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This work is focused on the numerical modeling of steady laminar mixed convection flow in a lid-driven cavity
with a wavy wall filled with a water–CuO nanofluid. The left and right walls of the enclosure are kept insulated
while the bottomand topwalls aremaintained at constant temperatureswith the top surface being the heated lid
wall and moving at a constant speed. The governing equations for this investigation are given in terms of the
stream function–vorticity formulation and are non-dimensionalized and then solved numerically subject to ap-
propriate boundary conditions by a second-order accurate finite-volumemethod. Various comparisonswith pre-
viously published work are performed and the results are found to be in good agreement. A parametric study of
the governing parameters such as the Richardson number, bottomwall geometry ratio (B/H) and the nanoparti-
cles volume fraction is conducted and a representative set of graphical results is presented and discussed to illus-
trate the effects of these parameters on the flow and heat transfer characteristics. It is found that the presence of
nanoparticles causes significant heat transfer augmentation for all values of Richardson numbers and bottom
wall geometry ratios.
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1. Introduction

The topic of mixed convection flow in a lid-driven cavity with a hor-
izontal sliding wall has been a subject of interest for many years due to
their ever increasing applications in lubrication technologies, electronic
cooling, food processing and nuclear reactors [1–6]. A nanofluid is a base
fluid with suspended metallic nanoparticles [7]. Because traditional
fluids used for heat transfer applications such as water, mineral oils
and ethylene glycol have a rather low thermal conductivity, nanofluids
with relatively higher thermal conductivities have attracted enormous
interest from researchers due to their potential in the enhancement of
heat transfer with little or no penalty in pressure drop. In their experi-
mental work, Eastman et al. [8] showed that an increase in thermal
conductivity of approximately 60% can be obtained for a nanofluid
consisting of water and 5 vol.% CuO nanoparticles. This is attributed to
the increase in surface area due to the suspension of nanoparticles.
Das et al. [9] reported a 2–4-fold increase in thermal conductivity
enhancement for water-based nanofluids containing Al2O3 or CuO
nanoparticles over a small temperature range, 21–51 °C. Keblinski
et al. [10] reported on the possible mechanisms of enhancing thermal
conductivity, and suggested that the size effect, the clustering of nano-
particles and the surface adsorption could be the major reason of en-
hancement, while the Brownian motion of nanoparticles contributes
much less than other factors since Brownian motion of nanoparticles
is too slow to transport significant amount of heat through a nanofluid
and this conclusionwas also supported by their results of molecular dy-
namics simulation. Wang et al. [11] used a fractal model for predicting
the effective thermal conductivity of liquidwith suspension of nanopar-
ticles and found that it predicts well the trend for variation of the effec-
tive thermal conductivity with dilute suspension of nanoparticles.

The convective heat transfer characteristic of nanofluids depends on
the thermo-physical properties of the base fluid and the ultra-fine par-
ticles, the flow pattern and flow structure, the volume fraction of the
suspended particles, the dimensions and the shape of these particles.
The utility of a particular nanofluid for a heat transfer application can
be established by suitably modeling the convective transport in the
nanofluid. Several studies of convective heat transfer in nanofluids
have been reported in recent years. Khanafer et al. [12] investigated
the problem of buoyancy-driven heat transfer enhancement of
nanofluids in a two-dimensional enclosure. Hwang et al. [13] have car-
ried out a theoretical investigation of the thermal characteristics of nat-
ural convection of an alumina-based nanofluid in a rectangular cavity
heated from below using Jang and Choi's model [14] for predicting the
effective thermal conductivity of nanofluids (and various models for
predicting the effective viscosity). Santra et al. [15] studied heat transfer
characteristics of copper–water nanofluid in a differentially heated
square cavity with different viscosity models. Ho et al. [16] reported a
numerical simulation of natural convection of nanofluid in a square en-
closure considering the effects due to uncertainties of viscosity and
thermal conductivity. Oztop and Abu-Nada [17] studied heat transfer
and fluid flow due to buoyancy forces in a partially heated enclosure
using nanofluids with various types of nanoparticles. They found that
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Nomenclature

