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Steady laminar mixed convection inside a lid-driven square cavity ﬁlled with water is studied numerically. The lid is due to the movement of the isothermal top and bottom walls which are maintained at Tc
and Th, respectively, with Th is higher than Tc. A partial slip condition was imposed in these two
moving walls. The vertical walls of the cavity are kept adiabatic. The appliance of the numerical analysis
was USR ﬁnite difference method with upwind scheme treatments of the convective terms included in
the momentum and energy equations. The studied relevant parameters were: the partial slip parameter S
(0eN); Richardson number Ri (0.01e100) and the direction of the moving walls (lt ¼ 1, lb ¼ 1). The
results have showed that there are critical values for the partial slip parameter at which the convection is
declined.
Ó 2014 Elsevier Masson SAS. All rights reserved.
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1. Introduction
The thermal performance of lid-driven enclosures with horizontal and vertical sliding walls has been a subject of interest for
many years due to their ever increasing applications in lubrication
technologies, electronic cooling, food processing and nuclear reactors [1e6]. It has also direct relevance in many of the
manufacturing processes in the modern industry such a coating
and mixing, shear ﬂow, boundary layers, eddies, core vortex,
transition to turbulence (He and Wang [7]). However, there are
some important situations where partial slip on the sliding walls
boundary occurs. For example, ﬂuoroplastic coating (e.g. Teﬂon)
resists adhesion. Some surfaces are rough or porous such that
equivalent slip occurs [8]. Also, there exists a hydrodynamic
boundary slip regime for rareﬁed gases when the Knudsen number
is small [9]. In these cases the no-slip condition is replaced by
Navier’s slip condition [10], where the tangential slip velocity is
proportional to the shear stress. It is worth mentioning here that
the ﬂow induced by a moving boundary is important in the study of
extrusion processes and is a subject of considerable interest in the
contemporary literature [11]. In the past decade, ﬂuid ﬂow in
micro-electro-mechanical systems (MEMS) has become a hot
research topic. Because of the micro-scale dimensions of these
devices, the ﬂuid ﬂow behavior deviates signiﬁcantly from the
traditional no-slip ﬂow [11]. Rareﬁed gas ﬂows with slip boundary
* Corresponding author.
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conditions are often countered in the micro-scale devices and lowpressure situations. In addition, partial slips over a moving surface
also occur for ﬂuids with particulate such as emulsions, suspensions, foams, and polymer solutions [12].
It is well-known by now that when the no-slip boundary condition is considered at the moving wall of the cavity, there exists a
non-physical singularity for the system of governing equations,
where the moving and stationary walls meet. Several researchers
suggested how to deal with this singularity. Koplik and Banavar [13]
suggested that the ﬂuid is non-Newtonian in the corner and used
molecular dynamic (MD) simulations to study the small-scale
structure of the lid-driven cavity ﬂow. They indicated that slip occurs in the corner region, removing the stress singularity which
would otherwise occur and their results have showed that the
often-cited Navier slip boundary condition is incorrect. Another
way to remove the singularity is to use Navier [10] slip boundary
condition by a slip boundary. The validity of this boundary condition has been used by Qian and Wang [14] for the lid-driven cavity
ﬂow through MD and continuum hydrodynamic simulation for a
viscous ﬂuid. They veriﬁed that the Navier boundary condition can
quantitatively describe the ﬂuid slipping at the solid wall and the
shear stress is still Newtonian close to the corner. Nie et al. [15]
developed a multiscale method which couples the MD simulation
near the corner and continuum simulation away from the corner to
resolve the singularities and determine the singular force. They
found a universal dependence on the macroscopic Reynolds number, and large atomistic effects that depend on wall velocity and
molecular interactions.
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Nomenclature
g
Gr
H
N
Nu
Nu
Pr
Re
Ri
S
T
u, v
U, V
Uo
x, y
X, Y

gravitational ﬁeld (m s2)
Grashof number Gr ¼ g b DT H3/n2
cavity width (m)
slip constant (m2 s kg1)
local Nusselt number
average Nusselt number
Prandtl number Pr ¼ n/a
Reynolds number Re ¼ Uo H/n
Richardson number Ri ¼ (Gr/Re2)
dimensionless partial slip parameter S ¼ N m/H
temperature (K)
velocity components along x, y-directions (m s1)
dimensionless velocity components along X, Ydirections
velocity of the moving wall (m/s)
Cartesian coordinates (m)
dimensionless Cartesian coordinates

