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An analysis has been carried out to study the magnetohydrodynamic boundary layer ﬂow and heat transfer
characteristics of a non-Newtonian nanoﬂuid over a ﬂat sheet in the presence of heat generation/absorption.
The governing nonlinear partial differential equations are transformed into a system of coupled nonlinear
ordinary differential equations using similarity transformations and then tackled numerically using the RungeKutta-Fehlberg-45 method. The velocity, temperature and nanoparticle concentration proﬁles are analyzed with
respect to the involved parameters, namely, Prandtl number Pr, magnetic parameter M, source/sink parameter A, Brownian motion parameter Nb , thermophoresis parameter Nt and Lewis number Le. It is found that the
temperature of the ﬂuid increases with the increase in heat source parameter and decreases with heat sink
parameter.
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1. INTRODUCTION
Boundary layer ﬂow and heat transfer analysis due to a
continuously moving stretching surface through an ambient ﬂuid is one of the thrust areas of current research. This
ﬁnds its application over a broad spectrum of Science and
Engineering disciplines, especially in the ﬁeld of chemical engineering. Many chemical engineering processes like
metallurgical process, polymer extrusion process involves
cooling of a molten liquid being stretched into a cooling
system.
It is important that a proper cooling liquid is chosen and
ﬂow of the cooling liquid due to the stretching sheet is
controlled so as to arrive at the desired properties for the
outcome. In view of these applications, Sakiadis1 was the
ﬁrst mathematician who studied boundary layer ﬂow over
a stretched surface moving with a constant velocity. Crane2
initiated the analytical study of boundary layer ﬂow due
to a stretching sheet. Grubka and Bobba3 carried out heat
transfer studies by considering the power-law variation of
surface temperature.
Recently, some research has been focused on the study
of nanoﬂuids. Nanoﬂuid is described as a ﬂuid in which
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solid nanoparticles with the length scales of 1–100 nm are
suspended in conventional heat transfer basic ﬂuid. The
term nanoﬂuid was ﬁrst introduced by Choi4 to describe
engineered colloids composed of nanoparticles dispersed
in a base ﬂuid. Furthermore, nanoﬂuids have been widely
used in industry, because of the growing use of these
smart ﬂuids. Conventional heat transfer ﬂuids, including
oil, water, and ethylene glycol mixture are poor heat transfer ﬂuids, since the thermal conductivity of these ﬂuids
play an important role on the heat transfer coefﬁcient
between the heat transfer medium and the heat transfer
surface.
In a recent paper, Khan and Pop used the model of
Kuznetsov and Nield5 to study the boundary layer ﬂow
of nanoﬂuids past a stretching sheet prescribed a constant surface temperature.6 Makinde and Aziz7 studied
the similar problem but with a convective surface boundary condition. Subsequently, the boundary layer ﬂow of
a nanoﬂuid over a moving surface in a ﬂowing ﬂuid was
discussed by Bachok et al.8 There are many researchers
have been studied the Newtonian nanoﬂuids using different ﬂuid models.9 10
In reality most liquids are non-Newtonian in nature,
which are abundantly used in many industrial applications, such as in the manufacture of plastic ﬁlms and
artiﬁcial ﬁbers, aerodynamic extrusion of plastic sheets,
cooling of metallic sheets in a cooling bath, crystal
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growing, liquid ﬁlm condensation process, continuous
Nadeem et al.16 for some particular cases of the present
polymer sheet extrusion, heat treated materials traveling
study, to support their validity. This problem is relevant
between a feed roll, wind up roll or on a conveyer belt,
to several practical applications in the ﬁeld of metallurgy,
geothermal reservoirs and petroleum industries. In view of
chemical engineering, etc.
these applications Rana and Bhargava11 studied the transport phenomena of viscoelastic nanoﬂuid over a stretch2. MATHEMATICAL ANALYSIS
ing sheet with energy dissipation. There is one subclass
A steady two-dimensional ﬂow of an incompressible,
of non-Newtonian ﬂuids known as Jeffrey ﬂuid which
electrically conducting non-Newtonian nanoﬂuid over an
has been attracted much by the researchers in view of
impermeable stretching sheet is considered. The sheet is
its simplicity. This ﬂuid model is capable of describing
coinciding with the plane y = 0, with the ﬂow being conthe characteristics of relaxation and retardation times [see
ﬁned to y > 0. Two equal and opposite forces are applied
Refs. [12–14]]. In this regard, Nadeem et al.15 16 studied
along the x-axis, so that the sheet is stretched, keeping the
the steady stagnation point ﬂow with heat transfer of a
second grade nanoﬂuid towards a stretching surface anaorigin ﬁxed. A uniform magnetic ﬁeld of strength H0 is
lytically. Further they investigate the Jeffrey ﬂuid model
applied in a direction normal to the plane y = 0 as shown
for nanoﬂuid over a stretching sheet.
in Figure 1. The problem under consideration is governed
The study of heat source/sink effects on heat transfer
by the following boundary layer equations of Jeffrey ﬂuid
is very important because its effects are crucial in conalong nanoparticles are given by Nadeem et al.16
17
trolling the heat transfer. Postelnicu et al. examined the
effect of variable viscosity on forced convection ﬂow past
u v
+ =0
(1)
a horizontal ﬂat plate in a porous medium with interx y
18


