; (b) temperature
profiles; and (c) nanoparticles volume fraction profiles

Fig. 5 Effects of Nt and m on the local (a) shear stress; (b)
Nusselt number; and (c) Sherwood number
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4 Results and Discussion

In this section, a representative set of graphical results for the
dimensionless velocity f0(n,g), nanofluid temperature h(n,g), and
nanoparticles volume fraction /(n,g) as well as the local skin fric-
tion coefficient f00(n,0) (which is proportional to the local the local
shear stress), rate of heat transfer �h0(n,0) (which is proportional
to the local Nusselt number), and the rate of nanoparticles volume
fraction �/0(n,0) (which is proportional to the local Sherwood
number) is presented and discussed for various parametric condi-
tions. These results present the effects of the curvature parameter
x, buoyancy ratio Nr, modified Grashof number Gr, Brownian
motion parameter Nb, thermophoresis parameter Nt, Lewis number
Le, boundary effect parameter Bp, local thermal stratification

parameter n, and the wall temperature exponent m on the perform-
ance of flow and heat and nanoparticles volume fraction transfer.

Figures 2(a)–2(c) present effects of the modified Grashof num-
ber Gr and the buoyancy ratio Nr on the velocity f0(n,g), tempera-
ture h(n,g) and the nanoparticles volume fraction /(n,g) profiles,
respectively. It is clearly seen that the modified Grashof number
Gr is found to characterize the fluid inertia effect, which presents
an obstacle to flow causing the flow to move slower and the nano-
fluid temperature to increase. Hence, as Gr increases, the nano-
fluid motion in the boundary layer is accelerated causing a slight
reduction in the momentum boundary layer thickness and hence,
in the thermal and nanoparticles boundary layer thicknesses. Con-
sequently, both of the temperature and the nanoparticles volume

Fig. 6 Effects of Nt and m on the (a) velocity; (b) temperature
profiles; and (c) nanoparticles volume fraction profiles

Fig. 7 Effects of Nt and m on the local (a) shear stress; (b)
Nusselt number; and (c) Sherwood number
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fraction profiles increase, while the velocity profiles within the
boundary layer decrease. Furthermore, it can be seen that increas-
ing of the value of the buoyancy ratio Nr has a tendency to decel-
erate the flow in the immediate vicinity of the cylinder surface
where the nanofluid is present. This behavior in the flow velocity
is accompanied by slight increases in the nanofluid temperature
and nanoparticles volume fraction as Nr increases.

Figures 3(a)–3(c) display the effects of the modified Grashof
number Gr and the buoyancy ratio Nr on the local shear stress
f00(n,0), local Nusselt number �h0(n,0) and the local Sherwood
number �/0(n,0), respectively. As mentioned above, an increase
in the modified Grashof number Gr reduces the intensity of the
flow but enhances the thermal and nanoparticles boundary layer

thicknesses. This causes the value of the wall velocity gradient to
increase whereas the negative values of the wall temperature and
nanoparticles volume fraction gradients decrease yielding corre-
sponding decreases in all of the local shear stress and the local
Nusselt and Sherwood numbers. In addition, it is predicted that all
the shear stress and the Nusselt and Sherwood numbers decrease
with increasing values of Nr as evident from Figs. 3(a)–3(c).

Figures 4(a)–4(c) show the effects of the Brownian motion pa-
rameter Nb on the velocity f0, temperature h, and the nanoparticles
volume fraction / for two values of the surface curvature parame-
ter x. It is noted that all of the peaks of velocity, temperature, and
nanoparticles volume fraction profiles decrease with an increase
in the surface curvature parameter x in the region close to the

Fig. 8 Effects of Le and Bp on the (a) velocity; (b) temperature
profiles; and (c) nanoparticles volume fraction profiles

Fig. 9 Effects of Le and Bp on the local (a) shear stress; (b)
Nusselt number; and (c) Sherwood number
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cylinder surface, while the opposite behaviors occur far down-
stream resulting in thicker momentum, thermal, and nanoparticles
boundary layers. In addition, as the Brownian motion parameter Nb
increases, both the velocity and the temperature profiles increase
with a slight decrease in the nanoparticles volume fraction.