The topic of lid-driven cavity is found to have received attracted
attention due to its standing for numerous applications. According
to the open literature, the work of Torrance et al. [16] can be dated
as the beginning of mixed convection in enclosures. They studied
different aspect ratio cavities and revealed a marked inﬂuence of
buoyancy for larger aspect ratio when the Grashof number
Gr ¼ 106. Aydin [17] investigated the effect of a moving vertical
wall for aiding and opposing modes. He found that the mixed
convection range of Richardson number for the opposing-buoyancy
case was wider than that of the aiding-buoyancy case. Chamkha
[18] extended the work of [17] to include the effect of the presence
of internal heat generation or absorption and external magnetic
ﬁeld. He found that increasing the magnetic ﬁeld strength reduced
signiﬁcantly the average Nusselt number for both aiding and
opposing cases, while the presence of the internal heat generation
effects was found to decrease the average Nusselt number signiﬁcantly for aiding ﬂow and to increase it for opposing ﬂow. Waheed
[19] studied two cases of mixed convection in a rectangular cavity
those were either the top or bottom wall was moving. His results
showed that an increase in the Richardson and Prandtl numbers,
respectively, enhanced the ﬂuid ﬂow and energy distribution
within the enclosure, and heat ﬂux on the heated wall, while an
increase in the aspect ratio suppressed it. Mixed convection in liddriven cavities can be enhanced by handling nanoﬂuids media as in
Tiwari and Das [20] who considered three combinations of double
lid-driven vertical walls to cover aiding and opposing modes.
Chamkha and Abu-Nada [21] conducted a study of laminar mixed
convective ﬂow and heat transfer of a nanoﬂuid made up of water
and Al2O3 in single and double-lid-driven cavities. At moderate and
large Richardson number, they reported an enhancement of heat
transfer with nanoparticles volume fraction. Otherwise, the
enhancement depends on the used model of nanoﬂuid viscosity.
Chatterjee et al. [22] paid the problem of Chamkha [18] by
including the Joule heating effect and with placing a heat conducting horizontal solid square cylinder centrally within the
enclosure. Their main result showed that with increasing magnetic
ﬁeld strength, the drag coefﬁcient increases whereas the Nusselt
number decreases. Recently, Bhattacharya et al. [23] analyzed the
ﬂow structure and temperature patterns during mixed convection
within a lid-driven trapezoidal enclosure with a cold top moving
wall and the bottom wall being heated by two modes; isothermally

Greek symbols
thermal diffusivity (m2 s1)
thermal expansion coefﬁcient (K1)
constant moving parameter
dynamic viscosity (Pa s)
kinematic viscosity (m2 s1)
dimensionless temperature
density (kg m3)
stream function (m2 s1), dimensionless stream
function
u, U
vorticity (s1), dimensionless vorticity

a
b
l
m
n
Q
r
j, J

Subscripts
b
Bottom
c
Cold
h
Hot
t
Top

and non-isothermally. They found that non-isothermal bottom wall
leads to multiple steady states in either natural convection dominated regime or mixed convection regime in convection dominated
heat transport regime (Pr  Re > w1). Sivasankaran et al. [24]
investigated the mixed convection in an inclined square cavity
with different sizes and locations of a heater ﬁxed at the left ﬁxed
wall. They observed that the high heat transfer is found at cavity
inclination angle of 30 in the buoyancy convection dominated
regime when the heater is located at the middle of the cavity. More
recently, Sivasankaran et al. [25] studied the mixed convection ﬂow
and heat transfer in a square lid-driven cavity with corner heating
and internal heat generation or absorption. They reported that the
heat transfer rate is enhanced at forced convection dominated
regime when the vertical length of the heater is higher than that of
the horizontal length. Nasrin et al. [26] focused on the mixed
convective heat transfer in a double lid-driven cavity ﬁlled with
watereCuO nanoﬂuid in the presence of internal heat generation.
The obtained results depict that the Richardson number plays a
signiﬁcant role on the heat transfer characterization.
Therefore, many studies have reported on convection a liddriven cavity with a single moving wall. However, studies on heat

Fig. 1. Physical domain and coordinates system.
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approximation is valid for buoyancy force. Taking into account
these assumptions, and using the stream function and vorticity
deﬁnitions u ¼ v j/v y, v ¼  v j/v x, u ¼ vv/vx  vu/vy the governing equations in two-dimensional Cartesian coordinate system
can be written in the following form after eliminating the pressure
gradient terms from the momentum equations.

Table 1
Parameters ranges.
Pr
Re
Ri (Gr)
100 (100,000)
S
Lid-driven direction

6.26
100
0.01 (100) 0.1 (1000) 1

(10,000)

10 (100,000)

0
1
5
20 (N)
Counter-direction lt ¼ 1 In-direction lt ¼ 1 lb ¼ 1
lb ¼  1





v
vj
v
vj
u
u

vx
vy
vy
vx
!
2
2
v u v u
vT
¼ n
þ
þ gb
vx
vx2 vy2

Momentum :

transfer in a lid-driven cavity with both upper and lower moving
walls with partial slip have by our best of knowledge not reported
in the literature. The present study has been, therefore, motivated
by the need to determine the ﬂow and heat transfer performance of
such a lid-driven cavity. As such, the main objective of this paper is
to examine the effects of pertinent parameters such as Richardson
number, the slip parameter and the direction of the sliding walls.

