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Abstract
Purpose – The purpose of this paper is to consider unsteady free convection flow of a dissipative
fluid past an exponentially accelerated infinite vertical porous plate in the presence of Newtonian
heating and mass diffusion.
Design/methodology/approach – The problem is governed by coupled non-linear partial
differential equations with appropriate boundary conditions. A Galerkin finite element numerical
solution is developed to solve the resulting well-posed two-point boundary value problem. It is a
powerful, stable technique which provides excellent convergence and versatility in accommodating
coupled systems of ordinary and partial differential equations.
Findings – It is found that the skin friction coefficient increases with increases in either of the Eckert
number, thermal Grashof number, mass Grashof number or time whereas it decreases with increases
in either of the suction parameter, Schmidt number or the acceleration parameter for both air and
water. The skin friction coefficient is also found to decrease with increases in the values of the Prandtl
number. In addition, it is found that the rate of heat transfer increases with an increase in the suction
parameter and decreases with an increase in the Eckert number for both air and water. Lastly, it is
found that the rate of heat transfer increases with increasing values of the Prandtl number and
decreases with increasing time for all values of the Prandtl number.
Research limitations/implications – The present study has considered only Newtonian fluids.
Future studies will address non-Newtonian liquids.
Practical implications – A very useful source of information for researchers on the subject of free
convective flow over the surface when the rate of heat transfer from the surface is proportional to the
local surface temperature.
Originality/value – This paper is relatively original and illustrates the effects of viscous
dissipation on free convective flow past an exponentially accelerated infinite vertical porous plate
with Newtonian heating and mass diffusion.
Keywords Newtonian heating, Free convection, Viscous dissipation, Finite element technique,
Porous plate, Mass diffusion
Paper type Research paper

Nomenclature
x0
y0
t0

Cartesian coordinate along the plate
Cartesian coordinate normal to the plate
dimensional time

0
TN
m
r

ambient temperature
coefficient of viscosity
density of the fluid
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C
t
y
n
Gm
Pr
Sc
C0
C 0N
C 0w
k
Gr
u0
u0
b*

dimensionless concentration
dimensionless skin friction
Dimensionless temperature
Kinematic viscosity
mass Grashof number
Prandtl number
Schmidt number
species concentration in the fluid
species concentration in the fluid far
away from the plate
species concentration near the plate
thermal conductivity of the fluid
thermal Grashof number
velocity of the fluid in the x0 -direction
velocity of the plate
volumetric coefficient of expansion
with concentration

b
Cp
T0
D
g
h
E
l
h
k

volumetric coefficient of thermal
expansion
specific heat at constant pressure
temperature
chemical molecular diffusivity
acceleration due to gravity
heat transfer coefficient
Eckert number
suction parameter
mesh size along y-direction
mesh size along t-direction

Subscripts
w
N

conditions on the wall
free stream conditions

1. Introduction
Free convection flow involving coupled heat and mass transfer occurs frequently in
nature and in industrial processes. A few representative fields of interest in which
combined heat and mass transfer plays an important role are designing chemical
processing equipment, nuclear reactors, formation and dispersion of fog, etc. The effect
of presence of foreign mass on the free convection flow past a semi-infinite vertical
plate was first studied by Gebhart and Pera (1971). Soundalgekar (1979) has studied
mass transfer effects on flow past an impulsively started infinite isothermal vertical
plate. Dass et al. (1996) considered the mass transfer effects on flow past an impulsively
started infinite isothermal vertical plate with constant mass flux. Muthucumaraswamy
et al. (2001) presented an exact solution to the problem of flow past an impulsively
started infinite vertical plate in the presence of uniform heat and mass flux at the plate
using Laplace transform technique.
In all these investigations, the viscous dissipation is neglected. The viscous
dissipation heat in the natural convective flow is important, when the flow field is of
extreme size or at low temperature or in high gravitational field. Such effects are also
important in geophysical flows and also in certain industrial operations and are
usually characterized by the Eckert number. A number of authors have considered
viscous heating effects on Newtonian flows. Mahajan and Gebhart (1989) reported the
influence of viscous heating dissipation effects in natural convective flows, showing
that the heat transfer rates are reduced by an increase in the dissipation parameter.
Israel-Cookey et al. (2003) investigated the influence of viscous dissipation and
radiation on unsteady MHD free convection flow past an infinite heated vertical plate
in a porous medium with time dependent suction. Suneetha et al. (2009) studied the
effects of thermal radiation on the natural conductive heat and mass transfer of a
viscous incompressible gray absorbing-emitting fluid flowing past an impulsively
started moving vertical plate with viscous dissipation. Recently, Hiteesh Kumar (2009)
studied the boundary layer steady flow and heat transfer of a viscous incompressible
fluid due to a stretching plate with viscous dissipation effect in the presence of a
transverse magnetic field.