Figures 5(a)–5(c) display the Brownian motion parameter Nb
and the surface curvature parameter x on the values of the local
shear stress, local Nusselt number, and the Sherwood number,
respectively. As mentioned before, by increasing the Brownian
motion parameter Nb, it is noticed that increases in both of the ve-
locity and the nanoparticles volume fraction take place, while a
decrease in the nanofluid temperature occurs. Therefore, these
results in increases in both of the local shear stress and the local
Sherwood number, while the reverse trend occurs with the local
Nusselt number. However, the increasing of x leads increases in
the wall gradient of the velocity profile and the negative wall gra-
dients of the temperature and nanoparticles volume fraction pro-
files. This produces enhancements in all of f00(n,0), �h0(n,0), and
�/0(n,0).

Figures 6(a)–6(c) depict the effects of the thermophoresis pa-
rameter Nt and the wall temperature exponent m on the velocity f0,
temperature h, and the nanoparticles volume fraction /, respec-
tively. For a given value of m, it is seen that an increase in the
value of Nt leads to an increase in the nanofluid velocity in the im-
mediate vicinity of the cylinder. This behavior in the velocity is
accompanied by a slight increase in the nanofluid temperature and
nanoparticles volume, respectively. On the other hand, it is noted
that m¼ 0 represents to the case of isothermal cylinder, while
m¼ 1 represents to the variable wall temperature (nonisothermal
cylinder). However, an increase in the exponent m causes
increases in all of the velocity, nanofluid temperature, and nano-
particles volume profiles. This implies that, in the isothermal cyl-
inder case, the temperature becomes colder and both the velocity
and nanoparticles become lower than that those for the nonisother-
mal case.

Figures 7(a)–7(c) exhibit the effects of the thermophoresis pa-
rameter Nt and the wall temperature exponent m on the local shear
stress f00(n,0), local Nusselt number �h0(n,0), and the local Sher-
wood number �/0(n,0), respectively. As mentioned before, an
increase in the value of Nt results in increasing the velocity, tem-
perature, and volume fraction causing the wall slope (gradient) of
the velocity profiles and the negative wall slopes (gradients) of the
temperature and nanoparticles volume fraction profiles to reduce
as Nt increases. This causes all of f00(n,0), �h0(n,0), and �/0(n,0)
to reduce. However, an increase in the exponent m produces a
reduction in the local wall shear stress, while the opposite effects
occur with both of the local Nusselt and Sherwood numbers.
These behaviors are clearly observed in Figs. 7(a)–7(c).

The effects of the boundary effect parameter Bp and the Lewis
number Le on the velocity f0, temperature h, and the nanoparticles
volume fraction / are presented in Figs. 8(a)–8(c), respectively. It
is clear that the velocity profile decreases whereas both the tem-
perature h and the nanoparticles volume fraction profiles increase
with the increase in the value of Bp. This may be attributed to the
fact that the boundary effect provides a pressure loss, reduces the
momentum transport in the boundary layer, and hence reduces the
heat transfer. On the other hand, as the Lewis number Le
increases, the velocity profile decreases, while both of the temper-
ature h and the nanoparticles volume fraction profiles decrease.
Moreover, there is a minimal change in thermal boundary layer
thickness, whereas a significant reduction in the nanoparticles
boundary layer thickness as Le increases.

