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In this paper, the problem of coupled heat and mass transfer by a natural-convection boundary-lay-
er fl ow of a micropolar fl uid past a vertical fl at plate in a saturated porous medium with stream-
wise sinusoidal variations of both the surface temperature and species concentration in the presence 
of thermal radiation and chemical reaction eff ects is investigated. A suitable set of dimensionless 
variables is used to transform the governing equations of the problem into a nonsimilar form. The 
resulting nonsimilar equations have the property that they reduce to various special cases previ-
ously considered in the literature. An adequate and effi  cient implicit, tridiagonal fi nite diff erence 
scheme is employed for the numerical solution of the obtained equations. Various comparisons with 
previously published work are performed, and the results are found to be in excellent agreement. 
A representative set of numerical results for the velocity, temperature, and concentration profi les 
as well as the surface shear stress, rate of heat transfer, and the rate of mass transfer is presented 
graphically to show interesting features of the solutions.

KEY WORDS: heat and mass transfer, micropolar fl uid, natural convection, porous 
medium, thermal radiation, chemical reaction, sinusoidal surface temperature and con-
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NOMENCLATURE

a relative amplitude of the surface w combined buoyancy parameter
 temperature and species x, y dimensionless axes in the 
 concentration variations direction along the surface and
B spin gradient viscosity parameter  normal to it
cp specifi c heat at constant x–, y– dimensional axes in the 

pressure  direction along the surface and
C species concentration normal to it
D mass diffusivity Greek symbols
Da Darcy number α thermal diffusivity
f dimensionless stream βC coeffi cient of concentration

function expansion
g dimensionless microrota- βT coeffi cient of thermal

tion expansion
g1 gravitational acceleration σ Stefan–Boltzmann constant
GrL Grashof number, GrT + GrC η pseudo-similarity variable
j microinertia density φ dimensionless concentration
K permeability of porous Λ concentration to thermal

medium buoyancy ratio
k thermal conductivity γ dimensionless chemical 
kc dimensional chemical reaction parameter

reaction γ* spin-gradient viscosity
L characteristic length Δ micropolar vortex viscosity
mw rate of mass transfer parameter
n constant μ absolute viscosity
N microrotation component κ vortex viscosity
Pr Prandtl number, ν/α χ mean absorption coeffi cient
qw rate of heat transfer θ dimensionless temperature
qr radiative heat fl ux τw surface shear stress 
Rd thermal radiation parameter ξ dimensionless streamwise
Sc Schmidt number, ν/D coordinate
T temperature of the micropolar ν kinematic viscosity

fl uid in the boundary layer ρ density of micropolar fl uid
u, v dimensionless micropolar fl uid ψ stream function

velocities in the x, y directions Subscripts
u–, v– dimensional micropolar fl uid w condition at the wall

velocities in the ,x y  directions ∞ condition at infi nity
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1. INTRODUCTION

Coupled heat and mass transfer by natural convection in a fl uid-saturated porous me-
dium has many important applications in geothermal and geophysical engineering 
such as the extraction of the geothermal energy, migration of moisture in fi brous in-
sulation, underground disposal of nuclear waste, and the spreading of chemical pollut-
ants in saturated soil. Comprehensive reviews of this area have been made by many 
researchers, with some of them being (Nield and Bejan, 2006; Vafai, 2000; Pop and 
Ingham, 2001; Ingham and Pop (2002).