In many industrial applications, the flow past an exponentially accelerated infinite
vertical plate plays an important role. This is particularly important in the design of
spaceship, solar energy collectors, etc. From this point of view, free convection effects
on flow past an exponentially accelerated vertical plate was studied by Singh and
Kumar (1984). The skin friction for accelerated vertical plate has been studied
analytically by Hossain and Shayo (1986). Basant kumar Jha et al. (1991) analyzed
mass transfer effects on exponentially accelerated infinite vertical plate with constant
heat flux and uniform mass diffusion. Rajesh and Varma (2009) investigated radiation
and mass transfer effects on MHD free convection flow past an exponentially
accelerated vertical plate with variable temperature. Later, Rajesh and Varma (2010)
studied heat source effects on MHD flow past an exponentially accelerated vertical
plate with variable temperature through a porous medium. Also, buoyancy-induced
flows over porous materials enhance heat transfer. These are encountered in a wide
range of thermal engineering applications such as in geothermal systems, oil
extraction, ground water pollution, thermal insulation, heat exchangers, storage
of nuclear wastes, packed bed catalytic reactors and many more (Bird et al., 1960;
Cheng, 1979, 1984).
In all the studies cited above, the flow is driven either by a prescribed surface
temperature or by a prescribed surface heat flux. Here, a relatively different driving
mechanism for unsteady free convection along a vertical surface is considered where
it is assumed that the flow is also set up by Newtonian heating from the surface. Heat
transfer characteristics are dependent on the thermal boundary conditions. In general,
there are four common heating processes specifying the wall-to-ambient temperature
distributions, namely, prescribed wall temperature distributions (power-law wall
temperature distribution along the surface has been usually used); prescribed surface
heat flux distributions; conjugate conditions, where heat is supplied through a
bounding surface of finite thickness and finite heat capacity. The interface temperature
is not known a priori but depends on the intrinsic properties of the system, namely the
thermal conductivities of the fluid and solid, respectively; Newtonian heating, where
the heat transfer rate from the bounding surface with a finite heat capacity is
proportional to the local surface temperature and which is usually termed conjugate
convective flow. This configuration occurs in many important engineering devices,
for example:
(1)

in heat exchangers where the conduction in solid tube wall is greatly
influenced by the convection in the fluid flowing over it;

(2)

for conjugate heat transfer around fins where the conduction within the fin and
the convection in the fluid surrounding it must be simultaneously analyzed
in order to obtain vital design information; and

(3)

in convective flows set up when the bounding surfaces absorbs heat by solar
radiation.