Energy :

A two-dimensional square cavity is considered for the present
study with the physical dimensions as shown in Fig. 1, where H is

j ¼ 0;

v2 j
;
vx2

u ¼ 

j ¼ 0;

3: on the top wall y ¼ H :

vj
v2 j
¼ lt Uo þ Nm 2 ;
vy
vy

4: on the bottom wall y ¼ 0 :

u¼ 

v2 j
;
vx2

2: on the rightwall x ¼ H :

(1)

!




v
vj
v
vj
v2 T v2 T
T
T

¼ a
þ
vx
vy
vy
vx
vx2 vy2

Continuity :

2. Basic equations

1: on the left wall x ¼ 0 :

49

v2 j v2 j
þ
¼ u
vx2 vy2

(2)

(3)

subject to the boundary conditions

vT
¼ 0
vx
vT
¼ 0
vx
v2 j
u ¼  2;
vy

vj
v2 j
¼ l b Uo þ N m 2 ;
vy
vy

u ¼ 

the cavity width. The cavity presented is subjected to the moving
upper and lower walls with a partial slip imposed on these walls.
The ﬂow is assumed to be steady, laminar and the viscous dissipation is neglected. The vertical walls of the cavity are thermally
insulated; the top and bottom moving walls are maintained at
constant temperatures with Th at the bottom higher than that of the
top Tc. Except for the density, the properties of the ﬂuid are taken to
be constant. It is further assumed that the Boussinesq

(4)
T ¼ Tc

v2 j
¼ 0;
vy2

T ¼ Th

where u and v are velocity components along the axes x and y,
respectively, Uo is the velocity of the moving wall, g is the acceleration
due to gravity, r is the density, n is the kinematic viscosity, b is the
thermal expansion coefﬁcient, N is the slip constant, lt, lb is the
constant moving parameter of the top and bottom walls, respectively.
We introduce now the following dimensionless variables

X ¼

x
;
H

Y ¼

T  Tc
Q¼
;
DT

y
;
H

J ¼

j
HUo

;

U ¼

u
;
Uo

V ¼

v
Uo

Hu
U ¼
Uo

(5)

where DT ¼ Th  Tc (>0). Thus, Eqs. (1)e(3) become

!




v
vJ
v
vJ
1 v2 U v2 U
vQ
U
U

¼
þ
þ Ri
vX
vY
Re vX 2 vY 2
vY
vX
vX
!




v
vJ
v
vJ
1
v2 Q v2 Q
Q
Q

¼
þ
vX
vY
PrRe vX 2 vY 2
vY
vX
v2 J v2 J
þ
¼ U
vX 2
vY 2
and the boundary conditions (4) can be written as
Fig. 2. Grid dependency test for Re ¼ 100, Ri ¼ 10, Pr ¼ 6.26, S ¼ 0, lt ¼ 1, lb ¼ 1.

(6)

(7)

(8)
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1: on the left wall X ¼ 0 :

J ¼ 0;

v2 J
;
vX 2

U¼ 

2:on the right wall X ¼ 1 :

J ¼ 0;

3: on the top wall Y ¼ 1 :

vJ
v2 J
¼ lt þ St 2 ;
vY
vY

4: on the bottom wall Y ¼ 0 :

v2 J
;
vX 2

U¼ 

vQ
¼ 0
vX
vQ
¼ 0
vX

v2 J
U ¼  2;
vY

vJ
v2 J
¼ lb þ Sb 2 ;
vY
vY

Q¼ 0
v2 J
¼ 0;
vY 2

U¼ 

where Pr ¼ n/a is the Prandtl number, St ¼ Sb ¼ N m/H is the
dimensionless partial slip parameter, Ri ¼ Gr/Re2 (>0) is the
Richardson number, Gr ¼ g b DT H3/n2 is the Grashof number and
Re ¼ Uo H/n is the Reynolds number.
The physical quantities of interest are the local and average
Nusselt numbers Nu and N u calculated on the bottom heated wall
of the cavity. The local Nusselt number is deﬁned as

Nu ¼

(9)

Hqw
kDT

(10)

where the heat transfer from the bottom hot wall qw is given by

 
vT
qw ¼ k
vy y¼0

(11)

