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Abstract

Purpose – The purpose of this paper is to examine the effects of Darcian drag force and radiation-conduction
on unsteady two-dimensional magnetohydrodynamic flow of viscous, electrically conducting and Newtonian
fluid over a vertical plate adjacent to a Darcian regime in presence of thermal radiation and transversal magnetic
field. A well-tested, numerically stable Crank-Nicolson finite-difference procedure is employed for the conser-
vation equations. Excellent agreement is obtained for numerical solutions with previously published work.
Design/methodology/approach – In this investigation, an efficient, accurate, extensively validated
and unconditionally stable finite-difference scheme based on the Crank-Nicolson model is developed to
solve the governing coupled, non-linear partial differential equations. The accuracy and effectiveness
of the method are demonstrated.
Findings – Different numerical results are obtained and presented graphically to explain the effect of
various physical parameters on the velocity and temperature profiles, local, as well as average, skin friction
and Nusselt number. It is found that, with a rise in Darcian drag force, flow velocity and temperature are
reduced, but increased for all times. Both average and local skin frictions are reduced considerably with an
increase in Darcian drag force, but reversed behavior is observed for the local Nusselt number. Increasing
the thermal radiation effects accelerated the flow velocity as well as the fluid temperature and wall local skin
friction in a saturated porous medium, but effectively reduced the local Nusselt number and average Nusselt
number at the wall. Comparison with previously published works in the limits shows excellent agreement.
Research limitations/implications – The analysis is valid for unsteady, two-dimensional laminar
flow of an optically thick no-gray gas, electrically conducting, and Newtonian fluid past an isothermal
vertical surface adjacent to the Darcian regime with variable surface temperature. An extension to
three-dimensional flow case is left for future work.
Practical implications – Practical interest of such study includes applications in electromagnetic
lubrication, boundary cooling, bio-physical systems and in many branches of engineering and science.
It is well known that the effect of thermal radiation is important in space technology and high
temperature processes. Thermal radiation also plays an important role in controlling heat transfer
process in polymer processing industry.
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1. Introduction
The study of MHD flow, through and across porous media, is of great theoretical
interest because it has been applied to a variety of geophysical and astrophysical
phenomena. Practical interest of such study includes applications in electromagnetic
lubrication, boundary cooling, bio-physical systems and in many branches of
engineering and science. In fact, flows of fluids through porous media have attracted
the attention of a number of scholars because of their possible applications in many
branches of science and technology. In fact a porous material containing the fluid is a
non-homogeneous medium but it may be possible to treat it as a homogeneous one, for
the sake of analysis, by taking its dynamical properties to be equal to the averages of
the original non-homogeneous continuum. Thus a complicated problem of the flow
through a porous medium gets reduced to the flow problem of a homogeneous fluid
with some additional resistance. Heat transfer due to natural convection in a saturated
with porous media is a new branch of thermo-fluid mechanics. The heat transfer
phenomenon can be described by means of the hydrodynamics, the convective heat
transfer mechanism and the electromagnetic field as they have a symbiotic
relationship (Nield and Bejan, 2006; Vafai, 2005; Vadasz, 2008; Ingham and Pop, 1998).
It is well known that the effect of thermal radiation is important in space technology

Nomenclature
(U,V) dimensional velocity components in

the X and Y directions, respectively
(m s�1)

(u,v) Velocity components along the
distances x and y, respectively (m s�1)

t time (s)
g acceleration due to gravity (m s�1)
b coefficient of thermal expansion
TW temperature of the fluid at the plate (K)
TN temperature of the fluid far away from

the plate (K)
B0 applied magnetic field
Kr permeability of the porous medium
CP specific heat at constant pressure

( J kg�1 K)
L Characteristic length (m)
K2

P Darcian drag force coefficient
(inverse permeability parameter)

M Hartmann magnetohydrodynamic
F conduction-radiation
Gr free convection parameter
t time (s)
Pr Prandtl number
B magnetic induction intensity
E electric field intensity
J electric current density
qr radiation heat flux
O solid angle

Ibl spectral intensity for a black body
Kl absorption coefficient
G Stefan-Boltzmann constant
Gl incident radiation
TW average value of the porous plate

temperature
ebl Plank’s function
T temperature of the fluid in the

boundary layer
Nux Local Nusselt number
Nu average Nusselt number

Greek symbols

b coefficient of volume expansion for
heat transfer (K�1)

v fluid kinematic viscosity (m2 s�1)
r density (kg m�3),
k thermal conductivity of fluid

(W m�1 K�1)
y dimensionless temperature (K)
m magnetic permeability (Hm�1)
s electrical conductivity (VA�1 m�1)
tx local skin friction
t average skin friction

Subscripts
w conditions on the wall
N free stream conditions
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and high temperature processes. Thermal radiation also plays an important role in
controlling heat transfer process in polymer processing industry.