On the other hand, micropolar fl uids are the fl uids of microstructure. They represent 
the fl uids that consist of rigid, randomly oriented or spherical particles suspended in a 
viscous medium, where the deformation of fl uids particles is ignored (e.g., polymeric 
suspensions, animal blood, liquid crystals). In order to accurately describe the behav-
ior of such fl uids, the geometry and intrinsic motion of individual material particles 
have been taken into account, and the angular velocity fi eld of rotation of particles 
and the conservation of the angular momentum are added in the theory of micropolar 
fl uids discussed by Eringen (1966, 1972). In this case, many classical concepts such 
as the symmetry of the stress tensor or absence of couple stresses no longer existed. 
Owing to its relatively mathematical simplicity, the micropolar fl uids model has been 
widely used in lubrication to investigate the polymer solutions in which the Newto-
nian lubricant is blended with a small amount of long-chained additives. So far, ex-
cellent reviews of the applications of micropolar fl uids have been written by Airman 
et al. (1973, 1974). EL-Hakiem et al. (2000) discussed combined thermal and mass 
diffusion buoyancy effects by natural convection in micropolar fl uids. Mansour et al. 
(2000) studied heat and mass transfer in a boundary-layer fl ow of micropolar fl uids 
in a circular cylinder with uniform heat and mass fl ux. EL-Kabeir and Gorla (2007) 
have investigated the MHD effects on natural convection in a micropolar fl uid in a 
porous medium. Pal and Chatterjee (2010) studied the heat and mass transfer in an 
MHD non-Darcian fl ow of a micropolar fl uid over a stretching sheet embedded in a 
porous medium with a nonuniform heat source and thermal radiation. EL-Kabeir et al. 
(2011) discussed heat transfer in a micropolar fl uid fl ow past a permeable continuous 
moving surface.

Finally, in many engineering applications such as the nuclear reactor safety, com-
bustion systems, solar collectors, metallurgy, and chemical engineering there are many 
transport processes that are governed by the joint action of the buoyancy forces from 
both thermal and mass diffusions in the presence of the chemical reaction effect. Rep-
resentative applications of interest include: solidifi cation of a binary alloy and crystal 
growth, dispersion of dissolved materials or particulate water in fl ows, drying and 
dehydration operations in chemical and food processing plants, and combustion of 
atomized liquid fuels. Also, the effects of thermal radiation with chemical reaction on 
a free convection fl ow and mass transfer are of importance for such processes as com-
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bustion of fossil fuels, atmospheric re-entry with suborbital velocities, formation of 
plasma wind tunnels, electric spacecraft propulsion, photodissociation in hyperson-
ic fl ight through planetary atmosphere, photoionization, and geophysical processes. 
Diffusion and chemical reaction in an isothermal laminar fl ow along a soluble fl at 
plate were studied by Fairbanks and Wike (1950). The effects of chemical reaction 
and mass transfer on fl ow past an impulsive infi nite vertical plate with a constant 
heat fl ux were studied by Das et al. (1994). Damseh et al. (2009) studied the com-
bined effect of heat generation or absorption and fi rst-order chemical reaction on 
micropolar fl uid fl ows over a uniformly stretched permeable surface. Modather et 
al. (2009) considered the effect of chemical reaction on heat and mass transfer of 
micropolar fl uids in a saturated porous medium over an infi nite moving permeable 
plate. Mohamed and Abo-Dahab (2009) studied the effect of the fi rst-order chemical 
reaction and thermal radiation on heat and mass transfer in an MHD micropolar fl uid 
fl ow over a vertical moving porous plate through a porous medium. Pal and Taluk-
dar (2010) investigated the combined effects of thermal radiation and fi rst-order 
chemical reaction on heat and mass transfer by an MHD mixed convection fl ow 
past a permeable vertical plate embedded in a porous medium. Chamkha et al. (2011) 
investigated the infl uence of thermal radiation and chemical reaction on heat and mass 
transfer by non-Darcian free convection from a vertical cylinder embedded in a po-
rous medium.

The main objective of this paper is to study the effects of chemical reaction and 
thermal radiation on coupled heat and mass transfer by a natural-convection bound-
ary-layer fl ow of a micropolar fl uid over a vertical fl at plate embedded in a porous 
medium with the combined effects of streamwise sinusoidal variations of both the 
surface temperature and species concentration. The governing boundary-layer equa-
tions have been transformed into a nonsimilar form and solved numerically. The ef-
fects of the chemical reaction parameter, Darcy number, radiation parameter, and of 
the micropolar parameter on the velocity, temperature, and concentration profi les as 
well as the surface shear stress, rate of heat transfer, and the rate of mass transfer 
have been shown graphically and discussed.