Using Eqs. (5), (10) and (11), we get

Q¼ 1

3. Numerical method
In order to solve the governing partial differential equations
(6)e(8) along with the boundary conditions (9), we have used the
second order ﬁnite difference method with under successive
relaxation USR. In order to obtain a stable numerical solution, the
convective terms appearing in the momentum and energy equations (6) and (7) were treated by up-wind scheme. The stream
function, vorticity, and dimensionless temperature are to be
calculated from continuity, momentum, and energy equations,
respectively. The numerical process is coded by FORTRAN. In the
present study it is agreed to ﬁx the Reynolds number at Re ¼ 100 in
order to study the other parameters in some details. However, the
parameters ranges are as in Table 1. The Richardson number was
increased from 0.01 to 100 in order to check the effect of partial slip
parameter S with dominance forced convection range (Ri ¼ 0.01)
and with dominance natural convection range (Ri ¼ 100). The slip
condition on the top and bottom walls is expressed in differences
scheme using the second order backward and forward schemes,
respectively, and as follow:



Ji;j2  2Ji;j1 þ Ji;j
4Ji;j1 þ 3Ji;j þ Ji;j2
¼ lt þ St
2DY
DY 2


Ji;jþ2  2Ji;jþ1 þ Ji;j
4Ji;jþ1  3Ji;j  Ji;jþ2
¼ lb þ Sb
For the bottom wall :
2DY
DY 2
For the top wall :

Nu ¼ 

vQ
vY Y¼0

Z1
Nu ¼

(12)

(13)

Hence, the expression of Ji,j on the top or bottom walls can be
obtained from these two equations. On the other hand, the condition of the vorticity is expressed using Jensen’s formula [27]

Nu dX
0

Because the considered problem is assumed to be steady,
therefore, the average Nusselt numbers over the bottom (hot) and
the top (cold) walls should be the same due to the energy balance
constraint. However, that over the hot wall was adopted in the
present study.

U0 ¼

8J1 þ J2 3L

DY
2DY 2

(14)

where subscript 0 refers to the points on the wall, 1 refers to
the points adjacent to the wall and 2 refers to the second line of
points adjacent to the wall and L refers to the velocity of the
Table 3
Average Nusselt number over the top moving wall for Pr ¼ 0.71.

Table 2
Values of primary vortex stream function J.

Re

Re

Present

Barragy and
Carey [28]

Schreiber and
Keller [29]

Ghia et al. [30]

1
100
400
1000

0.10002
0.10357
0.11212
0.11866

0.10005
0.10330
0.11389
0. 11861

0.10006
0.10330
0.11297
0.11603

e
0.103423
0.113909
0.117929

Ri

1
100
100
0.01
400
0.000625
500
0.0004
1000
0.0001

Present Abu-Nada and Waheed Tiwari and Khanafer and
Chamkha [31] [19]
Das [20]
Chamkha [32]
1.0197
2.08
4.036
4.548
6.2599

1.010134
2.090837
4.162057
4.663689
6.551615

1.00033
2.03116
4.02462
4.52671
6.48423

e
2.10
3.85
e
6.33

e
2.01
3.91
e
6.33
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wall with L ¼ 1 for the moving wall and L ¼ 0 for the stationary wall.
Gauss-Seidel iteration procedure was followed in the numerical
solution and the iteration is terminated when the following criterion is satisﬁed:



 c
ði; jÞ  cold ði; jÞ 
6
max new
  10
c ði; jÞ
old

where c denotes any variable, J, U, or Q.

Fig. 3. Streamlines for different values of Ri and S; counter-direction lid-driven (lt ¼ 1, lb ¼ 1). DJ refers to the contour interval.
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(15)

52

M.A. Ismael et al. / International Journal of Thermal Sciences 82 (2014) 47e61

3.1. Grid dependency

3.2. Validation

In order to select the suitable grid, that is a compromise between the solution accuracy and the time consumed by the processor, numerous grid sizes were tested by calculating the average
Nusselt number over the bottom moving wall, N u, for the
following case: Re ¼ 100, Ri ¼ 10, Pr ¼ 6.26 (water), Sb ¼ St ¼ 0,
lt ¼ 1 and lb ¼ 1. The grid test results are depicted in Fig. 2, it is
started with 21  21 up to 101  101, by 10 grids interval.
Accordingly, an 81  81 grid size was invoked as a compromise
between the solution speed of convergence and the computational
time.

To further increase the conﬁdence of the present code, two
previously treated cases with moving top wall, no slip, were tested
and compared with other published papers, these are:
1) The ﬁrst case is a ﬂow problem merely, i.e. considering Naviere
Stokes equations only. This mean that the energy equation is
dropped from the numerical efforts and making Ri ¼ 0 in the
momentum equation (Eq. (6)). Hence, the comparison is to be
with the value of the primary vortex (max. or min. stream
function). Therefore, we set the boundary conditions by making

Fig. 4. Isotherms for different values of Ri and S; counter-direction lid-driven (lt ¼ 1, lb ¼ 1).
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Fig. 5. Local distribution of U along Y at X ¼ 1/2 for counter-direction lid, (a) Ri ¼ 0.01,
(b) Ri ¼ 1, and (c) Ri ¼ 10.