An early study was presented by Carrier and Greenspan (1960) who considered
unsteady hydromagnetic flows past a semi-infinite flat plate moving impulsively in its
own plane. Gupta (1960) considered unsteady magneto-convection under buoyancy
forces. Pop (1969) reported on transient buoyancy-driven convective hydromagnetics
from a vertical surface. Mohammadein et al. (1998) studied the radiative flux effects on
free convection in Darcian porous media with the Rosseland model. Takhar et al. (2003)
used shooting quadrature to analyze the mixed convection flow with thermal radiation
effects in Darcy-Forchheimer porous media. More recently Chamkha et al. (2004) studied
Rosseland radiation-conduction number effects on boundary layer wedge convection of a
viscoelastic fluid in non-Darcian porous material. All of the above studies, however were
for steady flows. The effect of unsteadiness in porous media and purely fluid regime
convection is important in numerous energy and environmental systems. Several authors
have therefore studied transient radiative-convective heat (and mass) transfer flows in
pure fluids or porous media. Ganesan et al. (2001) studied theoretically the thermal
radiation effects on unsteady flow past an impulsively started plate. Ghosh and
Pop (2007) studied indirect radiation effects on convective gas flow. Raptis and Perdikis
(2004) have also studied analytically the transient convection in a highly porous medium
with unidirectional radiative flux. A three-dimensional Couette flow through a porous
medium with heat transfer has also been investigated by Ahmed (2009). Ahmed and
Zueco (2011) investigated the effects of Hall current, magnetic field, rotation of the
channel and suction-injection on the oscillatory free convective MHD flow in a rotating
vertical porous channel. Ahmed (2008) investigated the effect of transverse periodic
permeability oscillating with time on the heat transfer flow of a viscous incompressible
fluid through a highly porous medium bounded by an infinite vertical porous plate, by
means of series solution method. Ahmed (2010) studied the effect of transverse periodic
permeability oscillating with time on the free convective heat transfer flow of a viscous
incompressible fluid through a highly porous medium bounded by an infinite vertical
porous plate subjected to a periodic suction velocity.

The vast majority of radiation-convection flows have utilized algebraic flux
approximations to simplify the general equations of radiative transfer (Siegel and
Howell, 1993). The most popular of these simplifications remains the Rosseland diffusion
approximation which has been employed by, for example, Ali et al. (1984) and later by
Hossain et al. (1998). Radiation magnetohydrodynamic convection flows are also important
in astrophysical and geophysical regimes. Raptis and Massalas (1998) considered
induced magnetic field effects in their study of unsteady hydromagnetic-radiative
free convection. More recent studies involving thermal radiation and transient
hydromagnetic convection include the analyses by Prasad et al. (2006) which included
species transfer and Zueco (2007) who also considered viscous heating. In numerous
geophysical and metallurgical flows, porous media may also arise. Classically the
Darcian model is used to simulate the bulk effects of porous materials on flow dynamics
and is valid for Reynolds numbers based on the pore radius, up to approximately 10.
Chamkha (1996) studied the transient free convection magnetohydrodynamic boundary
layer flow in a fluid-saturated porous medium channel, and later Chamkha (2001)
extended this study to consider the influence of temperature-dependent properties and
inertial effects on the convection regime. B́eg et al. (2005) presented perturbation solutions
for the transient oscillatory hydromagnetic convection in a Darcian porous media with a
heat source present. Takhar et al. (1996) studied the radiation effects on MHD free

1206

HFF
24,5



convection flow of a gas past a semi-infinite vertical plate. Thermal radiation and
buoyancy effects on MHD free convective heat generating flow over an accelerating
permeable surface with temperature-dependent viscosity has been studied by Seddeek
(2001). Recently, Ghaly and Elbarbary (2002) have investigated the radiation effect on
MHD free convection flow of a gas at a stretching surface with a uniform free stream. In
all the above investigations, only steady-state flows over semi-infinite vertical plate have
been studied. The unsteady free convection flows over vertical plate have been studied by
Takhar et al. (1997), Muthucumaraswamy and Ganesan (1998). Chamkha et al. (2010)
studied the effects of melting and thermal radiation on mixed convection from a vertical
surface embedded in a non-Newtonian fluid saturated non-Darcy porous medium.
Ahmed and Kalita (2013a) investigated the effects of porosity and magnetohydrodynamic
on a horizontal channel flow of a viscous incompressible electrically conducting fluid
through a porous medium in the presence of thermal radiation and transverse magnetic
field. Ahmed and Kalita (2013a) presented the magnetohydrodynamic transient convective
radiative heat transfer one-dimensional flow in an isotropic, homogenous porous
regime adjacent to a hot vertical plate. Ahmed and Kalita (2013b) investigated the
effects of chemical reaction as well as magnetic field on the heat and mass transfer of
Newtonian two-dimensional flow over an infinite vertical oscillating plate with variable
mass diffusion.