Figures 9(a)–9(c) illustrate the effects of the boundary effect
parameter Bp and the Lewis number Le on the local shear stress
f00(n,0), local Nusselt number �h0(n,0), and the local Sherwood
number �/0(n,0), respectively. It is depicted that an increase in
the boundary effect parameter Bp causes a pronounced reduction
in all of the local shear stress and local Nusselt and the Sherwood
numbers. This effect can be explained from the fact that the
boundary effect represents a resistance to flow caused by the

viscous shear along the cylinder surface. The pressure loss caused
by the surface is generally small, but inclusion of the boundary
effect term can significantly affect the heat and nanoparticles vol-
ume fraction transfer by requiring the velocity to be zero at the
surface. It is further observed that both the nanofluid velocity and
temperature increase while the nanoparticles volume fraction and
its boundary-layer thickness decrease considerably as the Lewis
number Le increases. This yields enhancements in both the Nus-
selt and Sherwood numbers and a reduction in the local shear
stress. Finally, it is noticed that all of the wall shear stress, local
Nusselt number, and the local Sherwood number reduce as the
thermal stratification parameter n increase. This is evident from
the fact that as n increases, the temperature difference between the
wall and ambient porous medium decreases and hence produces
lower temperature in the thermal boundary layer, which in turn
produces a decrease in heat transfer. Hence, this causes both of
the skin friction and the nanoparticles volume fraction transfer
rate to increase.

5 Conclusion

A numerical study was performed to investigate the non-Darcy
natural convection boundary-layer flow along a vertical cylinder
embedded in a thermally stratified nanofluid-saturated porous me-
dium. The model used for the nanofluid incorporated the effects
of Brownian motion and thermophoresis, and a generalized porous
media model, which included the inertia and boundary effects,
was employed. The cylinder surface was maintained at a constant
nanoparticles volume fraction, and the wall temperature was
assumed to vary with the vertical distance according to a power
law form. The resulting governing equations were nondimension-
alized and transformed into a nonsimilar form and then solved by
the Keller box method. Comparisons with previously published
work were performed, and excellent agreement was obtained. Nu-
merical results for the velocity, temperature, and nanoparticles
volume fraction profiles as well as the local shear stress, local
Nusselt number, and the local Sherwood number were presented
graphically. From the indicated results of the problem, the follow-
ing observations were concluded:

(1) As the buoyancy ratio or modified Grashof number
increased, all of the local shear stress, local Nusselt num-
ber, and the local Sherwood number enhanced, while the
opposite behaviors were predicted when the thermophoresis
parameter increased.

(2) The local Nusselt number reduced while the local shear
stress and the local Sherwood number enhanced as the
Brownian motion parameter increased.

(3) Both of the local Nusselt and Sherwood numbers enhanced,
while the local shear stress reduced as the wall temperature
exponent increased.

(4) Increasing the value of the surface curvature parameter led
to increases in all of the local shear stress and the local
Nusselt and Sherwood numbers, while the opposite behav-
iors were obtained when either of the thermal stratification
parameter or the boundary effect parameter increased.

(5) As the Lewis number increased, both of the local shear
stress and the local Sherwood number increased, whereas
the local Nusselt number decreased.
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Nomenclature

A ¼ constant
B ¼ positive constant
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Bp ¼ boundary effect parameter
C ¼ nanoparticle volume fraction

Cw ¼ nanoparticle volume fraction at the cylinder surface
C1 ¼ ambient nanoparticle volume fraction

C*¼ inertia coefficient
d ¼ pore diameter, m

DB ¼ Brownian diffusion coefficient, m2�s�1

DT ¼ thermophoretic diffusion coefficient, m2�s�1

Dax ¼ local Darcy number
ƒ ¼ dimensionless stream function
g ¼ gravitational acceleration, m�s�2

Gr ¼ modified Grashof number
h ¼ local heat transfer coefficient, W�m�2�K�1

hm ¼ local mass transfer coefficient, W�m�2�K�1

K ¼ permeability of porous medium, m2

km ¼ thermal conductivity, W�m�1�K�1

Le ¼ Lewis number
m ¼ exponent

Nr ¼ buoyancy ratio
Nb ¼ Brownian motion parameter
Nt ¼ thermophoresis parameter

Nux ¼ local Nusselt number
r0 ¼ radius of the cylinder, m

Rad ¼ modified local Rayleigh number based on pore diameter
Rax ¼ modified local Rayleigh number
Shx ¼ local Sherwood number