Therefore, we conclude that the conventional assumption of no interaction of
conduction-convection coupled effects is not always realistic and it must be considered
when evaluating the conjugate heat transfer processes in many practical engineering
applications.
The Newtonian heating condition has been only recently used in convective
heat transfer. Merkin (1994) was the first to consider the free convection boundary
layer over a vertical flat plate immersed in a viscous fluid, whilst (Lesnic et al., 1999,
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2000, 2003) considered the cases of vertical and horizontal surfaces embedded in a
porous medium. The studies mentioned in (Merkin, 1994; Lesnic et al., 1999, 2000,
2003) deal with steady free convection. Later, Chaudhary and Jain (2007) investigated
the problem of unsteady free convection boundary layer flow past an impulsively
started vertical surface with Newtonian heating. Their study highlighted the
usefulness of unsteady boundary layer flows, and discussed the problem of
Newtonian heating and its applications. Mebine and Adigio (2009) studied unsteady
free convection flow with thermal radiation past a vertical porous plate with
Newtonian heating. Narahari and Nayan (2011) considered free convection flow past
an impulsively started infinite vertical plate with Newtonian heating in the presence
of thermal radiation and mass diffusion. Recently, Rajesh (2012) analyzed the effects
of mass transfer on flow past an impulsively started infinite vertical plate with
Newtonian heating and chemical reaction.
Hence, in the present paper, it is proposed to study the effects of viscous dissipation
on the unsteady free convection boundary layer flow past a vertical porous plate with
Newtonian heating and mass diffusion. The equations of continuity, linear momentum,
energy and diffusion, which govern the flow field, are solved numerically by using the
Galerkin finite element method.
2. Formulation of the problem
The unsteady free convection flow of a viscous incompressible fluid past an
exponentially accelerated infinite vertical porous plate with Newtonian heating
and mass diffusion, taking into account the effect of viscous dissipation is
considered. The flow is assumed to be in x 0 -direction which is taken along the plate in
the vertically upward direction, and y 0 -axis is taken normal to the plate. Initially,
for time t 0 p0, the plate and the fluid are at the same temperature T 0 N in a stationary
condition with concentration level C 0 N at all points. At time t 0 40, the plate is
exponentially accelerated with a velocity u ¼ u0 exp(a0 t 0 ) in its own plane. It is
assumed that rate of heat transfer from the surface is proportional to the local surface
temperature T 0 and the level of concentration near the plate is raised to C 0 w . As the
plate is infinite in extent, the physical variables are functions of y 0 and t 0 only.
Applying the Boussinesq approximation, the unsteady flow is governed by the
following equations:
qv0
¼0
qy 0

ð1Þ

0


qu0
q2 u0

0 qu
0
0
0
0
þ
v
¼
gb
T

T
C

C
þ
gb
þ
n
1
1
qt 0
qy 0
qy 02

ð2Þ

 0

 0 2
0
qT
q2 T 0
qu
0 qT
rCp
¼ k 02 þ m
þv
qt 0
qy 0
qy
qy 0

ð3Þ

qC 0
qC 0
q2 C 0
þ v0 0 ¼ D 02
0
qt
qy
qy

ð4Þ
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with the following initial and boundary conditions:
t 0 p0; u0 ¼ 0;

T 0 ¼ T 01

t 0 40; u0 ¼ u0 expða0 t 0 Þ;
u0 ¼ 0;

qT 0 h 0
¼
T ;
qy 0
k
T 0 ! T 01 ;

C 0 ¼ C 01

for all y 0

C 0 ¼ C 0w

at y 0 ¼ 0

C 0 ! C 01

ð5Þ
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as y 0 ! 1

For constant suction velocity (v0 ¼ const.40), Equation (1) integrates to v0 ¼ v0.
On introducing the following non-dimensional quantities:
t 0 u20
u0
y 0 u0
mCp
gbnT 01
T 0  T 01
n
;y ¼
; Pr ¼
; Gr ¼
;t ¼
;
y
¼
; Sc ¼ ;
3
0
u0
n
n
k
T
D
u0
1

2
0
0
gb n C 0w  C 01
u0
C C1
v0
a0 n
Gm ¼
;C ¼ 0
;E ¼
;l ¼ ;a ¼ 2
3
0
0
CwC1
Cp T 1
u0
u0
u0
u¼

ð6Þ
into Equations (1)-(4), one obtains the following dimensionless equations:
qu
qu
q2 u
 l ¼ Gr y þ Gm C þ 2
qt
qy
qy

ð7Þ

 2
qy
qy
1 q2 y
qu
þE
l ¼
2
qt
qy Pr qy
qy

ð8Þ

qC
qC
1 q2 C
l
¼
qt
qy Sc qy2

ð9Þ

According to the above non-dimensionalization process, the characteristic velocity u0
can be defined as u0 ¼ hv/k.
The initial and boundary conditions given by Equation (5) now become:
tp0 :
t40 :

u ¼ 0;

y ¼ 0;
C¼0
qy
¼ ð1 þ yÞ C ¼ 1
u ¼ expðatÞ;
qy
u ¼ 0;
y ! 0;
C!0

for all
at
as

y

y¼0

ð10Þ

y!1

It should be noted that all the physical parameters are defined in the nomenclature.
3. Solution of the problem
The set of differential Equations (7)-(9) subject to the boundary conditions (10) are
highly non-linear, coupled and therefore, it cannot be solved analytically. Hence,
following Reddy (1985) and Bathe (1996), the finite element method is used to obtain
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an accurate and efficient solution to the boundary value problem under consideration.
The fundamental steps comprising the method are as follows:
Step 1: discretization of the domain into elements
The whole domain is divided into finite number of sub-domains, a process known
as discretization of the domain. Each sub-domain is termed a finite element.
The collection of elements is designated the finite element mesh.
Step 2: derivation of the element equations
The derivation of finite element equations, i.e. algebraic equations among the unknown
parameters of the finite element approximation, involves the following three steps:
(1)

construct the variational formulation of the differential equation;

(2)

assume the form of the approximate solution over a typical finite element; and

(3)

derive the finite element equations by substituting the approximate solution
into variational formulation.