The purpose of the current investigation is to examine the effects of Darcian drag
force and radiation-conduction on unsteady two-dimensional magnetohydrodynamic
flow of viscous, electrically conducting and Newtonian fluid over a vertical plate
adjacent to a Darcian regime in presence of thermal radiation and transversal magnetic
field. A well-tested, numerically stable Crank-Nicolson finite-difference procedure is
employed for the conservation equations. Excellent agreement is obtained for
numerical methods with those of Takhar et al. (1997) and Abd El-Naby et al. (2003).

2. Mathematical formulae
Consider the unsteady flow of an electrically conducting viscous fluid adjacent to a
vertical plate coinciding with the plane Y¼ 0, where the flow is confined to Y40. The
vertical isothermal flat plate has been immersed in saturated Darcian regime.
A uniform magnetic field of strength B0 is imposed along the Y-axis (see Figure 1).
MHD equations are the usual electromagnetic and hydrodynamic equations, but they
are modified to take account of the interaction between the motion and the magnetic
field. As in most problems involving conductors, Maxwell’s displacement currents are
ignored so that electric currents are regarded as flowing in closed circuits.

Assuming that the velocity of flow is too small compared to the velocity of light, that
is, the relativistic effects are ignored, the system of Maxwell’s equations can be written
in the form (Roming, 1964):

D�B ¼ mJ ; D:J ¼ 0; D�E ¼ � qB

qt
; D:B ¼ 0 ð1Þ

and Ohm’s law can be written in the form:

J ¼ ðE þ U �BÞ ð2Þ

In the equation of motion, the body force J �B per unit volume is added. This body
force represents the coupling between the magnetic field and the fluid motion which is
called Lorentz force.
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The induced magnetic field is neglected under the assumption that the magnetic
Reynolds number is small. This is a rather important case for some practical
engineering problems where the conductivity is not large in the absence of an
externally applied field and with negligible effects of polarization of the ionized

gas. It has been taken that E ¼ 0. That is, in the absence of convection outside the

boundary layer, B ¼ B0 and r�B ¼ m J ¼ 0, then (2) leads to E ¼ 0. Thus, the

Lorentz force becomes J �B ¼ sðU �BÞ�B. In what follows, the induced magnetic
field will be neglected. This is justified if the magnetic Reynolds number is small.
Hence, to get a better degree of approximation, the Lorentz force can be replaced by

sðU �B0Þ�B0 ¼ �sB2
0U .

The radiating gas is said to be non-gray if its absorption coefficient is dependent on
wave length (Shih, 1984). The equation that describes the conservation of radiative
transfer in a unit volume for all wave length is:

r:�qr ¼
Z1

0

KlðTÞ½4pIblðTÞ � Gl� dl ð3Þ

and the incident radiation Gl is defined as:

Gl ¼
Z

O¼4p

IblðOÞdO ð4Þ

For an optically thin fluid exchanging radiation with an isothermal flat plate and
according to (4) and Kirchhoff’s law, the incident radiation is given by Cogley et al.
(1968):

Gl ¼ 4pIblðTwÞ ¼ 4eblðTwÞ ð5Þ

where Tw is the average value of the porous plate temperature. Then (3) reduces to:

r:�qr ¼ 4

Z1
0

KlðTÞ½eblðTÞ � eblðTwÞ�dl ð6Þ

qr

B0

u

v

g

0 y

Porous
Medium

T

T∞

Figure 1.
Physical configuration
and coordinate system
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Expanding ebl(T ) and Kl(T ) in Taylor series around Tw for small (T�Tw) and
substituting by the result in (6) reduces to:

r:�qr ¼ �4GðT � TwÞ ð7Þ

where:

G ¼
Z1

0

Klw
qebl

qT

� �
w

dl ð8Þ

Klw¼Kl(Tw) is the mean absorption coefficient, ebl is Plank’s function, and T is the
temperature of the fluid in the boundary layer.

Initially, it is assumed that the plate and the fluid are at the same temperature TN.
At time tX0, the plate temperature is assumed to vary with the power of the axial
coordinate. It is also assumed that the fluid properties are constant except for the
density variation that induces the buoyancy force.

Under the boundary layer and the Boussinesq approximations (Kakac and Yener,
1998; Rohsenow et al., 1998), the unsteady two-dimensional laminar boundary layer
free convective flow over a vertical plate adjacent to a Darcian regime is governed by
the equations.