2. GOVERNING EQUATIONS

Consider steady and laminar heat and mass transfer by a natural-convection bound-
ary-layer fl ow of a micropolar fl uid along a vertical fl at plate embedded in a saturated 
porous medium with combined effects of streamwise sinusoidal variations of both the 
surface temperature and species concentration in the presence of thermal radiation and 
chemical reaction effects. The heated surface of the plate is maintained at a steady 
temperature and steady concentration:

( )(1 sin ( ))wT T T T a x L∞ ∞= + − + π ,  ( )(1 sin ( ))wC C C C a x L∞ ∞= + − + π ,
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where T∞ and C∞ are the ambient temperature and concentration far away from the 
surface of the plate and Tw and Cw are the mean temperature and mean concentration, 
with Tw > T∞ and Cw > C∞. The parameter a is the relative amplitude of the surface 
temperature and species concentration variations, and 2L is the wave length of vari-
ations. The physical confi guration and coordinate system considered here are shown 
in Fig. 1. The variations of the fl uid properties are limited to density variations that 
affect the buoyancy force term only. A fi rst-order homogeneous chemical reaction is 
assumed to take place in the fl ow. In addition, the fl uid is considered to be a gray, 
absorbing–emitting radiative but nonscattering medium, and the Rosseland approxi-
mation is used to describe the radiative heat fl ux in the energy equation. By invoking 
all of the boundary layer, Boussinesq and Rosseland diffusion approximations, the 
governing equations for this problem can be written as [see, for instance, (Roy and 
Hossain, 2010; Chamkha et al., 2013]

 
0u v

x y
∂ ∂

+ =
∂ ∂

,  (1)

2
1 12 ( ) ( )T C

u u u Nu v g T T g C C u
x y y Ky

∞ ∞
⎛ ⎞∂ ∂ κ ∂ κ ∂ ν

+ = ν + + + β − + β − −⎜ ⎟∂ ∂ ρ ρ ∂∂⎝ ⎠
,

(2)

 

* 2
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⎛ ⎞∂ ∂ γ ∂ κ ∂
+ = − +⎜ ⎟∂ ∂ ρ ρ ∂∂ ⎝ ⎠
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2

2
1 r

p

T T T qu v
x y c yy

∂ ∂ ∂ ∂
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∂ ∂ ρ ∂∂
,  (4)

FIG. 1: Physical model and coordinate system
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2

2 ( )c
C C Cu v D k C C
x y y

∞
∂ ∂ ∂

+ = − −
∂ ∂ ∂

,  (5) 

where u– and v– are the velocity components along the x–, y– directions, N is the compo-
nent of the microrotation vector normal to the x y−  plane, Here, T and C are the fl u-
id temperature and species concentration, respectively; g1, ρ, α, D, βT, and βC are the 
magnitude of the acceleration due to gravity, kinematic viscosity, thermal diffusivity, 
mass diffusivity, coeffi cient of thermal expansion, and the coeffi cient of concentration 
expansion, respectively; μ, κ, and γ* are the absolute viscosity, vortex viscosity and 
the spin-gradient viscosity, respectively; υ, j, and kc are the kinematic viscosity, mi-
croinertia density, and the chemical reaction, respectively.