B peak height of the wavy surface (m)
Cp specific heat at constant pressure (kJ kg−1 K−1)
d diameter (m)
g gravitational acceleration (m s−2)
Gr Grashof number, Gr ¼ gβ TH−TLð ÞH3

ν2
fH height of the enclosure (m)

h local heat transfer coefficient (Wm−2 K−1)
k thermal conductivity (Wm−1 K−1)
Nu Nusselt number, Nu = hH/k
Pr Prandtl number, Pr = νf/αf

qw heat flux, (W m−2)
Re Reynolds number, Re ¼ UpH

ν f

Re Reynolds number, Ri ¼ Gr
Re2

T dimensional temperature (C)
u, v dimensional x and y components of velocity (m s−1)
U, V dimensionless velocities, V= vH/αf,U = uH/αf

Up lid speed (m/s)
W width of the enclosure (m)
x, y dimensionless coordinates, x = x′/H, y = y′/H
x′, y′ dimensional coordinates (m)

Greek symbols
α fluid thermal diffusivity (m2 s−1)
β thermal expansion coefficient (K−1)
ε numerical tolerance
φ nanoparticle volume fraction
ν kinematic viscosity (m2 s−1)
η transformed coordinate
θ dimensionless temperature, θ = (T − TC)/(TH − TC)
ψ dimensional stream function (m2 s−1)
Ψ dimensionless stream function, Ψ = ψ/αf

ω dimensional vorticity (s−1)
Ω dimensionless vorticity, Ω = ωH2/αf

ξ transformed coordinate
ρ density (kg m−3)
μ dynamic viscosity (N s m−2)

Subscripts
avg average
C cold
f fluid
H hot
nf nanofluid
p particle
w wall TH

TC

dT/dx=0dT/dx=0

Up

g

B

H

Fig. 1. Schematic of the wavy lid driven cavity.

37E. Abu-Nada, A.J. Chamkha / International Communications in Heat and Mass Transfer 57 (2014) 36–47
the use of nanofluids caused heat transfer enhancement and that this
enhancement is more pronounced at a low aspect ratio than at a high
one. Abu-Nada studied the effects of variable viscosity and thermal con-
ductivity of CuO–water and Al2O3–water nanofluid on heat transfer en-
hancement in natural convection [18,19]. Aminossadati and Ghasemi
[20] studied natural convection cooling of a localized heat source at
the bottom of a nanofluid-filled enclosure.

With regard to the studies that focused on mixed convection, Abu-
Nada et al. [21] explored heat transfer enhancement in combined con-
vection around a horizontal cylinder. Tiwari and Das [22] investigated
numerically heat transfer augmentation in mixed convection in a lid-
driven cavity filled with a nanofluid and found that the presence of
nanoparticles in a base fluid is capable of increasing the heat transfer ca-
pacity of the base fluid. Muthtamilselvan et al. [23] reported on the heat
transfer enhancement of copper–water nanofluids in a lid-driven enclo-
sure with different aspect ratios. Chamkha and Abu-Nada [24] conduct-
ed a study of laminar mixed convective flow and heat transfer of a
nanofluid made up of water and Al2O3 in single and double-lid driven
cavities. At moderate and large Richardson numbers, they reported an
enhancement of heat transfer with nanoparticles volume fraction.
Nasrin et al. [25] focused on themixed convective heat transfer in a dou-
ble lid driven cavity filled with water–CuO nanofluid in the presence of
internal heat generation. The obtained results depict that the Richard-
sonnumber plays a significant role on theheat transfer characterization.
Otherwise, the enhancement depends on the used model of nanofluid
viscosity.

The objective of this work is to study steady laminar mixed convec-
tion in a lid-driven cavity with a wavy bottom wall filled with a
nanofluid (water with CuO nanoparticles). A second-order accurate fi-
nite volume scheme is devised for the purpose of solution of the
governing equations.