Equation of continuity:

qU

qX
þ qV

qY
¼ 0 ð9Þ

Equation of momentum:

qU

q�t
þ U

qU

qX
þ V

qU

qY
¼ gbðT � T1Þ þ v

q2 �u

q�y2
� s
r

B2
0U �

v

Kr
U ð10Þ

Equation of energy:

qT

q�t
þ U

qT

qX
þ V

qT

qY
¼ k

rCp

q2t

qY 2
� 4GðT � TwÞ ð11Þ

The initial and boundary conditions relevant to the problem are taken as:

�tp0 : U ¼ 0;V ¼ 0; T ¼ T1;
�t40 : U ¼ 0;V ¼ 0; T ¼ T1 þ ðTW � T1ÞXm atY ¼ 0
U ¼ 0; T ¼ T1 atX¼ 0
U ! 0; T ! T1 atY !1

9>>=
>>; ð12Þ

On introducing the following non-dimensional quantities:

x ¼ X
L
; y ¼ Y

L
Gr

1
4; u ¼ UL

v
Gr�

1
2; v ¼ VL

v
Gr�

1
4;

t ¼ v�t
L2 Gr1=2; y ¼ T�T1

Tw�T1
; Pr ¼ rvCp

k ; Gr ¼ gbL3ðTw�T1Þ
v2 ;

F ¼ 4GL2

vGr1=2 ; K2
p ¼ Gr1=2

KrL2 ; M ¼ sL2B2
0

mGr1=2

9>>>=
>>>;

ð13Þ
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Equations (9)-(11) are reduced to the following non-dimensional form:

qu

qx
þ qv

qy
¼ 0 ð14Þ

qu

qt
þ u

qu

qx
þ v

qu

qy
¼ yþ q2u

qy2
� ðM þ K2

PÞu ð15Þ

qy
qt
þ u

qy
qx
þ v

qy
qy
¼ 1

Pr

q2y
qy2
� Fðy� 1Þ ð16Þ

The corresponding initial and boundary conditions in non-dimensional form are:

tp0 : u ¼ 0; v ¼ 0; y ¼ 0

t40 : u ¼ 0; v ¼ 0; y ¼ xn at y ¼ 0

u ¼ 0; y ¼ 0 at x ¼ 0

u! 0; y! 0 as y!1

9>>>=
>>>;

ð17Þ

We note that the optically thick radiative approximation is valid for relatively low
values of the parameter, F. In the present study, we shall consider the supplementary
influence of transverse magnetic field for the case where the fluid is saturated with air
for which the Prandtl number is assumed to take the value 0.7.

3. Solution methodology
The unsteady, non-linear coupled equations (Ahmed 2008, 2009; Ahmed and Zueco,
2011) with conditions (17) are solved by using an implicit finite-difference scheme
which is discussed by Soundalgekar (1981). Consider a rectangular region with x varying
from 0 to 1 and y varying from 0 to ymax(¼ 6.4), where ymax corresponds
to y¼N at which lies well outside the momentum and energy boundary layers.
The region to be examined in (x,y,t) space is covered by a rectilinear grid with sides
parallel to axes with Dx, Dy and Dt, the grid spacing in x, y and t directions, respectively.
The grid points (x,y,t) are given by (iDx, jDy, nDt), where i¼ 0(1) P, j ¼ 0(1)Q, Dx¼ 1/ P,
Dy¼ ymax/Q and n ¼ 0,1,2,y. The grid sizes are taken as Dx¼ 1/16, Dy¼ 0.2 and
Dt¼ 0.05. The functions satisfying the difference equations at the grid point are
un

i; j; v
n
i; j; and y

n
i; j. The finite-difference equations (14) to (16) are given by:

½unþ1
i; j � unþ1

i�1; j þ un
i; j � un

i�1; j � unþ1
i�1; j�1 þ un

i; j�1 � un
i�1; j�1�

4Dx

þ
½vnþ1

i; j � vnþ1
i�1; j þ vn

i; j � un
i; j�1�

2Dy
¼ 0

ð18Þ

½unþ1
i; j � un

i; j�
Dt

þ un
i; j

½unþ1
i; j � unþ1

i�1; j þ un
i; j � un

i�1; j�
2Dx

þ vn
i; j

½unþ1
i; jþ1 � unþ1

i; j�1 þ un
i; jþ1 � un

i; j�1�
4Dy

¼
½ynþ1

i; j þ yn
i; j�

2
þ 1

2ðDyÞ2
½unþ1

i; j�1 � 2unþ1
i; j þ unþ1

i; jþ1 þ un
i; j�1 � 2un

i; j þ un
i; jþ1�

� 1

2
ðM þ K�1Þ½unþ1

i; j þ un
i; j�

ð19Þ
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½ynþ1
i; j � yn

i; j�
Dt

þ un
i; j

½ynþ1
i; j � ynþ1

i�1; j þ yn
i; j � yn

i�1; j�
2Dx

þ vn
i; j

½ynþ1
i; jþ1 � ynþ1

i; j�1 þ yn
i; jþ1 � yn

i; j�1�
4Dy

¼
½ynþ1

i; j�1 � 2ynþ1
i; j þ ynþ1

i; jþ1 þ yn
i; j�1 � 2yn

i; j þ yn
i; jþ1�

2PrðDyÞ2
� F
½ðynþ1

i; j þ yn
i; jÞ � 1�

2

ð20Þ

The coefficient appearing in difference equations are treated as constants. The finite-
difference equations at every internal nodal point on a particular n-level constitute a
tridiagonal system of equations. These equations are solved by using the Thomas
algorithm (Hoffman, 1992). Computations are carried out until the steady-state solution
is assumed to have been reached when the absolute difference between the values of
velocity as well as temperature at two consecutive time steps are o10–5 at all grid
points.

3.1 Stability analysis
The stability analysis of the finite-difference equations that approximates the solution
of heat transfer problems has been studied by Soundalgekar (1981) and
Muthucumaraswamy and Ganesan (1998). In this section, the von Neumann method
is used to study the stability condition for the finite difference (18), (19) and (20).

The Fourier expansions for u and y are given by:

u ¼ FðtÞex pðIaxÞ exp ðIZyÞ
y ¼ CðtÞex pðIaxÞ exp ðIZyÞ

ð21Þ

where I ¼
ffiffiffiffiffiffi
�1
p

. Substituting from (21) in (19) and (20). Under the assumptions
that coefficients u and y are constant over any one step and denoting the values after
one time step by F0 and C0, we may get that, after simplification:

F0 � F
Dt

þ uðF0 � FÞ½1� expð�IaDxÞ�
2Dx

þ vðF0 þ FÞI sin ðbDyÞ
2Dy

¼ ðC
0þCÞ
2

� ðM þ K�1Þ ðF
0 þ FÞ
2

þ ðF
0 þ FÞ½cosðZDyÞ � 1�

ðDyÞ2
ð22Þ

C0 �C
Dt

þ uðC0 �CÞ½1� expð�IaDxÞ�
2Dx

þ vðC0þCÞI sinðZDyÞ
2Dy

¼ ðC
0þCÞ½cosðZDyÞ � 1�

prðDyÞ2
� F

C0þC
2
� 1

� � ð23Þ

Equations (23)-(25) can be rewritten as:

ð1þ AÞF0 ¼ ð1� AÞFþ Dt

2
½C0þC� ð24Þ

ð1þ BÞC0¼ ð1� BÞCþFDt ð25Þ
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where:

A ¼ u

2

Dt

Dx
½1� expð�IaDxÞ� þ v

2

Dt

Dy
I sinðZDyÞ � ½cosðZDyÞ � 1� Dt

PrðDyÞ2
þ Dt

2
ðM þ K�1Þ

B ¼ u

2

Dt

Dx
½1� expð�IaDxÞ� þ v

2

Dt

Dy
I sinðZDyÞ � ½cosðZDyÞ � 1� Dt

PrðDyÞ2

Equations (26)-(28) can be written in matrix form as follows:

F0

C0

� �
¼

1�A
1þA

Dt
ð1þAÞð1þBÞ

0 1�B
1þB

 !
F
C

� �
þ

FDt2

2ð1þAÞð1þBÞ
FDt
ð1þBÞ

 !
ð26Þ

Now, for stability of the finite-difference scheme, the modulus of each eigenvalue of the
amplification matrix does not exceed unity. Since the matrix Equation (26) is triangular,
the eigenvalues are its diagonal elements. The eigenvalues of the amplification matrix
are (1�A)/(1þA) and (1�B)/(1þB). Assuming that, u is everywhere non-negative and
v is everywhere non-positive, we get:

A ¼ 2a sin2 aDx

2

� �
þ 2c sin2 ZDy

2

� �
þ I ½a sinðaDxÞ � b sinðZDyÞ� þ Dt

2
ðM þ K�1Þ

a ¼ u

2

Dt

Dx
; b ¼ vj j

2

Dt

Dy
; c ¼ Dt

ðDyÞ2

Since the real part of AX0, |(1�A)/(1þA)|p1 always. Similarly, |(1�B)/(1þB)|p1.
Hence, the finite-difference scheme is unconditionally stable. The local truncation error is
O(Dt2þDy2þDx) and it tends to zero as Dt, Dx and Dy tend to zero. Hence, the scheme
is compatible. Stability and compatibility ensures convergence (Hoffman, 1992).