The corresponding boundary conditions for this problem can be written as

 

0, 0, , ( ) ( ) ,

( ) ( ) at     0

w w

w w

uu v N n T T T T x
y

C C C C x y

∞ ∞

∞ ∞

⎛ ⎞∂
= = = − = + − θ⎜ ⎟∂⎝ ⎠

= + − φ =
  (6a) 

 0, 0, ,     as     u N T T C C y∞ ∞= = = = → ∞ ,  (6b)

where w w( ) ( ) 1 sin ( )x x a x Lθ = φ = + π  and n is a constant with 0 1n≤ ≤ . The 
case n = 0 (the case studied in this work) indicates that N = 0 at the wall. It represents 
concentrated particle fl ows in which the microelements close to the wall surface are 
unable to rotate. This case is also known as the strong concentration of microele-
ments. The case n = 1/2 indicates the vanishing of the antisymmetric part of the stress 
tensor and denotes weak concentration of microelements. The case n = 1 is used for 
modeling turbulent boundary-layer fl ows. 

Following the work of many recent authors (Rees and Bassom, 1996; Rees and Pop 
1998), γ* is assumed to be given by

 

* 1
2 2

j jκ Δ⎛ ⎞ ⎛ ⎞γ = μ + = μ +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 ,  (7)

where Δ = κ/μ is the micropolar vortex viscosity parameter. This assumption is in-
voked to allow the fi eld of equations to predict the correct behavior in the limiting 
case where the microstructure effects become negligible and the total spin N reduces 
to the angular velocity.

In addition, the radiative heat fl ux qr is described according to the Rosseland ap-
proximation such that

  
44

3

rq T
y y

∂ σ ∂
= −

∂ χ ∂
,  (8)

,
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where σ and χ are the Stefan–Boltzmann constant and the mean absorption coeffi -
cient, respectively. As done by Raptis (1998), the micropolar fl uid-phase temperature 
differences within the fl ow are assumed to be suffi ciently small so that T 4 may be ex-
pressed as a linear function of temperature. This is done by expanding T 4 in a Taylor 
series about the free-stream temperature T∞ and neglecting higher-order terms to yield

 
4 4 44 3T T T T∞ ∞= − .  (9)

Using Eqs. (8) and (9) in the last term of Eq. (4), we obtain

 

3 2

2
16

3

rq T T
y y

∞∂ σ ∂
= −

∂ χ ∂
,  (10)

It is convenient to nondimensionalize and transform Eqs. (1) through (5) by using

 

1/ 2 1/ 4 1/ 4

3/ 4

2

3 3
1 1

2 2

Gr Gr Gr, , , ,

Gr, , ,

( ) ( )Gr Gr Gr .

L L L

L

w w

T w C w
L T C

xx u u v v y y
L L L L

T T C C N N
T T C C L

g T T L g C C L

∞ ∞

∞ ∞

∞ ∞

ν ν
= = = =

− − ν
θ = φ = =

− −

β − β −
= + = +

ν ν

  (11)

Substituting Eqs. (7), (10), and (11) into Eqs. (1)–(5) yields the following nonsimilar 
equations and boundary conditions:

 
0u v

x y
∂ ∂

+ =
∂ ∂

,  (12)

 

2
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∂ ∂ ∂ ∂

+ = + Δ + Δ + − θ + φ −
∂ ∂ ∂∂

,  (13)

 

2
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2
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  (14)

 

2

2
1 41
Pr 3 du v R

x y y
∂θ ∂θ ∂ θ⎛ ⎞+ = +⎜ ⎟∂ ∂ ⎝ ⎠ ∂

,  (15)
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2

2
1u v

x y Sc y
∂φ ∂φ ∂ φ

+ = − γφ
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,  (16)

 

0, 0, , 1 sin( ),

1 sin ( ) at    0

uu v N n a x
y

a x y

⎛ ⎞∂
= = = − θ = + π⎜ ⎟∂⎝ ⎠

φ = + π =
 (17a)

 0, 0, 0, 0     as     u N y= = θ = φ = → ∞ ,  (17b)

where 1/ 2 2
1Da GrLK L=  is the Darcy number, 1/ 2GrLB L j−=  is the 

spin-gradient viscosity parameter, 34dR T k∞= σ χ  is the thermal radiation pa-
rameter, 2 1/ 2Grc Lk Lγ = υ  is the chemical reaction parameter, Pr = υ α  
and Sc D= υ  are the Prandtl number and Schmidt number, respectively; 