Fig. 6. Local distribution of V along X at Y ¼ 1/2 for counter-direction lid, (a) Ri ¼ 0.01,
(b) Ri ¼ 1, and (c) Ri ¼ 10.

Sb ¼ St ¼ 0, lb ¼ 0 and lt ¼ 1. The results are compared with
Barragy and Carey [28], Schreiber and Keller [29], and Ghia et al.
[30] and presented in Table 2 which shows excellent agreement
despite the difference numerical techniques followed by each

investigation. We are, therefore, very conﬁdent that the present
results are correct and accurate.
2) The second case is by considering the whole equation system
(Eqs. (6)e(8)). The comparison was with the average Nusselt
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and Khanafer and Chamkha [32]. As can be seen from Table 3,
the maximum absolute error is about 4.45% incorporated with
Re ¼ 1000. However, this discrepancy is acceptable when
considering both the ﬂow and heat transfer ﬁelds. Hence, the
results of the present code can be relied on.
4. Results and discussion
The framework of the present study is achieved by assuming the
water as a ﬂuid ﬁlling square cavity with Pr ¼ 6.26 and the Reynolds
number is ﬁxed at Re ¼ 100. The pertinent parameters, Richardson
number Ri, dimensionless slip parameter S and the direction of the
moving walls are examined in detail. The obtained results are
presented graphically. The partial slip is assumed to be the same on
the top and the bottom walls, therefore, the subscripts t and b will
be dropped from the symbol of this parameter. According to the
direction of lid, the results are discussed in the following two
subsections.
4.1. Counter-direction lid

Fig. 7. Local distribution of q along Y at X ¼ 1/2 for counter-direction lid, (a) Ri ¼ 0.01,
(b) Ri ¼ 1, and (c) Ri ¼ 10.

number over the top moving wall for wide (laminar) ranges of Ri
and Re. The boundary conditions were also set by making
Sb ¼ St ¼ 0, lb ¼ 0 and lt ¼ 1. The compared with researches are:
Abu-Nada and Chamkha [31], Waheed [19], Tiwari and Das [20]

The case of counter-direction horizontal walls movement (the
top wall moves to the right lt ¼ 1, while the bottom wall moves to
the left lb ¼  1) is depicted in Fig. 3 by streamlines and in Fig. 4 by
the isotherms. For each ﬁgure, going from left to right, the partial
slip parameter S is varied from 0 to 20 (N) while descending from
upper to lower, the Richardson number Ri is increased from 0.01 to
100. Below each streamlines map, the maximum and minimum of
stream function magnitude, and in addition the contours interval
(DJ) are given. It is worth to mention that the importance of
Richardson number Ri ¼ Gr/Re2 is to judge between the mixed
(natural and forced) convection modes. However, for S ¼ 0 and
Ri ¼ 0.01, the streamlines are formed in a single clockwise circulation vortex. Close to the upper right and lower left corners the
streamlines tend to plume toward the adjacent corner generating
some perturbations. This perturbation is attributed to the dominance of the mechanical friction (Ri ¼ 0.01, forced convection)
resulting from walls movement. Increasing S to 1, where the
tangential shear stress at the horizontal boundaries is initiated, the
main vortex breaks horizontally into three vortices, a counter
clockwise one in the upper part of the cavity conﬁned by two
clockwise vortices. Increasing S further to 5 and more to 20, the
ﬂuid ﬂows in two separated clockwise rotation. However, when the
partial slip parameter S is rather than 0 and more particularly, when
S > 1, the moving parameter l becomes insigniﬁcant and as a result,
a convection drop is expected. This can be speciﬁed by the weakening of the vortex strength. The second row of Fig. 3 refers to
Ri ¼ 0.1 where similar observations to those of Ri ¼ 0.01 are seen
except that for S > 1, where a main vertically elongated vortex with
highly perturbations in all corners is observed. When Ri is increased
to unity (third row of Fig. 3), the ﬂuid movement due to natural
convection arises and may reduce the effect of the movement due
to lid-driven which exhibits a corner stress singularities, this for
S ¼ 0. For this value of Ri (equivalence natural and forced convections) when S is increased to any value rather than zero, this will be
enough to completely remove the corner singularities. Increasing Ri
further to 10 and more to 100, the nonzero effect of S is completely
diminished with little corner localized perturbations at Ri ¼ 10.
However, it can be extracted from this ﬁgure that for Ri < 100, the
existence of partial slip phenomenon reduces the convection heat
transfer as can be seen from the magnitudes of the vortex strength
labels. However, the contour map of Ri ¼ 100 and S ¼ 0 may evokes
some examination, where the core of the main cell splits into two
secondary cells one closer to the lower right corner and the other is
to the upper left one. This conﬁguration is coinciding with what

M.A. Ismael et al. / International Journal of Thermal Sciences 82 (2014) 47e61
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Fig. 8. Average Nusselt number on bottom moving wall for counter-direction lid-driven.