2. Governing equations and problem formulation

Fig. 1(a) shows a schematic diagram of the wavy walled cavity. The
height and thewidth of the cavity are defined byH. The lid is heated and
maintained at a constant temperature (TH) whereas the bottom wavy
wall of the cavity is kept at cold temperature (TC). The left and the
right walls of the cavity are insulated. The nanofluid is assumed incom-
pressible and the flow is assumed to be laminar. It is assumed that the
base fluid (i.e. water) and the nanoparticles are in thermal equilibrium
and no slip occurs between them. The thermo-physical properties of
the nanofluid are given in Table 1. The thermo-physical properties of
the nanofluid are assumed to be constant except for the density varia-
tion, which is approximated by the Boussinesq model. The governing
equations for the laminar, two-dimensional, steady state natural con-
vection in terms of the stream function–vorticity formulation are writ-
ten as:

∂
∂x0 ω

∂ψ
∂y0

� �
− ∂

∂y0 ω
∂ψ
∂x0

� �
¼ μnf

ρnf

∂ω
∂x02

þ ∂ω
∂y02

� �

þ φβp þ 1−φð Þβ f

� �
g

∂T
∂x0
� �

ð1Þ

∂
∂x0 T

∂ψ
∂y0

� �
− ∂

∂y0 T
∂ψ
∂x0

� �
¼ αnf

∂2T
∂x02

þ ∂2T
∂y02

 !
ð2Þ



Table 1
Thermophysical properties of fluid and nanoparticles.

Physical properties Fluid phase (water) CuO

Cp(J/kg·K) 4179 540
ρ (kg/m3) 997.1 6500
k (W/mK) 0.613 18
β × 10−5 (1/K) 21 0.85
dp (nm) 0.384 29
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∂2ψ
∂x02

þ ∂2ψ
∂y02

¼ −ω ð3Þ

αnf ¼
keff

ρcp
� �

nf

: ð4Þ

The effective density of the nanofluid is given as

ρnf ¼ 1−φð Þρ f þ φρp: ð5Þ

The heat capacitance of the nanofluid is expressed as (Abu-Nada and
Öztop [26], Haddad et al. [27], Abu-Nada [28]):

ρcp
� �

nf
¼ 1−φð Þ ρcp

� �
f
þ φ ρcp

� �
p
: ð6Þ

Effective thermal conductivity of the nanofluid is approximated by
the Chon et al. model [29]:

knf
k f

¼ 1þ 64:7φ0:7640 df

dp

 !0:3690 kf

kp

 !0:7476

Pr0:9955ReT
1:2321 ð7Þ

where,

ReT ¼ ρ f kbT=3πμ
2
f l f :

The correlation for dynamic viscosity of CuO–water nanofluid is
derived by Abu-Nada et al. [30] based on the measurements of Nguyen
et al. [31] and it is given as,

μCuO cpð Þ ¼ −0:6967þ 15:937
T

þ 1:238φþ 1356:14
T2 −0:259φ2−30:88

φ
T

−19652:74
T3 þ 0:01593φ3 þ 4:38206

φ2

T
þ 147:573

φ
T2 :

ð8Þ

The following dimensionless variables are introduced:

x ¼ x0

H
; y ¼ y0

H
;V ¼ v

Up
;U ¼ u

Up
; θ ¼ T−TC

TH−TC
; k ¼ knf

k f
;α ¼ αnf

α f
; μ

¼ μnf

μ f
: ð9Þ

The governing equations are re-written in dimensionless form as:

∂
∂x Ω

∂Ψ
∂y

� �
− ∂

∂y Ω
∂Ψ
∂x

� �
¼ 1

Re 1−φð Þ þ φ
ρp

ρ f

 ! ∂
∂x μ

∂Ω
∂x

� �
þ ∂
∂y μ

∂Ω
∂y

� �� �

þ Gr
Re2

φ
βp

β f
þ 1−φð Þ

" #
∂θ
∂x

� �

ð10Þ
∂
∂x θ

∂Ψ
∂y

� �
− ∂

∂y θ
∂Ψ
∂x

� �

¼ 1
RePr

1

1−φð Þ þ φ
ρcp
� �

p

ρcp
� �

f

∂
∂x k

∂θ
∂x

� �
þ ∂
∂y k

∂θ
∂y

� �� �
ð11Þ

∂2Ψ
∂x2

þ ∂2Ψ
∂y2

¼ −Ω ð12Þ

where the dimensionless numbers are given as

Ri ¼ Gr
Re2

;Gr ¼ gβ TH−TLð ÞH3

ν2
f

; Pr ¼ ν f

α f
;Re ¼ UpH

ν f
: ð13Þ

The dimensionless boundary conditions can be written as:

On the lid wall;Ψ ¼ 0 : Ω ¼ −∂2Ψ
∂y2

; θ ¼ 1

On the bottom wavy wall i:e:;Ψ ¼ 0 : Ω ¼ −∂2Ψ
∂y2

; θ ¼ 0 ð14Þ

On the left and right walls : Ψ ¼ 0 : Ω ¼ −∂2Ψ
∂x2

;
∂θ
∂x ¼ 0:

3. Numerical analysis

The lower wavy wall of the cavity is described by the following
relation

g0 x0
� � ¼ H−H aþ bCos

2π x0

H

� �� 	
ð15Þ

where g′(x) defines the shape of bottomwall. The constants a, and b de-
termine the shape of the lower wavy wall of the cavity. By using the
non-dimensional quantities given in Eq. (9), then Eq. (15) is rewritten
as

g xð Þ ¼ 1− aþ b cos 2π xð Þð Þ½ �: ð16Þ

The cavity in the x and y planes, i.e., physical domain, is transformed
into a rectangular geometry in the computational domain using an alge-
braic coordinate transformation by introducing new independent vari-
ables ξ and η. The top and bottom walls of the channel become
coordinate lines having constant value of η. The independent variables
in the physical domain are transformed to independent variables in
the computational domain by the following equations

x ¼ x ξ; ηð Þ ð17Þ

y ¼ y ξ; ηð Þ ð18Þ

dx ¼ ∂x
∂ξ

� �
η
dξ þ ∂x

∂η

� �
ξ
dη ð19Þ

dy ¼ ∂y
∂ξ

� �
η
dξ þ ∂y

∂η

� �
ξ
dη: ð20Þ
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Fig. 2. (a) Physical domain and (b) Computational domain.
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The physical cavity geometry (see Fig. 2(a)) is mapped into a
rectangle, in the computational domain, by using the following
transformation; see Fig. 2(b),

ξ ¼ x

η ¼ y−g xð Þ
1−g xð Þ :

ð21Þ

By using this transformation, the physical domain is mapped directly
into a rectangular computational domain defined by 0 ≤ ξ ≤ 1 and 0 ≤
η ≤ 1; see Fig. 2. The parameters a and b in Eq. (16) are constants
which control the shape of the wavy wall. For example, for a = 0.875,
the B/H ratio is 0.25 and for a= 0.75 the B/H ratio is 0.50.

The governing Eqs. (10)–(12)with the boundary conditions given in
Eq. (14) are transformed to the computational domain using the rela-
tions in Eqs. (17)–(21) to perform the calculations in the computational
domain, and then the results are transformed back in the physical do-
main. The governing equations along with the corresponding boundary
conditions are solved using a finite volume method [32,33]. The diffu-
sion term in the vorticity and energy equations is approximated by a
second-order central difference scheme which is conducive to a stable
solution. Furthermore, a second order upwind differencing scheme is
adopted for the convective terms. The algebraic finite volume equations
for the vorticity and energy equations are written into the following
form:

aPλP ¼ aEλE þ aWλW þ aNλN þ aSλS þ b ð22Þ

where P,W, E,N, S denotes cell location,west, east, north and south faces
of the control volume respectively. Also, the symbol λ denotes any sca-
lar transport quantity namely: ψ, Ω, or θ. Similar expression is also used
for the kinematics equationwhere only central difference is used for the
discretization at the cell P of the control volume. The resulted algebraic
equations are solved using successive over/under relaxation method.
Successive under relaxation was used due to the non-linear nature of
the governing equations especially for the vorticity equation. The con-
vergence criterion is defined by the following expression:

ε ¼

Xj¼M

j¼1

Xi¼N

i¼1

λnþ1−λn



 




Xj¼M

j¼1

Xi¼N

i¼1

λnþ1



 




b10−6 ð23Þ
where ε is the tolerance;M and N are the number of grid points in the ξ
and η directions, respectively.