Gr (Gr Gr ) (1 )C T Cw = + = Λ + Λ  is the combined buoyancy parameter, where 
Gr GrC TΛ =  measures the relative importance of solutal and thermal diffusion in 

causing the density changes that drive the fl ow. It is to be noted that Λ = 0 (i.e., w = 
0) corresponds to no species diffusion and Λ → ∞ (i.e., w → 1), to no thermal dif-
fusion. The positive values of Λ correspond to both effects driving the fl ow, whereas 
the negative values correspond to the opposing effects exerted by these two diffusing 
components. 

As the equations are two-dimensional, we defi ne the stream function ψ in the usu-
al way u y= ∂ψ ∂ , v x= −∂ψ ∂  and, therefore, Eq. (12) is satisfi ed automatically. 
Guided by the familiar nonsimilar form corresponding to both the uniform surface 
temperature and concentration, we use the following transformation:

xξ = ,   1/ 4yη = ξ ,   3/ 4 ( , )fψ = ξ ξ η ,   1/ 4 ( , )N g= ξ ξ η ,

 ( , )θ = θ ξ η ,   ( , )φ = φ ξ η .  (18)

Substituting Eqs. (18) into Eqs. (12) through (16) yields

 

2

1/ 2

3 1(1 ) (1 )
4 2

1

f g ff f w w

f ff f f
Da

′′′ ′ ′′ ′+ Δ + Δ + − + − θ + φ

′⎛ ⎞∂ ∂′ ′ ′′− ξ = ξ −⎜ ⎟∂ξ ∂ξ⎝ ⎠

,  (19)

 

1/ 2 3 11 (2 )
2 4 4

g fg B g f fg f g f g⎛ ⎞Δ ∂ ∂⎛ ⎞ ′′ ′′ ′ ′ ′ ′+ − Δ ξ + + − = ξ −⎜ ⎟⎜ ⎟ ∂ξ ∂ξ⎝ ⎠ ⎝ ⎠
,   (20)
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1 4 31
Pr 3 4d

fR f f⎛ ⎞∂θ ∂⎛ ⎞ ′′ ′ ′ ′+ θ + θ = ξ − θ⎜ ⎟⎜ ⎟ ∂ξ ∂ξ⎝ ⎠ ⎝ ⎠  
,  (21)

 

1/ 21 3
Sc 4

ff f⎛ ⎞∂φ ∂′′ ′ ′ ′φ + φ − γξ φ = ξ − φ⎜ ⎟∂ξ ∂ξ⎝ ⎠
 .  (22)

The transformed boundary conditions become

( , 0) 0f ξ = ,   ( , 0) 0,f ′ ξ =    ( , 0) ( , 0)g nf ′′ξ = − ξ ,   ( , 0) 1 sin ( )aθ ξ = + πξ , 

  ( , 0) 1 sin ( )aφ ξ = + πξ ,   ( , ) ( , ) ( , ) ( , ) 0f g′ ξ ∞ = ξ ∞ = θ ξ ∞ = φ ξ ∞ = .  (23)

In the above equations, the prime indicates differentiation with respect to η, as is tra-
ditional in the boundary-layer theory.

The physical quantities of principal interest are the surface shear stress, heat trans-
fer rate, and the rate of mass transfer, respectively. These can be written as

 w 0( ) yu y =τ = μ ∂ ∂ ,   w 0( ) yq k T y == − ∂ ∂ ,   w 0( ) ym D C y == − ∂ ∂ .  (24)

Using the variables (11), (18) and the boundary conditions (23) in Eqs. (24), we get

 w ( , 0)f ′′τ = ξ ,   w ( , 0)q ′= −θ ξ ,   w ( , 0)m ′= −φ ξ  .  (25)