was reported by several investigators, for example Aydin [17] and
Chamkha and Abu-Nada [21].
The isotherms those correspond to the counter-direction moving walls are shown in Fig. 4 with the same arrangement made with
Fig. 3. For Ri ¼ 0.01 (the dominance forced convection mode) and
S ¼ 0, the isotherms are congregated close to those regions of
streamline perturbation indicated in Fig. 3 namely, the upper left
and the lower right corners. These congregated isotherms are
extended horizontally. The cavity core looks isotherm with stagnant dimensionless temperature. Going horizontally along the
same row, i.e. increasing S, the isotherms tend to be stratiﬁed in
S ¼ 1 and mostly horizontal with equal temperature gradients in
S  5 which are an expected behavior due to the weaken convection
incorporated with increasing S. When Ri is increased to 0.1 (the
second row of Fig. 4) the contrast with the ﬁrst row (Ri ¼ 0.01) can
be distinguished only when S  5 where a steep temperature
gradient close to the upper left and lower right corners appears
again. For comparable convection mode (Ri ¼ 1), a slight changes of
the isotherms behavior can be seen especially when S changes from
0 to 1 as shown in the third row of Fig. 4. For Ri ¼ 10 (the fourth
row) where the natural convection is the dominance over the
forced convection, the central isothermal zone expands to occupy
larger part of the cavity and what is the partial slip value be. For
excessive natural convection mode (Ri ¼ 100), the isothermal zone
expands more and more to occupy most of the cavity as an indication to the dominant natural convection (see the ﬁfth row of
Fig. 4). Moreover, at S  5, the temperature gradient close to the
horizontal walls becomes very steep.
The local distribution of the horizontal and vertical dimensionless velocity components (U, V) and the dimensionless temperature (q) are typically presented in Figs. 5e7. Fig. 5 (a, b) shows
that for counter-direction wall movement that for Ri ¼ 0.01, a
sudden change in the U proﬁles when S changes from zero to any
nonzero values, this due to the signiﬁcant forced convection which
is greatly affected by the partial slip parameter. For Ri ¼ 1, the
sudden change seen in Ri ¼ 0.01 is relatively milder (Fig. 5b).
However, for dominance of natural convection (Ri ¼ 10), the
nonzero S values become coincided and exhibit no signiﬁcant difference with the zero partial slip (Fig. 5c). The vertical velocity
component V is presented in Fig. 6 (aec). The partial slip parameter
is seen to be very effective in suppression of V component in the
case of the dominated forced convection (Fig. 6a). Otherwise, when

Ri  1, the effect of S diminishes where the natural convection is
dominant. This can be characterized by the increase of V peaks as Ri
increases. The dimensionless temperature q distribution is shown
in Fig. 7 (a, b). For Ri ¼ 0.01 and for weakened forced convection
(S > 0), the distribution is mostly linear which indicates to the
dominance of the conduction heat transfer as shown in Fig. 7a.
However, when natural convection is reinforced by increasing Ri
(Fig. 7 b, c), a large part of the cavity appears with constant temperature. The effect of S on q completely vanishes at Ri ¼ 10 as
shown in Fig. 7c.
In order to evoke careful examination of what happen along the
interesting changes of the ﬂow and thermal ﬁelds when the partial
slip parameter is altered from 0 (pure lid-driven) to equal or more
than unity, the average Nusselt number N u along the horizontal hot
wall (Eq. (12)) is examined with 0.25 resolution of S within S < 4.
Fig. 8 depicts N u for the counter-direction walls movement.
Generally, when S ¼ 0, the values of N u for all Ri ranges are
approximately the same. However, for Ri ¼ 0.01, N u is sharply
decrease when S changes from 0 to 0.25, then a smooth decrease is
seen and stabilize at S ¼ 4, then N u becomes insensitive to S. When
Ri is increased to 0.1, the sharp decrease of N u is also appeared
within the same S range above and also followed by a smooth
decrease but beyond S ¼ 1.25. Then N u increases to be ﬁxed beyond
S ¼ 4. When Ri ¼ 1, the sharp decrease of N u at S ¼ 0.25 is directly
followed by a sharp increase and ﬁxed beyond S ¼ 1. For Ri ¼ 10, a
reasonable decrease of N u at S ¼ 0.25, and followed by a little
decrease to be ﬁxed at S ¼ 0.25. Alternatively, the decrease scenario
is not seen at Ri ¼ 100, where N u is directly increased and ﬁxed at
S ¼ 0.25. Before explaining our elucidation of the N u scenario
above, it is worth to mention that in the case of no lid, the geometry
under study becomes as that of RayleigheBénard convection which
is commonly characterized by two counter rotation vertically
elongated cells occupying the whole cavity (as published in many
studies). With lids, the mechanical friction generated may destroy
the feature of RayleigheBénard case, and making the forced convection is the dominance at S ¼ 0 for any value of Ri. When the
partial slip is originated, the lid effect is confused by the tangential
shear stress along the horizontal boundaries hence, the natural
convection becomes ready to play an effective role but for slip
values at which the lid effect becomes say powerless. These
powerless S values are found to be smaller for higher Ri and
completely disappears at Ri ¼ 100. The powerless or say critical
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Fig. 9. Streamlines for different values of Ri and S; in-direction lid-driven (lt ¼ 1, lb ¼ 1). DJ refers to the contour interval.