4. The local skin friction and heat transfer
Knowing the velocity and temperature profiles, it is customary to study skin friction
and Nusselt number in their transient and steady-state conditions.

The local, as well as average, skin friction and Nusselt number in terms of
dimensionless quantities are given by Takhar et al. (1997):

tx ¼ Gr3=4qu

qy

����
y¼0

�t ¼ Gr3=4

Z1
0

qu

qy

����
y¼0

dx

Nux ¼ �
xGr1=4

yjy¼0

qy
qy

����
y¼0

Nu ¼ �Gr1=4

Z1
0

qy
qy

���
y¼0

yjy¼0

dx

ð27Þ

1212

HFF
24,5



The derivatives involved in (27) are evaluated using the following five-point
approximation formula:

qu

qy

����
y¼0

¼
�17un

i;0 þ 24un
i;1 � 12un

i;2 � un
i�1; j þ 8un

i;3 � 3un
i;4

12Dy
ð28Þ

and integrals are evaluated using Newton cotes formula.

5. Accuracy
To test the validity of numerical Crank-Nicolson computations, our results for
steady-state values of the velocity was compared to those of the curves computed by
Takhar et al. (1997). These are plotted in Table I. It was observed that our results agree
very well with those of Takhar et al. (1997).
Also we have obtained a comprehensive range of solutions to the transformed
conservation equations. We have compared the flow velocity distributions in Table II to
those of the curves computed by Abd El-Naby et al. (2003). It is clearly seen from
Table II that the results are in excellent agreement. As the accuracy of the numerical
solutions is very good, the values of u corresponding to numerical solutions are very
close to each other. With increasing Pr in Table II, there is a clear decrease in velocity,
i.e. the flow is decelerated through the boundary layer transverse to the plate.
Pr encapsulates the ratio of momentum diffusivity to thermal diffusivity for a given
fluid. It is also the product of dynamic viscosity and specific heat capacity divided
by thermal conductivity. Higher Pr fluids will therefore posses higher viscosities
(and lower thermal conductivities) implying that such fluids will flow slower than
lower Pr fluids. As a result the velocity will be decreased substantially with increasing
Prandtl number.

Takhar et al. (1997) Present work
y x¼ 0.1 x¼ 0.5 x¼ 1.0 x¼ 0.1 x¼ 0.5 x¼ 1.0

0 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
2 0.14925 0.36507 0.53510 0.14931 0.36509 0.53513
4 0.04227 0.15372 0.26202 0.04229 0.15375 0.26210
6 0.00731 0.03915 0.07618 0.00727 0.03916 0.07617
8 0.00136 0.00741 0.01225 0.00135 0.00743 0.01230

10 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

Table I.
Comparison of

steady-state velocity
profiles (u) for the present
results with Takhar et al.
(1997) for K p¼ 0, F¼ 0,

M¼ 0, t¼ 0.5, Pr¼ 0.7
and m¼ 0

Abd El-Naby et al. (2003) Present work
y Pr¼ 0.7 Pr¼ 1 Pr¼ 1.5 Pr¼ 0.7 Pr¼ 1 Pr¼ 1.5

0 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
2 4.85912 4.25143 3.72483 4.85920 4.25147 3.72486
4 1.43471 1.03526 0.75277 1.43475 1.03532 0.75281
6 0.35270 0.18907 0.07892 0.35281 0.18913 0.07897
8 0.07315 0.04301 0.03170 0.07318 0.04320 0.03175

10 0.03502 0.02162 0.01170 0.03515 0.02171 0.01183

Table II.
Comparison of

steady-state velocity
profiles (u) for the present
results with Abd El-Naby

et al. (2003) for K p¼ 0,
F¼ 0.05, M¼ 5.0, t¼ 2.5,

x¼ 1 and m¼ 1
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6. Results and discussions
To gain a perspective of the physics of the flow regime, we have numerically evaluated
the effects of Hartmann number (M), Darcian drag force ðK2

PÞ, radiation-conduction
parameter (F ), dimensionless time (t) on the velocity (u), temperature (y), average and
local skin frictions ð�t=Gr3=4; tx=Gr3=4Þ as well as Nusselt ðNu=Gr1=4;Nux=Gr1=4Þ
numbers. Here we consider the Prandtl number Pr is taken for air at 201C (Pr ¼ 0.71).
To ascertain the accuracy of the numerical results, the present study is compared
with the previous study. The velocity profiles are compared with the available
solutions of Takhar et al. (1997) and Abd El-Naby et al. (2003). It is observed that
the present results are in good agreement with those of Takhar et al. (1997) and
Abd El-Naby et al. (2003).