3. NUMERICAL METHOD

The problem represented by Eqs. (19)–(22) is nonlinear and has no closed-form solu-
tion. Therefore, it must be solved numerically. The implicit, tridiagonal, fi nite-differ-
ence method discussed by Blottner (1970) has proven to be adequate for the accurate 
solution of boundary-layer equations. For this reason, this method is adopted in this 
work. All fi rst-order derivatives with respect to ξ are replaced by two-point backward 
difference quotients while the derivatives with respect to η are discretized using three-
point central-difference quotients, and, as a consequence, a set of algebraic equations 
results at each line of the constant ξ. These algebraic equations are then solved by 
the well-known Thomas algorithm [see (Blottner, 1970)] with iteration to deal with 
the nonlinearities of the problem. When the solution at a specifi c line of constant ξ 
is obtained, the same solution procedure is used for the next line of constant ξ. This 
marching process continues until the desired value of ξ is reached. At each line of 
constant ξ, when f ′ is known, the trapezoidal rule is used to solve for f. The conver-
gence criterion employed was based on the relative difference between the current 
and previous iterations. When this difference reached 10–5, the solution was assumed 
converged and the iteration procedure was terminated. Constant step sizes in the ξ 
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direction were used, whereas variable step sizes in the η direction were utilized in 
order to accommodate the sharp changes in the dependent variables especially in the 
immediate vicinity of the truncated cone surface. The (ξ, η) computational domain 
consisted of 1001 and 196 points, respectively. The initial step sizes in Δξ1 and Δη1 
were taken to be equal to 2 × 10–2 and 10–3, respectively, and the growth factor for 
the η direction was taken to be 1.0375. This gave ξ∞ = 20 and η∞ = 35. These values 
were found to give accurate grid-independent results, as verifi ed by the comparisons 
mentioned below.

In order to access the accuracy of the numerical results, a comparison with a previ-
ously published work for Da–1 = Rd = Δ = 0 is performed. This comparison is present-
ed in Fig. 2. It is obvious from this fi gure that excellent agreement between the results 
exists. This favorable comparison lends confi dence in the graphical results reported in 
the next section.

4. RESULTS AND DISCUSSION

In order to gain a clear insight into the physical problem, numerical results for the 
velocity, temperature, and concentration profi les as well as the coeffi cient of surface 
stress, rate of heat transfer and rate of mass transfer are displayed with the help of 
graphical illustrations. The results are given through a parametric study showing the 
infl uence of several nondimensional parameters, namely, the Darcy number Da, mi-
cropolar vortex viscosity parameter Δ, thermal radiation parameter Rd, and the dimen-

FIG. 2: Comparison between the present work and Roy and Hossain (2010) at Da–1 = Rd = Δ = 0
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sionless chemical reaction parameter γ. Throughout the calculations, the conditions are 
used for a micropolar fl uid with Δ = 1 (corresponds to the case where the micropolar 
vortex viscosity is identical to the fl uid dynamic viscosity), i.e., is strongly non-New-
tonian (unless otherwise indicated), with the Prandtl number Pr = 1.0 corresponding 
to an electrolyte solution such as salt water, and also with Sc = 0.6 that represents 
a diffusion chemical species of most common interest in water, for the case n = 0 
(strong concentration of microelements) and B = 0.1. The value of the corresponding 
buoyancy force parameter (ratio of the buoyancy force due to mass diffusion to the 
buoyancy force due to the thermal diffusion) w takes the value 0.5 for low concentra-
tion at a = 0.5 [the effects of these parameters were mentioned earlier, see (Roy and 
Hossain, 2010; Chamkha et al., 2013]. The present model is reduced to a purely mi-
cropolar fl ow without porous medium effects when Da → ∞, i.e., the medium perme-
ability becomes infi nite, so that in the limit that the Darcian drag becomes vanishingly 
small. The Newtonian fl ow case can also be retrieved by setting Δ = 0, for which the 
micropolar vortex viscosity κ becomes zero and the microrotation equation vanishes.