The local Nusselt number along the lid wall can be written as:

Nu ¼ −
knf
k f

 !
∂θ
∂η : ð24Þ

Finally, the average Nusselt number is determined from:

Nuavg ¼
Z1
0

Nu xð Þdx ð25Þ

A 1/3 Simpson's rule of integration is implemented to evaluate the
average Nusselt number. The normalized Nusselt number is defined as
the ratio of Nusselt number at any volume fraction to that of pure
fluid and is given as:

Nu�avg ¼ Nuavg φð Þ
Nuavg φ ¼ 0ð Þ ð26Þ

4. Validation

In this study, a grid testing procedure was conducted to guarantee a
grid-independent solution of numerical code. Various mesh combina-
tions were explored for the case of Ri = 1 and B/H = 0, 0.25, and 0.5
for both volume fraction of nanoparticles of φ = 0 and 9%. In harmony
with this, it was found that a grid size of 81× 81 ensures a grid indepen-
dent solution.

The present numerical solution was validated for the case of square
lid driven cavity (a=1)with thework of Iwatsu et al. [5] and Khanafer
and Chamkha [6] for the case of Gr = 100 and Re = 400 and Pr= 0.7.
The comparison is shown in Fig. 3 where a good comparison is ob-
served. Further validation of the code is done for the case of nanofluid
of differentially heated enclosure with the work of Ghasemi and
Aminosaddati [34] where a good comparison is registered as shown in
Fig. 4.

5. Results and discussion

In this section, a representative set of graphical results illustrating
the effects of the various parameters of the problem such as the ratio



0

1

2

3

4

5

6

0 0.05 0.1
ϕ

0.15 0.2

N
u a

vg

Present Work

Ghasemi and Aminossada� [34]

Ra = 105

Ra = 104

Ra = 10 3

Fig. 4. Validation against the work of Ghasemi and Aminossadati [34] using Cu–water
Nanofluid.

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

-0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Y

U

Iwatsu et al. [5]

Khanafer and Chamkha [6]

FV results

(a)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 0.2 0.4 0.6 0.8 1

Y

Iwatsu et al. [5]

Khanafer and Chamkha [6]

Present work

(b)

θ

Fig. 3. Comparison of current results against other published work for regular cavity
(B/H = 0) (a) U-velocity at mid-section of the cavity (x = 0.5) (b) temperature at
mid-section of the cavity (x = 0.5) with Iwatsu et al. [5] and Khanafer and Chamkha
[6] for Gr = 100 and Re = 400.

40 E. Abu-Nada, A.J. Chamkha / International Communications in Heat and Mass Transfer 57 (2014) 36–47
B/H, the Richardson number Ri and the nanoparticles volume frac-
tion φ on the contour maps of the isotherms and the streamlines as
well as the average Nusselt number and the distribution of the
local Nusselt number along the lid wall of the cavity is presented in
Figs. 5–11. In all the obtained results, the Prandtl number Pr is
fixed at the value 6.57.

Fig. 5 presents the isotherms and the streamlines in a lid-driven
cavity with wavy and non-wavy walls for various values of the
ratio B/H (0, 0.25 and 0.5) and two values of nanoparticles volume
fraction φ = 0 (________) and φ = 9% (––––––––) for the case corre-
sponding to the Richardson number Ri = 0.1. From the definition
of the Richardson number Ri ¼ Gr