Spatial velocity (u) distributions, for two time values are illustrated in Figure 2, for
the effect of Hartmann hydromagnetic parameter (M). This parameter represents
the ratio of the hydromagnetic retarding force to the viscous hydrodynamic force in
the boundary layer. The classical velocity overshoot is identified [5,6,7,37] near the
stationary plate surface for lower values of M that is, 1.0 and 5.0; with M ¼ 10.0 this
overshoot is clearly suppressed owing to stronger resistance to the flow. We note that
for t ¼ 1.5, the profiles are always greater in value than for t ¼ 0.5 that is, the flow is
accelerated considerably with time, although velocities are strongly reduced with an
increase in Hartmann number. We observe that an increase in Hartmann number (M)
from 1.0 through 5-10 (strong magnetic flux density) causes a significant decrease
in the flow velocity, u with distance normal to the plate surface into the boundary layer
(y). This trend is consistent with many classical studies on magneto-convection
showing that the hydromagnetic body force retards the flow that is, decelerates the
fluid causing a thinning in the boundary layer thickness. Very high Hartmann numbers
(i.e. M � 1 ) are usually associated with the formation of a Hartmann boundary layer
(Shercliff, 1965). All profiles decrease toward zero in the free stream, although this
state is attained much faster for higher magnetic field values (M ¼ 10) and for
shorter times.
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Figure 2.
Spatial velocity
distribution (u) for the
effect of Hartmann
hydromagnetic
parameter
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In Figure 3, the dimensionless average skin friction profiles ð�t=Gr3=4Þ in time for
different Hartmann numbers (M) are illustrated. A strong decrease is observed in
average Skin friction from t¼ 0 to t¼ 1 after which profiles, although they continue to
decrease with increasing M values, tend for M ¼ 0,5,10,15 and 20, to the steady state.
For these values of Hartmann number, profiles are always positive indicating that flow
reversal does not occur. After t40.6, the average skin friction becomes a constant
function of Hartmann number and time parameter.
In Figure 4, average Nusselt number profiles ðNu=Gr1=4Þ in time for the influence of
radiation-conduction parameter (F ) are presented. In all cases, profiles are a maximum
initially at the isothermal plate and decay quickly from the wall with time. An increase
in F from 0.0 through 0.02, 0.04 to 0.08 is seen to markedly reduce average Nusselt
number especially at shorter times (0.2oto0.4); with further elapse of time all profiles
converge that is, radiation effects are negligible for large times. Increasing F implies
a greater augmentation of heat transfer by thermal radiation which will serve to
increase fluid temperatures in the regime; the average Nusselt number at the wall
will therefore be reduced as greater thermal energy (heat) will be imparted to the
fluid-saturated regime raising temperatures within the porous regime. However,
the values of Nu=Gr1=4 gradually descend up to the time t¼ 0.6, and when t40.6 the
profiles of Nu=Gr1=4 become linear, i.e. become a constant function of conduction-
radiation and time.

In Figure 5, the influence of the Darcian drag force parameter (K P) on the time
evolution of average skin friction profiles ð�t=Gr3=4Þ, is depicted. As K P increases from
0.1 through 0.5, 1, 1.5 to 2, a very large escalation in Darcian drag force is caused,
as expressed in (15) in the linear term,�K2

P , which decelerates the flow and reduces the
average skin friction at the plate. Steady-state values are achieved faster with lower
Darcian drag (K P¼ 0.1) than with higher Darcian drag (K P¼ 2). Moreover, the values
of �t=Gr3=4 gradually escalated up to the time t ¼ 0.6, and when t 40.6 the profiles of
�t=Gr3=4 become linear.

In Figure 6, the combined effects of time (t) and radiation-conduction parameter
(F) on spatial distribution of temperature (y) through the boundary layer is shown.
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An increase in F serves to supplement fluid thermal conductivity with radiation
contribution and significantly heats the fluid-saturated regime that is, increases
temperature values. Similar results were reported by Ali et al. (1984), Hossain et al.
(1998) and very recently by Ghosh and B́eg (2008). A large difference is observed
between the profiles computed at t ¼ 0.5 and t ¼ 1.5, indicating that thermal
radiation effects are amplified at greater times, compared with smaller times where the
flow is still developing. After greater times, a greater quantity of thermal energy will
be absorbed into the fluid regime via the imposed flux causing enhanced heating of
the fluid. For example, for t ¼ 1.5, at y ¼ 2, for F ¼ 0.05 (maximum thermal radiation
effect), y reaches a value of approximately 0.51, whereas the corresponding value
for t ¼ 0.5 is much lower at F¼ 0.23.
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Figure 4.
The effect of
radiation-conduction
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against time
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In Figure 7 we have plotted the spatial variation of velocity for the combined effects
of radiation-conduction parameter (F ) and time (t). Again a velocity overshoot is
observed in the close vicinity of the plate; however, this overshoot is distinctly greater
for the highest value of F (¼ 0.05) and greater time values (t¼ 2.5); all profiles descend
gradually to zero far from the wall. Thermal radiation therefore augments the flow that
is, accelerates the flow in the porous regime. Velocities are minimized when thermal
conduction swamps thermal radiation that is, for F ¼ 0.1.