Figures 3–5 show the effects of the velocity along the plate f ′, the temperature θ, 
and concentration φ for two different values of the chemical reaction parameter γ and 
various values of the Darcy number Da, respectively. It is found that a rise in the Dar-
cy number Da from 0.01 through 0.5, 0.8, 1.0 to 2.0 (very high permeability) clearly 
induces a marked rise in the velocity values, i.e., accelerates the fl ow. The changes in 
the velocity are maximized some distance from the wall towards the free stream. As 

FIG. 3: Effects of Da and γ on the velocity profi les
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FIG. 5: Effects of Da and γ on the concentration profi les

FIG. 4: Effects of Da and γ on the temperature profi les
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such, the fl uid acceleration towards the edge of the boundary layer is less impeded 
by the wall effects. Also, as Da increases, the Darcian drag force decreases due to 
the inverse relationship in Eq. (19); the porous drag force is, therefore, progressively 
lowered with increase in the permeability, i.e., the Darcy number which serves to 
increase the fl ow velocity in the regime. Therefore, this increase in the fl ow leads to 
a strong decrease in both the temperature and concentration. In addition, it can be 
seen that an increase in the values of Da are followed by corresponding decreases in 
all hydrodynamic, thermal, and solutal (concentration) boundary layers. High porous 
medium permeabilities would correspond to highly porous industrial materials such 
as ceramic foams, sparsely packed bed materials, etc. On the other hand, it is seen 
that the velocity and concentration profi les decrease signifi cantly with increase in the 
chemical reaction parameter, while a signifi cant increase in the temperature profi les 
occurs. This shows that the diffusion rates can be tremendously altered by chemical 
reactions. It is also important to note that increasing the chemical reaction parameter 
signifi cantly alters the thermal and concentration boundary-layer thicknesses without 
any signifi cant effect on the momentum boundary layer.

Figures 6–8 present the effects of the Darcy number Da and chemical reaction pa-
rameter γ on the development of the surface shear stress [or f ′(ξ, 0)], the rate of heat 
transfer [or θ′(ξ, 0)], and the rate of mass transfer [or φ′(ξ, 0)], respectively. It is seen 
that there are two opposite behaviors of the coeffi cient of surface shear stress and 
both the rates of heat and mass transfer. These behaviors are represented by the re-

FIG. 6: Effects of Da and γ on the surface shear stress
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FIG. 7: Effects of Da and γ on the rate of heat transfer

FIG. 8: Effects of Da and γ on the rate of mass transfer



809Heat and Mass Transfer in a Micropolar Fluid-Saturated Porous Medium

Volume 45, Number 8, 2014

duction of both the rates of heat and mass transfer and the enhancement in the surface 
shear stress as a result of increasing the Darcy number Da. On other hand, it is noted 
that the presence of the chemical reaction effect causes reductions in both the surface 
shear stress and the rate of mass transfer, while the opposite effect is found for the 
rate of heat transfer. In addition, it is also seen that the amplitude of oscillations of the 
shear stress curves decays slowly, while the amplitudes of oscillations of both the rate 
of heat transfer and the rate of mass transfer increase with ξ. 

Figures 9–11 depict the effect of the micropolar vortex viscosity parameter ∆ on 
the velocity, temperature, and concentration profi les for two values of the thermal 
radiation parameter Rd, respectively. It should be noted that the case with ∆ = 0 cor-
responds to a Newtonian fl uid fl ow where the microrotational effects vanish. It is also 
noted that the increase in the micropolar parameter ∆ has a tendency to decelerate 
the fl ow causing its velocity to decrease and its peak velocity to depress. Hence, for 
a maximum value of ∆ = 4 the lowest velocity is observed. In addition to causing the 
deceleration in the fl ow, an increase in ∆ induces a signifi cant increase in the temper-
ature profi les, while a slight decrease in the concentration profi les is predicted. On 
the other hand, it should be noted that increasing the thermal radiation parameter Rd 
produces a signifi cant increase in the thermal state of the micropolar fl uid causing its 
temperature to increase. This increase in the fl uid temperature induced by virtue of the 
thermal buoyancy effect fl ow in the boundary layer causes the velocity of the fl uid 