values of S are also pointed out by Osalusi [33] but no comments
were reported. It is worth also to mention here that at Ri ¼ 100, the
partial slip enhances the strong natural convection because the
partial slip will completely eliminate the effect of shear (lid-driven).

4.2. In-direction lid
The case of in-direction horizontal wall movement (lb ¼ lt ¼ 1)
is illustrated in Figs. 9 and 10 to display the streamlines and
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Fig. 10. Isotherms for different values of Ri and S; in-direction lid-driven (lt ¼ 1, lb ¼ 1).

isotherms, respectively. In Fig. 9, the ﬁrst row (Ri ¼ 0.01) when
S ¼ 0, the streamlines are arranged in a double cellular counter
rotation vortices with two secondary cells localized at the top and
bottom walls. This is due to the absence of natural convection and
the ﬂuid motion is mainly due to the mechanical lid of the horizontal walls. When S increases to unity, the effect of lid is relatively
reduced because of increasing S means including greater effect of
the tangential viscous stress (Eq. (9)) which in turn increases the
slip effect and reduces the motion due to mechanical friction provided by the lid-driven walls. This leads to that the counter clockwise vortex pushes away the clockwise one and becomes the
dominance within the cavity with two clockwise weak vortices
close to each horizontal wall. For the same reason above and due to
the very weak convection, when S is increased further to 5 and 20

(N), the secondary vortices are grow up and tend to squeeze the
central counter-clockwise vortex until it completely vanishes when
S ¼ 20. When Ri ¼ 0.1, the distinguishable contrast with the ﬁrst
row appears when S  5 where a single cellular vortex with
vertically elongated core is seen. Highly perturbations of the
streamlines close to all corners are appearing. For comparable
convection (Ri ¼ 1), the third row of Fig. 9, no appreciable effect of
S  1 on the streamlines is found except that the strength of the
counter clockwise vortex is slightly increase. Making a close view to
the maps of Fig. 9 led us to review the streamlines maps of the
previous case in Fig. 3. It is found that beyond Ri ¼ 0.1, the effect of
partial slip does not depend on the direction of the horizontal
bottom wall movement because the effect of natural convection
beyond Ri ¼ 0.1 is initiated and becomes dominance. However,
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Fig. 11. Local distribution of U along Y at X ¼ 1/2 for in-direction lid, (a) Ri ¼ 0.01, (b)
Ri ¼ 1, and (c) Ri ¼ 10.

focusing now to S ¼ 0 only, where when Ri ¼ 10, the two recirculation vortices are extended horizontally with stronger counterclockwise one. When Ri ¼ 100, more extension of the two vortices

Fig. 12. Local distribution of V along X at Y ¼ 1/2 for in-direction lid, (a) Ri ¼ 0.01, (b)
Ri ¼ 1, and (c) Ri ¼ 10.