The effect of temperature exponent (m) at t ¼ 0.5 and t ¼ 2.5 on the flow velocity
(u) is shown in Figure 8. For m ¼ 0 the power-law variation of temperature at the
plate surface reduces from T ¼TNþ (TW�TN)Xm to T ¼ TN i.e. we obtain an
isothermal scenario (constant wall temperature). With an increase in m from 2.0 to
3.0 (non-iso-thermo case), the velocity is increased in the boundary layer. As such
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increasing power-law exponents in the plate surface temperature variations serve
to accelerate the flow in the boundary layer. Here velocity overshoot has been observed
at t¼ 2.5 and m ¼ 3.

Figures 9 and 10 illustrate the influence of the inverse permeability parameter (K P)
on the boundary layer variables, u and y, respectively at t ¼ 0.5 and t ¼ 2.5. The
parameter K P as defined in Equation (15) is inversely proportional to the actual
permeability, K, of the porous medium. The Darcian drag force in the momentum
equation, namely, ð�K2

PuÞ, is therefore directly proportional to K P. An increase in K P

will therefore increase the resistance of the porous medium (as the permeability
physically becomes less with increasing K) which will serve to decelerate the flow and
reduce velocity, u. This trend is indeed maintained with further separation from the
plate. Deceleration of the flow is therefore sustained at considerable distance from
the plate toward the free stream as inverse permeability (K P) parameter is increased.
The profiles of flow velocity decay monotonically for all values of K P from the
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maximum value of u at y ¼ 2 to the minimum value of u in the free stream. This effect
is accentuated close to the surface where a peak in the velocity profile arises. With
further distance transverse to the surface, the velocity profiles are all found to decay
into the free stream. For increasing K P values, the time t required to attain the steady-
state scenario is also elevated considerably. As such, the steady state is achieved faster
for higher values of K P. On the other hand, with increasing K P values, the temperature
profile (Figure 2(b)) in the regime is found to be decreases, i.e. the boundary layer is
cooled. A reduction in the volume of solid particles in the medium implies a lower
contribution via thermal conduction. This serves to decrease the fluid temperature.

In Figure 11, the effects of the radiation-conduction (F ) and Darcian drag force (K P)
on the local skin friction (tx/Gr3/4) are shown for different values of x. Increasing F
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strongly boosts the flow and increases, (tx/Gr3/4), profile values which remain positive
for all x and indicating that backflow does not occur; however, with increasing of K P

from 0.1 through 0.5-1.0, the local skin friction descend. Moreover, all the profiles of
(tx/Gr3/4) are also ascend with increasing x.

In Figure 12, an increase in Darcian drag force K P from 0.1 through 0.5-1.0 is
observed to enhance the local Nusselt number (Nux/Gr1/4). Conversely, the local
Nusselt number is depressed by the effects of radiation-conduction (F ) from 0.0 to 0.05.
The values of, Nux/Gr1/4 are continuously increased with increasing values of x.

7. Conclusions
A numerical solution is developed using an efficient, accurate, extensively validated
and unconditionally stable implicit finite-difference scheme of the Crank-Nicolson
type for the transient hydromagnetic convective heat transfer in boundary layer flow
over a semi-infinite vertical plate adjacent to a Darcian porous regime in the presence
of thermal radiation and Darcian drag force effects. A flux model is employed to
simulate thermal radiation effects. From the present numerical investigation the
following conclusions may be drawn:

. The classical velocity overshoot is detected close to the plate surface for low to
intermediate values of M at both small and large times; however this overshoot
vanishes for larger strengths of the transverse magnetic field (M¼ 10).

. The decrease of temperature may be attributed to the loss of heat energy due to
radiation as well as low diffusion.

. An increase in the Lorentz force with the presence of the Darcian resistance
reduces the skin friction for cooling of the plate.

. The Lorentz force opposes the motion of the fluid more effectively in the absence
of the Darcian resistance.

. The porosity drag force reduces the skin frictions for a conducting fluid. This
suggests that the presence of Darcian resistance reduces the frictional drag at
the plate.
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. Both the velocity and temperature are strongly enhanced with an increase in
time (t) in the Darcian regime.

The present study was confined to Newtonian fluids. It is hoped that the present
results be used as a vehicle for understanding more complex problems dealing with
viscoelastic and power-law rheological fluid models.
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