Re2
, it can be noticed that the Richard-

son number represents a measure of the importance of buoyancy
driven natural convection represented by the Grash of number Gr
relative to the lid-driven forced convection represented by the
Reynolds number Re. For a relatively small values of the Richardson
number (Ri= 0.1), the motion of the nanofluid in the cavity is most-
ly dominated by forced convection. The results in Fig. 5 indicate that
the thermal buoyancy effect is overwhelmed by the mechanical or
shear effect resulting from the movement of the top lid wall and
the nanofluid flow features are nearly similar to those of a non-
stratified viscous fluid flow in a lid-driven cavity. For the case of
non-wavy wall (B/H = 0), the streamlines behavior in the two-
dimensional lid-driven cavity is characterized by a primary
recirculating cell or vortex occupying most of the top part of the cav-
ity generated by the movement of the lid. The isotherms are clus-
tered heavily near the bottom surface of the cavity which indicates
steep temperature gradients in the vertical direction in this region.
In the remaining area of the cavity, the temperature gradients are
weak and this implies that the temperature differences are very
small in the interior region of the cavity due to the vigorous effects
of the mechanically-driven circulations resulted from the lid move-
ment. For the case of moderate wavy bottom wall (B/H = 0.25), in
addition to the primary recirculating cell, the streamlines in the cav-
ity form two secondary eddies squeezed near the bottom wall cor-
ners with the one near the left bottom corner is slightly bigger than
the one occurring in the right bottom corner of the cavity. The iso-
therms for this case becomemore spread in the cavity andmore clus-
tered near the peak region of the wavy wall due to the reduced area
in the cavity. For the case of strong wavy bottom wall (B/H = 0.5),
the primary recirculating cell becomes squeezed and moves closer
to the right wall due to the strong reduction in the flow area in the
top part of the cavity. However, the two secondary eddies formed
in the squeezed corners between the bottom wall and the vertical
walls become bigger and more spread in the vertical direction. The
isotherms show more significant spreading in the cavity due to the
reduced flow area in the cavity. As for the effect of the nanoparticles
volume fractionφ, it can be seen that an increase in the nanoparticles
volume fraction (φ=9%) cause the fluid in the cavity tomove slower
in the lid-driven cavity. This is depicted in the reduction in the values
ofΨmax due to the presence of nanoparticles. For a nanofluid, the pri-
mary recirculating cell observed in the case of pure base fluid (φ=0)
tend to move towards the left wall of the cavity. A comparison of the
isotherm contour plots for the case of nanofluid (φ=9%) with those
corresponding to the case pure base fluid (φ = 0) shows significant
differences in the temperature distribution profiles. These differ-
ences mean that the presence of nanoparticles cause stronger wall
temperature gradients and therefore, have significant effect on the
rate of heat transfer from the heated wall in the cavity as will be
seen in the subsequent results.
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41E. Abu-Nada, A.J. Chamkha / International Communications in Heat and Mass Transfer 57 (2014) 36–47
Fig. 6 displays the isotherms and the streamlines in the cavity for var-
ious values of the ratio B/H (0, 0.25 and 0.5) and two values of nanopar-
ticles volume fraction φ = 0 (________) and φ = 9% (––––––––) for the
case corresponding to the Richardson number Ri = 1. For the moderate
value of the mixed convection parameter Ri = 1, the flow regime in
the cavity is dominated by mixed convection in which the buoyancy
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(f) streamlines B/H = 0.50.
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effect is of relatively comparable magnitude of the shear mechanical ef-
fect due to themovement of the sliding lid. For the case of non-wavy bot-
tomwall (B/H=0), the flow streamlines show the formation of a strong
primary recirculating cell close to the topwall and occupying the top part
of the cavity generated by the movement of the lid and another weaker
vortex forming in the bottom part of the cavity. The isotherms contour
plots show that they spread more upward compared with the case of
Ri = 0.1 indicating moderate temperature gradients in the vertical
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Fig. 7. Isotherms and streamlines for Ri = 100 (a) isotherms B/H = 0, (b) streamlines B/H = 0, (c) isotherms B/H = 0.25, (d) streamlines B/H = 0.25, (e) isotherms B/H = 0.50, and
(f) streamlines B/H = 0.50.
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direction. For the cases of wavy bottom wall (B/H = 0.25, 0.5), the iso-
therms become more spread upwards in the cavity and more squeezed
near the top region of the cavity (B/H = 0.5) due to the reduced area
in the cavity. The reduced area of the cavity due to the waviness of the
bottomwall of the cavity causes the core of the primary cell to move to-
wards the top sliding lid wall and slightly towards the right wall of the
cavity. In general, the isotherms show increased temperature gradients
and cluster more near the peak of the wavy bottom wall of the cavity.



Fig. 8. Variation of local Nusselt number for B/H = 0 (a) Ri = 0.01, (b) Ri = 1, and
(c) Ri = 100.

Fig. 9. Variation of local Nusselt number for B/H = 0.25 (a) Ri = 0.01, (b) Ri = 1, and
(c) Ri = 100.
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Again, for the case of a nanofluid (φ=9%), the presence of the nanopar-
ticles in the fluid cause the fluid in the cavity to move slower in the lid-
driven cavity and produce stronger wall temperature gradients resulting
in a significant increase of heat transfer.