T ¼ temperature, K
Tw ¼ temperature at cylinder surface, K

T1 ¼ ambient temperature attained as r tends to infinity, K
u, v ¼ velocity components in x- and r-directions, respectively,

m�s�1

x, r ¼ axial and radial coordinates, respectively, m

Greek Symbols

a ¼ the effective thermal diffusivity of porous medium
(a ¼ km=ðqcÞf ), m2�s�1

b ¼ volumetric expansion coefficient of fluid, K�1

l ¼ fluid viscosity, N�s�m�2

g,n ¼ pseudo-similarity variable and local thermal stratification
parameter, respectively

x ¼ curvature effect parameter
h ¼ dimensionless temperature
/ ¼ dimensionless nanoparticle volume fraction
w ¼ stream function
qf ¼ fluid density, kg�m�3

qp ¼ nanoparticle mass density, kg�m�3

(qc)f ¼ heat capacity of the fluid, J�m�3�K�1

(qc)p ¼ effective heat capacity of nanoparticles, J�m�3�K�1

s ¼ ratio of heat capacities (s ¼ ðqcÞp=ðqcÞf )
sw ¼ wall shear stress, N�m�2

Subscripts

w ¼ conditions at the wall
1¼ conditions in the free stream

f ¼ fluid
p ¼ nanoparticle
0 ¼ differentiation with respect to g

References
[1] Nield, D. A., and Bejan, A., 2006, Convection in Porous Media, 3rd ed.,

Springer, New York.
[2] Vafai, K., 2005, Handbook of Porous Media, 2nd ed., Taylor & Francis, New

York.
[3] Pop, I., and Ingham, D. B., 2001, Convective Heat Transfer: Mathematical and

Computational Modelling of Viscous Fluids and Porous Media, Pergamon,
Oxford, UK.

[4] Ingham, D. B., and Pop, I., 2002, Transport Phenomena in Porous Media, Vol.
II, Pergamon, Oxford, UK.

[5] Choi, S. U. S., 1995, “Enhancing Thermal Conductivity of Fluids With Nano-
particle,” Developments and Applications of Non-Newtonian Flows, Vol. 231/
MD 66, D. A. Siginer and H. P. Wang, eds., ASME FED, New York, pp.
99–105.

[6] Duangthongsuk, W., and Wongwises, S., 2008, “Effect of Thermophysical
Properties Models on the Predicting of the Convective Heat Transfer Coeffi-
cient for Low Concentration Nanofluid,” Int. Commun. Heat Mass Transfer, 35,
pp. 1320–1326.

[7] Buongiorno, J., 2006, “Convective Transport in Nanofluids,” ASME J. Heat
Transfer, 128, pp. 241–250.

[8] Kuznetsov, A. V., and Nield, D. A., 2010, “Natural Convective Boundary-
Layer Flow of a Nanofluid Past a Vertical Plate,” Int. J. Therm. Sci., 49, pp.
243–247.

[9] Nield, D. A., and Kuznetsov, A. V., 2009, “Thermal Instability in a Porous Me-
dium Layer Saturated by a Nanofluid,” Int. J. Heat Mass Transfer, 52, pp.
5796–5801.

[10] Gorla, R. S. R., EL-Kabeir, S. M. M., and Rashad, A. M., 2011, “Heat Transfer
in the Boundary Layer on a Stretching Circular Cylinder in a Nanofluid,” J.
Thermophys. Heat Transfer, 25, pp. 183–186.

[11] Gorla, R. S. R., Chamkha, A. J., and Rashad, A. M., 2011, “Mixed Convective
Boundary Layer Flow Over a Vertical Wedge Embedded in a Porous Medium
Saturated With a Nanofluid,” Nanoscale Res. Lett., 6(207), pp. 1–9.