nal heat generation. Abel et al. studied the MHD vis1+ u
u
coelastic ﬂuid ﬂow over a stretching sheet with variable
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y

thermal conductivity, non-uniform heat source and radia
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natural convection boundary layer ﬂow of water based
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nanoﬂuids over a wedge in the presence of a transverse
magnetic ﬁeld with internal heat generation or absorption. Chamkha et al.25 studied the mixed convection MHD
ﬂow of a nanoﬂuid past a stretching permeable surface in
the presence of magnetic ﬁeld, heat generation or absorption. In above cited papers they are shown that for effective cooling of stretching sheet, heat source/sink should be
used.
In this paper, we present an analysis which may be
regarded as an extension of the work of Nadeem et al.16
by considering the effects of MHD and heat generation
or absorption. The governing partial differential equations
are ﬁrst transformed into a system of ordinary differential
equations before being solved numerically. The results are
Fig. 1. Schematic diagram of the ﬂow.
then compared with those obtained by Khan and Pop6 and
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where u and v are the velocity components along the x
and y axes, respectively. Further, , , f , p , T and
T are respectively the electrical conductivity, thermal diffusivity, density of the base ﬂuid, density of the particles, kinematic viscosity of the ﬂuid, ﬂuid temperature and
ambient ﬂuid temperature.  and 1 are ratio of relaxation to retardation times and retardation time, Q0 is the
dimensional heat generation/absorption coefﬁcient, DB is
the Brownian diffusion coefﬁcient, DT is the thermophoresis diffusion coefﬁcient and cp is the speciﬁc heat at constant pressure. Here  is the ratio of the effective heat
capacity of the nanoparticle material and the heat capacity of the ordinary ﬂuid and C is the nanoparticle volume
fraction.
The associated boundary conditions for the present
problem are
u = Uw x 

v = 0

ARTICLE

u → 0

T = Tw 

v → 0

C = Cw

u
→ 0
y

at y = 0

T → T 

(5)

as y → 0

C → C
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DB w −  / is the Brownian motion, Nt =
DT Tw − T /T is the thermophoresis parameter,
Le = /DB is the Lewis number. Pr = / is the Prandtl
number, A = Q0 / cf cp is the heat source (A > 0) or sink
(A < 0) parameter and the subscript stands for differentiation with respect to .
The physical quantities of interest are the skin friction
coefﬁcient Cf and the local Nusselt number Nux and the
local Sherwood number Shx are deﬁned as
Cf =

w

Uw2
Shx =

Nux =

xqw
 T w − T

xqm
D B C w − C

(12)

where the shear stress w , surface heat ﬂux qw and surface
mass ﬂux qm are given by
 
 
u
T
w = 
 qw = −
and
y y=0
y y=0
(13)
 