occurs to occupy the entire cavity with secondary clockwise circulation tends to penetrate and squeeze the lower counter clockwise vortex. Generally, for S > 0, when Ri is increased from 0.01 to
100, the strength of circulation is in continues increase. The
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Fig. 4, therefore, and to avoid repetition, the discussions of this
ﬁgure will be limited to those having different conﬁgurations.
However, for zero partial slip and for all Richardson number values
(the ﬁrst column of Fig. 10), there is a steep temperature gradient
band of isotherms that divide the cavity conﬁguration into two
isothermal zones with lower zone hotter than the upper zone. To
illustrate the reason of this feature, one can refers to the corresponding streamlines (the ﬁrst column of Fig. 9) where at this region the ﬂuid ﬂow is formed from the meeting of two counter
circulating vortices. These two vortices carry ﬂuid from two walls
having different temperatures. Increasing Ri from 0.01 to 100, the
divider band becomes thinner and a congregated isotherms close to
the horizontal moving walls becomes steeper implying to the
natural convection dominance. For any value of S, the conﬁguration
of the isotherms is completely altered.
Fig. 11 (a, b) depicts the distribution of U for in-direction walls
movement. Due to the mechanical movement of the horizontal
walls, the U proﬁles of S ¼ 0 look as an inverted nominal parabolic
velocity proﬁle in a channel. However, increasing Ri from 0.01 to 10,
the U proﬁles of the nonzero S values are appreciably changed to be
aligned in a linear form with little perturbations close to the
moving walls as shown in Fig. 11 c. Hence it is worth to return to
Fig. 5c and re-mention that the conﬁguration of the nonzero S velocity proﬁles is due to the strong natural convection merely. It is
seen also from Figs. 5 and 11 that for S  5, the U proﬁles are mostly
consistent.
In contrast with counter-direction case, there is a noticeable
effect of S on the V component for the in-direction walls movement
at Ri ¼ 0.01 as shown in Fig. 12a where the proﬁles are completely
inverted with decreased peaks as S goes from 1 to 20. As pointed
out once, when Ri is increased to 1 and more to 10 (Fig. 12 b, c), the
natural convection suppresses the effect of partial slip parameter.
Nevertheless, the V peaks increases with S clearly at Ri ¼ 1 and
appreciably at Ri ¼ 10.
The temperature distribution when the horizontal walls move
in-direction exhibit a stepped shape distribution for S ¼ 0 and what
is Ri be as shown in Fig. 13 aec. When Ri ¼ 0.01, the step behavior is
ﬂattened with increasing S as shown in Fig. 13 a, and completely
disappears (Fig. 13 c) to reform the convection dominance behavior.
Regarding the average Nusselt number, the elucidation
mentioned above with the counter-direction case can be supported
by examining N u for the case of in-direction horizontal walls
movement and as presented in Fig. 14. It seems from this ﬁgure that
the forced convection at S ¼ 0 is not so the dominant over the
natural convection. Moreover, the decrease of N u with increasing S
for Ri  0.1 is not so sharp as in counter-direction movement case.
In general, the natural convection is signiﬁcance at Ri  1. Alternatively, a sudden increase of N u with S is marked for Ri  10.

5. Nusselt number correlation

Fig. 13. Local distribution of q along Y at X ¼ 1/2 for in-direction lid, (a) Ri ¼ 0.01, (b)
Ri ¼ 1, and (c) Ri ¼ 10.

isotherms corresponding to the in-direction wall movement are
presented in Fig. 10 and in the same arrangement followed in Fig. 4.
Making another close sight into Fig. 10, it can be seen that there are
many contours maps posses the same conﬁgurations appearing in

The numerical results of the average Nusselt number obtained in
the present study are correlated with the Richardson number and
the partial slip parameter. The sudden changes in the Nusselt
number especially within the ranges 0.1  Ri  1 results in correlations with some sophistication. The obtained correlations are as
follow:
For counter-direction case;

Nu ¼

 0:075  0:032  SinðSÞ þ 4:481Ri0:6784 Ri0:00197
1  0:874S0:04034 þ 0:4034Ri0:534
(16)

For in-direction case;
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4:1389  0:0043  Sinð0:856  SÞ  2:054S0:00485 þ 0:734Ri0:672
1  0:974S0:0087 þ 0:0706Ri0:512

(17)

Fig. 14. Average Nusselt number on bottom moving wall for in-direction lid driven.

The correlation coefﬁcients R2 are 0.99142 and 0.99598 for the
counter-direction case and in-direction case, respectively. The sine
function is included to interpret the sudden wavy behavior of the
average Nusselt number within the range S  2 and for
0.1  Ri  1. The results of the obtained correlations are compared
with the numerical results of the average Nusselt number and
presented in Fig. 15. This ﬁgure reveals that the expected error of
correlations is incorporated with the very low values of Richardson number.

6. Conclusions
Steady laminar mixed convection inside lid-driven square cavity
is studied numerically. The lid was due to the movement of the
isothermal top and bottom walls. A partial slip condition was
imposed in these two moving walls. The studied relevant parameters were: the Richardson number; the partial slip parameter; and
the direction of the moving walls. The results are led to the
following concluding remarks

Fig. 15. Comparison of the average Nusselt number between the numerical results (solid lines) and those obtained by correlations (symbols) for (a) counter-direction lid and (b) indirection lid.
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1 For the in-direction lid case, the feature of the isotherms is not
inﬂuenced by the Richardson number in the absence of partial
slip (S ¼ 0).
2 It was found that there are critical values of the partial slip
parameter at which the convection is declined. These critical
slips (>0) where found to be sensitive to Richardson number
and the direction of the moving walls where they are exist at
0.01 < Ri < 100 for counter-direction and at 0.01 < Ri < 10 for indirection moving walls.
3 Regardless of Richardson number ranges and beyond its critical
value, the partial slip parameter offers no effect on the convection heat transfer inside the cavity.
4 For nonzero S values, the average Nusselt number is an
increasing function of the Richardson number.
5 In the absence of the partial slip effect (S ¼ 0), the mixed convection is the dominance one over the natural convection. This
observation is evidence for counter-direction walls movement.
Regarding the in-direction movement, this evidence was seen at
Ri  1
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