[12] Chamkha, A. J., Rashad, A. M., and Al-Meshaiei, E., 2011, “Melting Effect on
Unsteady Hydromagnetic Flow of a Nanofluid Past a Stretching Sheet,” Int. J.
Chem. React. Eng., 9, pp. 1–23.

[13] Rashad, A. M., El-Hakiem, M. A., and Abdou, M. M. M., 2011, “Natural Con-
vection Boundary Layer of a Non-Newtonian Fluid About a Permeable Vertical
Cone Embedded in a Porous Medium Saturated With a Nanofluid,” Comput.
Math. Appl., 62, pp. 3140–3151.

[14] Chamkha, A. J., and Rashad, A. M., 2012, “Natural Convection From a Vertical
Permeable Cone in Nanofluid Saturated Porous Media for Uniform Heat and
Nanoparticles Volume Fraction Fluxes,” Int. J. Numer. Methods Heat Fluid
Flow, 22(8), pp. 1073–1085.

[15] Chamkha, A. J., Rashad, A. M., and Aly, A. M., 2013, “Transient Natural Con-
vection Flow of a Nanofluid Over a Vertical Cylinder,” Meccanica, 48(1), pp.
71–81.

[16] Nazar, R., Tham, L., Pop, I., and Ingham, D. B., 2011, “Mixed Convection
Boundary Layer Flow Over a Horizontal Circular Cylinder Embedded in a Po-
rous Medium Filled With a Nanofluid,” Transp. Porous Media, 86, pp.
547–566.

[17] Rohni, A. M., Amad, S., Merkin, J. H., and Pop, I., 2012, “Mixed Convection
Boundary-Layer Flow Along a Vertical Permeable Cylinder Embedded in a Po-
rous Medium Filled by a Nanofluid,” Transp. Porous Media, 96, pp. 237–253.

[18] Cheng, C. Y., 2012, “Free Convection Boundary Layer Flow Over a Horizontal
Cylinder of Elliptic Cross Section in Porous Media Saturated by a Nanofluid,”
Int. Commun. Heat Mass Transfer, 39, pp. 931–936.

[19] Cheng, C. Y., 2012, “Free Convection of Non-Newtonian Nanofluids About a
Vertical Truncated Cone in a Porous Medium,” Int. Commun. Heat Mass Trans-
fer, 39, pp. 1354–1359.

[20] Khan, W. A., and Aziz, A., 2011, “Double-Diffusive Natural Convective
Boundary Layer Flow in a Porous Medium Saturated With a Nanofluid Over a
Vertical Plate: Prescribed Surface Heat, Solute and Nanoparticle Fluxes,” Int. J.
Therm. Sci., 50, pp. 2154–2160.

[21] Rosca, A. V., Rosca, N. C., Grosan, T., and Pop, I., 2012, “Non-Darcy Mixed
Convection From a Horizontal Plate Embedded in a Nanofluid Saturated Porous
Medium,” Int. Commun. Heat Mass Transfer, 39, pp. 1080–1085.

[22] Uddin, M. J., Khan, W. A., and Ishmail, A. I. M., 2012, “Free Convection
Boundary Layer Flow From a Heated Upward Facing Horizontal Flat Plate Em-
bedded in a Porous Medium Filled by a Nanofluid With Convective Boundary
Condition,” Transp. Porous Media, 92, pp. 867–881.

[23] Nield, D. A., and Kuznetsov, A. V., 2009, “The Cheng-Minkowycz Problem for
Natural Convective Boundary-Layer Flow in a Porous Medium Saturated by a
Nanofluid,” Int. J. Heat Mass Transfer, 52, pp. 5792–5795.

[24] Kandaswamy, R., Muhaimin, I., Ram, N. S., and Prabhu, K. K. S., 2012,
“Thermal Stratification Effects on Hiemenz Flow of Nanofluid Over a Porous
Wedge Sheet in the Presence of Suction/Injection due to Solar Energy: Lie
Group Transformation,” Transp. Porous Media, 94, pp. 399–416.