C
qm = −DB
y y=0

where Uw x = cx is the stretching sheet velocity, c > 0
Using the non-dimensional variables, we obtain
this is known as stretching rate. Tw and Cw are the temperNux
ature of ﬂuid and nanoparticles fraction at wall, and C
Cf Re1/2
0
=− 0
x =f
1/2
ambient nanoparticle volume fraction.
Re
x
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where Rex = xUw x / is the local Reynolds number.
y
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The momentum equation can be transformed into the
corresponding ordinary differential equations by the following transformation,
 1/2
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=
y f
=

x
xUw 1/2
(7)
T − T
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=
 
=
T w − T
Cw − C 
The transformed ordinary differential equations are
f

+  f 2 − ff

+ 1 +  ff

−f2

− Mf = 0
+ Pr f


(8)
+ Nb

 + Nt

2

+A

N
+ Le Pr fn + t
Nb

=0

=0

(9)
(10)

3. NUMERICAL SOLUTION
The system of Eqs. (8) to (10) subject to boundary conditions (11) has been solved numerically with the help
of symbolic algebra software MAPLE, using a procedure used Aziz.26 The numerical approach is based on the
Runge-Kutta-Fehlberg fourth–ﬁfth order method (RKF45
Method) to solve the coupled non-linear ordinary differential equations. The RKF45 algorithm in MAPLE has
been well tested for its accuracy and robustness are shown
0 with
by Aziz.26 Table I shows the comparison of
those of the previous studies6 16 for various values of
Nt . A comparison is also made with reduced Nusselt
Table I. Comparison results for the local Nusselt number −
the case of  =  = 0, Pr = 10 and Le = 10.
Khan and Pop6 Nadeem et al.16 (Fourth- Present study
(Implicit ﬁniteorder Runge-Kutta(RKF-45)
difference method)
Fehlberg method)
−
0

Subject to the boundary conditions (5) which become
f = 0
f → 0

f = 1
f → 0
H02 /cf

= 1
→ 0

=1
→0

=0

at
as

→0

(11)

where M =
is the dimensionless magnetic
parameter,  = c1 is the Deborah number, Nb =
80

0 in

Nt

Nb = 01

Nb = 01

Nb = 01

Errors

0.1
0.3
0.5

0.9524
0.5201
0.3211

0.9524
0.5201
0.3211

0.9523
0.5200
0.3210

0.0001
0.0001
0.0001
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Table II. Comparison of −
and Le = 10.
Pr

0 in the case of  =  = Nb = Nt = 0

Khan and
Gorla and
Present study
Wang27 Sidawi28 Kandasamy et al.9
−
0
Pop6

0.7
2
7
20
70

0.4539
0.9113
1.8954
3.3539
6.4621

0.4539
0.9113
1.8954
3.3539
6.4622

0.5349
0.9113
1.8905
3.3539
6.4622

0.4542
0.9114
0.8952
3.3538
6.4621

0.4582
0.9112
1.8953
3.3538
6.4621

number
0 for various values of Prandtl number those
reported by Khan and Pop,6 Wang,27 Gorla and Sidawi28
and Kandaswamy et al.9 are presented in Table II.

4. RESULTS AND DISCUSSION

Fig. 3. Velocity proﬁle for different values of .

Fig. 2.