Step 3: assembly of element equations
The algebraic equations so obtained are assembled by imposing the inter-element
continuity conditions. This yields a large number of algebraic equations, constituting
the global finite element model, which governs the whole flow domain.
Step 4: imposition of boundary conditions
The physical boundary conditions defined in Equation (10) are imposed on the
assembled equations.
Step 5: solution of the assembled equations.
The solution of above system of equations are obtained using Thomas algorithm for
velocity, temperature and concentration. For computational purposes, the coordinate y is
varied from 0 to ymax ¼ 5, where ymax represents infinity, i.e. external to the momentum,
energy and concentration boundary layers. Also, numerical solutions for these equations
are obtained by Matlab program. In order to prove the convergence and stability of the
Galerkin finite element method, the same Matlab program was run with slightly changed
values of h and k and no significant change was observed in the values of u, y and C.
Hence, the Galerkin finite element method is stable and convergent.
The skin friction and Nusselt number are important physical parameters for this type
of boundary layer flow.
The skin friction at the plate, which in the non-dimensional form is given by:
 
qu
Cf ¼
ð11Þ
qy y¼0
The rate of heat transfer coefficient, which in the non-dimensional form in terms of the
Nusselt number is given by:
 
qy
ð12Þ
Nu ¼
qy y¼0
4. Results and discussion
In order to get the physical insight into the problem, numerical computations are
carried out for different physical parameters l (suction parameter), E (Eckert number),

Gr (thermal Grashof number), Gm (mass Grashof number), Pr (Prandtl number),
Sc (Schmidt number), a (accelerating parameter) and t (time) upon the nature of the
flow and transport. The computations were carried out for Pr ¼ 0.71 (air), 7 (water),
l ¼ 0.2, 0.4, E ¼ 0.01, 0.1, 0.3, t ¼ 0.4, Sc ¼ 0.22, 0.60, 0.78, Gr ¼ 5, 10, Gm ¼ 2, 5, h ¼ 0.1
and k ¼ 0.01. In order to check the accuracy of numerical results, the present study
(when E ¼ a ¼ l ¼ 0) is compared with the available theoretical solution (when K ¼ 0)
of Rajesh (2012) in Figure 1 and they are found to be in good agreement.
The velocity and temperature profiles for different values of l (suction parameter)
and E (Eckert number) are presented in Figures 2 and 3 for both air (Pr ¼ 0.71) and
water (Pr ¼ 7) at t ¼ 0.4, respectively. The velocity and temperature are found to
decrease with an increase in l (suction parameter) for both air and water. The Eckert
number E expresses the relationship between the kinetic energy in the flow and the
enthalpy. It embodies the conversion of kinetic energy into internal energy by work
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1.4
Gr=5,Gm=2,Pr=0.71--Rajesh [2012] results

1.2

Gr=5,Gm=2,Pr=0.71--Present Results
G=10,Gm=5,Pr=7--Rajesh [2012] results

1
Velocity

Gr=10,Gm=5,Pr=7--Present results

0.8
0.6
E=0, λ=0, a=0,
K=0, t =0.4, Sc=0.78

0.4
0.2

5

Figure 1.
Comparison of
velocity profiles

2.5

Figure 2.
Velocity profiles when
Sc ¼ 0.6, Gr ¼ 5, Gm ¼ 2,
a ¼ 0.5, t ¼ 0.4

0
0

1

2

3

4

y

1.5
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1

E=0.1, λ=0.2,Pr=7

Velocity

E=0.3, λ=0.2,Pr=7
E=0.1, λ=0.4,Pr=7
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Temperature