[25] Kumari, M., Pop, I., and Nath, G., 1985, “Finite-Difference and Improved Per-
turbation Solutions for Free Convection on a Vertical Cylinder Embedded in a
Saturated Porous Medium,” Int. J. Heat Mass Transfer, 28, pp. 2171–2174.

[26] Singh, P., and Tewari, K., 1993, “Non-Darcy Free Convection From Vertical
Surfaces in Thermally Stratified Porous Media,” Int. J. Eng. Sci., 31, pp.
1233–1242.

[27] Chen, C.-H., and Horng, J.-H., 1999, “Natural Convection From a Vertical Cyl-
inder in a Thermally Stratified Porous Medium,” Heat Mass Transfer, 34, pp.
423–428.

[28] Al-Humoud, J. M., and Chamkha, A. J., 2006, “Double-Diffusive Convection
From a Vertical Cylinder in a Thermally Stratified Non-Darcian Porous
Medium,” Heat Technol., 24, pp. 69–77.

[29] Cebeci, T., and Bradshaw, P., 1984, Physical and Computational Aspects of
Convective Heat Transfer, 2nd ed., Springer-Verlag, New York.

Journal of Heat Transfer FEBRUARY 2014, Vol. 136 / 022503-9

Downloaded From: http://heattransfer.asmedigitalcollection.asme.org/ on 01/21/2014 Terms of Use: http://asme.org/terms

http://dx.doi.org/10.1016/j.icheatmasstransfer.2008.07.015
http://dx.doi.org/10.1115/1.2150834
http://dx.doi.org/10.1115/1.2150834
http://dx.doi.org/10.1016/j.ijthermalsci.2009.07.015
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2009.07.023
http://dx.doi.org/10.2514/1.51615
http://dx.doi.org/10.2514/1.51615
http://dx.doi.org/10.1186/1556-276X-6-207
http://dx.doi.org/10.2202/1542-6580.2613
http://dx.doi.org/10.2202/1542-6580.2613
http://dx.doi.org/10.1016/j.camwa.2011.08.027
http://dx.doi.org/10.1016/j.camwa.2011.08.027
http://dx.doi.org/10.1108/09615531211208060
http://dx.doi.org/10.1108/09615531211208060
http://dx.doi.org/10.1007/s11012-012-9584-8
http://dx.doi.org/10.1007/s11242-010-9637-1
http://dx.doi.org/10.1007/s11242-012-0085-y
http://dx.doi.org/10.1016/j.icheatmasstransfer.2012.05.014
http://dx.doi.org/10.1016/j.icheatmasstransfer.2012.08.001
http://dx.doi.org/10.1016/j.icheatmasstransfer.2012.08.001
http://dx.doi.org/10.1016/j.ijthermalsci.2011.05.022
http://dx.doi.org/10.1016/j.ijthermalsci.2011.05.022
http://dx.doi.org/10.1016/j.icheatmasstransfer.2012.06.025
http://dx.doi.org/10.1007/s11242-011-9938-z
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2009.07.024
http://dx.doi.org/10.1007/s11242-012-0011-3
http://dx.doi.org/10.1016/0017-9310(85)90112-7
http://dx.doi.org/10.1016/0020-7225(93)90128-H
http://dx.doi.org/10.1007/s002310050278

	s1
	cor1
	l
	s2
	E1
	E2
	E3
	E4
	E5
	F1
	E6
	E7
	E8
	E9
	E10
	E11
	T1
	T2
	E12
	E13
	F2
	F3
	E14
	s3
	F4
	F5
	s4
	F6
	F7
	F8
	F9
	s5
	B1
	B2
	B3
	B4
	B5
	B6
	B7
	B8
	B9
	B10
	B11
	B12
	B13
	B14
	B15
	B16
	B17
	B18
	B19
	B20
	B21
	B22
	B23
	B24
	B25
	B26
	B27
	B28
	B29