Velocity proﬁle for different values of M.
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Fig. 5. Temperature proﬁle for different values of Nb .
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Numerical computations of results are demonstrated in
Figures 2–12 for velocity, temperature and concentration
proﬁles for several values of parameters. The parameters
that arise in the study are magnetic parameter M, Prandtl
number Pr, heat source/sink parameter A, Deborah number , ratio of relaxation to retardation times parameter ,
Brownian parameter Nb , thermophoresis parameter Nt and
Lewis number Le.
Figure 2, depicts the variation in the velocity (f  ) and
transverse velocity (f ) proﬁles for
differentby
values
of M. Technology to: Guest User
Delivered
Publishing
IP: 31.214.93.254
On: Thu, 12 Dec 2013 21:49:00
This ﬁgure shows that velocity decreases
with the increase
Copyright:
of magnetic parameter. This is due to the
fact that American
applica- Scientific Publishers
tion of a magnetic ﬁeld to an electrically conducting ﬂuid
produces a drag-like force called Lorentz force. This force
causes reduction in the ﬂuid velocity. A similar behavFig. 4. Velocity proﬁle for different values of .
ior on the velocity proﬁle for various values of  can
be seen from Figure 3. Also opposite behaviour can be
seen from Figure 4 for various values of . Deborah numis to increase the
in the boundary layer. Also Figure 6
ber  is dependent upon  (retardation time), physically
represents the 
for various values of Nb . Concentralarger retardation time of any material makes it less vistion boundary layer reduces as Nb increases which thereby
cous resulting in an increase in its motion.
enhances the nanoparticles concentration at the sheet. The
The variation of
for various values of Nb is plotted
and 
proﬁle is shown in
graph of Nt on the
in Figure 5. It is found that the increase in the value of Nb
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Fig. 6.

Concentration proﬁle for different values of Nb .
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Fig. 9. Temperature and Concentration proﬁle for different values of Pr.

Figure 8, display the effect of Le on
and 
proﬁles. It is note that the
and 
of the ﬂuid
decreases with increase of Le. Physically due to the fact
that mass transfer rate increases as Le increases. It also
reveals that the concentration gradient at surface of the
plate increases. Temperature and concentration proﬁle for
the selected values of Pr is plotted in Figure 9. The graph
depicts that the temperature decreases when the values of
Pr increase at a ﬁxed value of . This is due to the fact that
Delivered by Publishing Technology
to: ﬂuid
Guest
User
a higher Pr
has
relatively low thermal conductivity,
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which
reduces
conduction
and thereby the thermal boundCopyright: American Scientific Publishers
ary layer thickness, and as a result, temperature decreases.
Figure 10 presents the
and 
proﬁles for different values of A. For A > 0 (heat source), it can be observed
that the thermal boundary layer generates the energy, and
this causes the temperature in the thermal boundary layer
increases with increase in A. Whereas A < 0 (heat sink)
leads to decrease in the thermal boundary layer. But we
can see the opposite effect in the concentration proﬁle.
Variation of local Nusselt  0 and local Sherwood numFig. 7. Temperature and concentration proﬁle for different values of Nt .
ber  0 with the changes of A, for different values of
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Figure 7. From this plot, it is observed that the effect of
increasing values of Nt is to increase the temperature and
concentration distribution.

Fig. 8.
of Le.
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Temperature and Concentration proﬁle for different values

Fig. 10. Temperature and Concentration proﬁle for different values of A.
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temperature of the ﬂuid increases with the increase in heat
source parameter and decreases with heat sink parameter.

NOMENCLATURE

Nt , Nb are shown in Figure 11. It is evident from the
ﬁgure that, when  0 increases with the increase of
Nt , Nb and  0 decreases with the increase of Nt , Nb .
Figure 12 presents variation of Nb on the  0 and  0
versus Nt . It is found that Nusselt number decreases with
an increase in Nt whereas sherwood number increases
when Nt increases. Finally, from Figures 7–10 one can
seen that the temperature proﬁles are higher than the concentration proﬁles.

Greek Symbols
 Kinematic viscosity
 Rescaled nanoparticle volume fraction
f Density of the base ﬂuid
p Density of the particles
 Relaxation to retardation times
1 Relaxation time
 Deborah number
Dimensionless temperature
Similarity variable
 Thermal diffusivity
 Electrical conductivity
w Wall shearing stress.

5. CONCLUSIONS

References and Notes
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