2

E=0.1, λ=0.4,Pr=0.71
E=0.01, λ=0.2,Pr=7
E=0.1, λ=0.2,Pr=7
E=0.3, λ=0.2,Pr=7
E=0.1, λ=0.4,Pr=7

1.5

1

0.5

Figure 3.
Temperature profiles
when Sc ¼ 0.6, Gr ¼ 5,
Gm ¼ 2, a ¼ 0.5, t ¼ 0.4

0

0.5

1

1.5

2

2.5

y

done against the viscous fluid stresses. Greater viscous dissipative heat causes a rise in
the temperature as well as the velocity for both air and water. This behavior is evident
from Figures 2 and 3. It is also found that the velocity and temperature are maximum for
air and water near the plate and decreases with y away from the plate and finally takes
asymptotic value for all values of l and E. From the calculated values of the velocity and
temperature it is found that when y ¼ 0.3, l ¼ 0.2, Sc ¼ 0.6, Gr ¼ 5, Gm ¼ 2, a ¼ 0.5
and t ¼ 0.4, the momentum boundary layer thickness increases by 1.92 and 6.17 percent
for air and by 1.85 and 5.99 percent for water, whereas the thermal boundary layer
increases by 5.43 and 17.53 percent for air and by 88.23 and 282.94 percent for water as
E (Eckert number) increases from 0.01 to 0.1 and 0.3, respectively.
Figure 4 illustrates the influences of Gr (thermal Grashof number) and Gm (mass
Grashof number) on the velocity fields for both air and water at t ¼ 0.4. The thermal
2.5
Gr=5,Gm=2,Pr=0.71
Gr=10,Gm=2,Pr=0.71
Gr=10,Gm=5,Pr=0.71

2

Gr=5,Gm=2,Pr=7
Gr=10,Gm=2,Pr=7

Velocity

Gr=10,Gm=5,Pr=7

1.5

1

0.5

Figure 4.
Velocity profiles when
Sc ¼ 0.6, E ¼ 0.1, l ¼ 0.2,
a ¼ 0.5, t ¼ 0.4

0

0.5

1

1.5
y

2

2.5

3

Grashof number signifies the relative effect of the thermal buoyancy force to the
viscous hydrodynamic force. The flow is accelerated due to the enhancement in the
buoyancy force corresponding to an increase in the thermal Grashof number.
The positive values of Gr correspond to cooling of the plate by natural convection. Heat
is therefore, conducted away from the vertical plate into the fluid which increases
the temperature and thereby, enhances the buoyancy force. The mass Grashof number
Gm defines the ratio of the species buoyancy force to the viscous hydrodynamic force.
It is noticed that the velocity increases with increasing values of the mass Grashof
number. It is also noticed that the velocity is maximum for air and water near the plate
and decreases with y away from the plate and finally takes an asymptotic value for
all values of Gr and Gm.
The velocity and concentration profiles are plotted for different values of the
Schmidt number Sc in Figures 5 and 7, respectively. The Schmidt number
Sc embodies the ratio of the momentum diffusivity to the mass (species) diffusivity.
It physically relates the relative thickness of the hydrodynamic boundary layer
and mass transfer (concentration) boundary layer. As the Schmidt number
increases, the concentration decreases. This causes the concentration buoyancy
effects to decrease yielding a reduction in the fluid velocity. The reductions in
the velocity and concentration profiles are accompanied by simultaneous reductions
in the velocity and concentration boundary layers, which is evident from
Figures 5 and 7.
Figure 6 illustrates the temperature profiles for different values of Prandtl number
Pr. From this figure, it is observed that an increase in the Prandtl number results in a
decrease of the thermal boundary layer thickness and in general, lower average
temperature within the boundary layer. The reason is that smaller values of Pr are
equivalent to increasing the thermal conductivities and therefore, heat is able to diffuse
away from the heated surface more rapidly than for higher values of Pr. Hence, in the
case of smaller Prandtl numbers, as the boundary layer becomes thicker, the rate of
heat transfer reduces.
Figure 8 presents the velocity profiles for various values of the
accelerating parameter a for both Pr ¼ 0.71 (air) and Pr ¼ 7 (water) at t ¼ 0.4.
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Figure 5.
Velocity profiles when
Gr ¼ 5, Gm ¼ 2, E ¼ 0.1,
l ¼ 0.2, a ¼ 0.5, t ¼ 0.4
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Pr=1,