FIG. 9: Effects of Δ and Rd on the velocity profi les
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FIG. 10: Effects of Δ and Rd on the temperature profi les

FIG. 11: Effects of Δ and Rd on the concentration profi les



811Heat and Mass Transfer in a Micropolar Fluid-Saturated Porous Medium

Volume 45, Number 8, 2014

to increase, and the maximum velocity tends to move away from the plate surface. 
These behaviors are clearly shown in Figs. 9 and 10 by the increases in the velocity 
and temperature profi les as Rd increases. Furthermore, it is obvious that the concentra-
tion profi les do not change with the changes in Rd, as observed from Fig. 11, due to 
the uncoupled relationship in Eqs. (21) and (22).

The effects of the micropolar parameter ∆ on the development of the surface shear 
stress f "(ξ, 0), rate of heat transfer θ′(ξ, 0), and the rate of mass transfer φ(ξ, 0) for 
two values of the radiation parameter Rd are shown in Figs. 12–14, respectively. From 
these fi gures, it can be seen that increasing the micropolar parameter ∆ leads to en-
hancement of all the surface shear stresses and of the heat and mass transfer rates. 
Similarly, the presence of thermal radiation produces a more pronounced enchantment 
in both the coeffi cient of surface shear stress f "(ξ, 0) and the rate of heat transfer 
θ′(ξ, 0). The reason for this trend can be explained as follows: smaller values of Rd 
imply higher values of wall temperature, the thermal radiation works as a heat source 
and so the quantity of heat added to the fl uid increase. Consequently, the temperature 
gradient and, hence, the heat transfer rate increases. Again, changes in the value of Rd 
cause no effects on the rate of mass transfer φ′(ξ, 0) for the same above-mentioned 
reason. However, indeed, the curves in Figs. 13 and 14 show that whatever the value 

FIG. 12: Effects of Δ and Rd on the surface shear stress
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FIG. 13: Effects of Δ and Rd on the rate of heat transfer

FIG. 14: Effects of Δ and Rd on the rate of  mass transfer
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of Rd, there will always be a value of ξ beyond which some part of the rate of heat 
transfer and the rate of mass transfer curves between successive surface temperature 
maxima will be positive.

5. CONCLUSIONS

The problem of coupled heat and mass transfer by free-convection boundary-layer 
fl ow of a micropolar fl uid along a vertical fl at plate embedded in a porous medium 
with streamwise sinusoidal variations of both the surface temperature and species 
concentration in the presence of thermal radiation and chemical reaction effects was 
studied. The case of strong concentration of microelements at the boundary was 
considered. A set of nonsimilar governing differential equations was obtained and 
solved numerically by an implicit fi nite-difference methodology. Comparison with 
previously published works on a special case of the general problem was performed 
and the results were found to be in excellent agreement. A representative set of 
numerical results for the velocity, temperature, and concentration profi les as well 
as the surface shear stress and the rates of heat and mass transfer was presented 
graphically and discussed. It was found that increasing the Darcy number caused 
reductions in both the rates of heat and mass transfer and an enhancement in the 
surface shear stress. In addition, it was predicted that the presence of the chemical 
reaction effect led to reductions in both the surface shear stress and the rate of mass 
transfer, while the opposite effect was found for the rate of heat transfer. On other 
hand, it was found that increasing the micropolar parameter induced enhancements in 
all of the surface shear stress and rates of heat and mass transfer. Furthermore, owing 
to the increase in the value of the thermal radiation parameter, more pronounced en-
hancements in both the coeffi cient of surface shear stress and the rate of heat transfer 
were predicted.
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