Pr=1,

t=0.4

Pr=7,

t=0.4
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1
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0.6
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Figure 6.
Temperature profiles
when Sc ¼ 0.6,
Gr ¼ 5, Gm ¼ 2,
a ¼ 0.5, E ¼ 0.1, l ¼ 0.2
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Concentration profiles
when Pr ¼ 0.71,
Gr ¼ 5, Gm ¼ 2,
a ¼ 0.5, E ¼ 0.1, l ¼ 0.2
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From this figure, the velocity is found to increase with increasing values of
a (accelerating parameter) for both air and water. It is also found that the velocity
is maximum for both air and water near the plate and decreases with y away from
the plate and finally takes asymptotic value for all values of the accelerating
parameter a.
The skin friction is studied in Figures 9-12 against time t. It is observed that
the skin friction increases with increases in either of E (Eckert number),
Gr (thermal Grashof number), Gm (mass Grashof number) or t (time) whereas the
skin friction decreases with increases in either of l (suction parameter), Sc (Schmidt
number) or a (accelerating parameter) for both air (Pr ¼ 0.71) and water (Pr ¼ 7).
The skin friction is also observed to decrease with an increase in the values
of Pr. From the calculated values it is also found that at Sc ¼ 0.6, Gr ¼ 5, Gm ¼ 2,

Unsteady
convective
flow

1.6
a=0.2,Pr=0.71
a=0.5,Pr=0.71
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a=0.9,Pr=0.71
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a=0.5,Pr=7
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0.8
0.6
0.4

3

Figure 8.
Velocity profiles
when Gr ¼ 5, Gm ¼ 2,
E ¼ 0.1, l ¼ 0.2,
Sc ¼ 0.60, t ¼ 0.4

1

Figure 9.
Skin friction when
Sc ¼ 0.6, Gr ¼ 5,
Gm ¼ 2, a ¼ 0.5
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Skin friction
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E=0.1, λ=0.4,Pr=7

8
6
4
2
0
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0.3
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0.5

0.6

0.7

0.8

0.9

t

a ¼ 0.5, l ¼ 0.2 and t ¼ 0.4, the skin friction increases by 7.82 and 25.24 per cent for
air and by 25.34 and 80.73 per cent for water when E (Eckert number) increases
from 0.01 to 0.1 and 0.3, respectively.
The Nusselt number is presented in Figures 13 and 14 against time t for various
parametric conditions. It is noticed that the Nusselt number increases with an
increase in l (suction parameter) and decreases with an increase in E (Eckert
number) for both air (Pr ¼ 0.71) and water (Pr ¼ 7). Lastly, it is found that the
Nusselt number increases with increasing values of Pr (Prandtl number) and
decreases with increasing t (time) for all values of Pr. From the calculated values
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Figure 10.
Skin friction when
Sc ¼ 0.6, E ¼ 0.1,
l ¼ 0.2, a ¼ 0.5
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Figure 11.
Skin friction when
Gr ¼ 5, Gm ¼ 2, E ¼ 0.1,
l ¼ 0.2, a ¼ 0.5
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it is also found that at Sc ¼ 0.6, Gr ¼ 5, Gm ¼ 2, a ¼ 0.5, l ¼ 0.2 and t ¼ 0.4, the
Nusselt number decreases by 3.06 and 10.06 per cent for air and by 4.35 and
13.75 per cent for water when E (Eckert number) increases from 0.01 to 0.1 and
0.3, respectively.
5. Conclusions
In this work, the problem of unsteady convective flow past an exponentially
accelerated infinite vertical porous plate with Newtonian heating and viscous
dissipation was considered. The non-dimensional governing equations are solved with
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the help of the finite element method. The conclusions of the study are summarized
as follows:
(1)

the velocity as well as temperature decreased with increases in the suction
parameter;

(2)

an increase in the Eckert number caused a rise in the temperature as well as the
velocity;

(3)

the velocity increased with increased in either of the thermal Grashof number
or the mass Grashof number;

(4)

the velocity as well as concentration decreased as the Schmidt number
increased;
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(5)

an increase in the Prandtl number caused a decrease in the temperature;

(6)

the velocity increased with increasing values of the accelerating parameter; and

(7)

an increase in the Eckert number caused a rise in the skin friction and a
decrease in the Nusselt number.
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