Fig. 7 illustrate the isotherms and the streamlines in the cavity for
various values of the ratio B/H (0, 0.25 and 0.5) and two values of
nanoparticles volume fraction φ = 0 (________) and φ = 9%
(––––––––) for the case corresponding to the Richardson number
Ri = 10. For relatively large values of Ri (Ri = 10, natural
convection-dominated regime) and the case of non-wavy bottom
wall (B/H = 0), the buoyancy effect is dominant and the streamlines
are almost stagnant in the bulk of the cavity interior except in region
very close to the top sliding lid wall. The isotherms are mostly paral-
lel to the non-wavy bottom wall indicating that heat transfer
is caused by pure conduction. For the cases of wavy bottom wall
(B/H = 0.25, 0.5), the streamlines contours show the features of
multiple separation zones, two recirculation zones stacked above
each other in the top part of the cavity and another two weaker
separation zones occurring on the left and right sides of the wavy
bottom wall peak point. These recirculation zones get more
stretched as B/H increases that as the flow area in the cavity de-
creases. The isotherms in the wavy bottom wall case (B/H = 0.25,
0.5) follow the shape of the bottom wall except close to the moving
lid wall of the cavity. As in the cases of Ri= 0.1 and Ri= 1, it is clearly
seen from Fig. 7 that the presence of nanoparticles (φ= 9%), cause a
flow retardation in the cavity and produce stronger wall temperature
gradients resulting in a significant increase of heat transfer.

Fig. 8 depicts the variations of the local Nusselt number Nu for vari-
ous values of the nanoparticles volume fractionφ (0, 2%, 5%, 7%, 9%) and
three values of the Richardson number Ri (0.01, 1, 100) corresponding
to forced convection-dominated, mixed convection-dominated and
free convection-dominated regimes, respectively for the case of non-
wavy bottom wall of the cavity (B/H = 0). For all values of Ri, it is
seen that the Nusselt number is maximum at the left top corner of the
cavity (x = 0) and that it decreases along the heated lid wall reaching
the value of zero in the middle of the wall (x= 0.5) and then increases
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Fig. 10. Variation of local Nusselt number for B/H = 0.50 (a) Ri = 0.01, (b) Ri = 1, and
(c) Ri = 100.
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slightly in the second half of thewall before it vanishes again at x=1. As
mentioned before in the discussion of the isotherms in Figs. 5–7, in-
creasing the volume fraction of the nanoparticles φ causes significant
differences in the temperature gradients at the heated wall resulting
in significant increases in the heat transfer rate. This is depicted in the
increases in the local Nusselt number Nu as φ is increased from 0 to
9% for all considered values of Ri as shown in Fig. 8. However, as
expected for the case of Ri = 0.01 (forced convection-dominated
regime), the changes in the values of Nu are small and limited to the
region close to x = 0.

Figs. 9 and 10 elucidate the influence of the nanoparticles volume
fraction φ (0, 2%, 5%, 7%, 9%) and the Richardson number Ri (0.01, 1,
100) on the local Nusselt number Nu for the two cases of wavy bottom
wall of the cavity B/H= 0.25 and B/H= 0.5, respectively. Regardless of
the value of Ri, it is seen that the Nusselt number for the case of B/H =
0.25 (Fig. 9) ismaximumx=0 anddecreases as x is increased along the
heated lid wall reaching the value of zero at x = 0.5 and then increases
slightly in the range 0.5 b x b 1 before it vanishes again at x = 1. How-
ever, for the case of B/H = 0.5 (Fig. 10), the variations of Nu along the
heated wall decreases steadily from its maximum value at x = 0 to its
minimum at x = 1 for all considered values of Ri. It is clearly observed
from Figs. 9 and 10 that increasing the nanoparticles volume fraction
φ from 0 to 9% produces increases in the local Nusselt number Nu for
all considered values of Ri except the case of Ri = 0.01 and B/H =
0.25 (Fig. 9a), in which the changes in the values of Nu as φ increases
are small and limited to the region close to x = 0.

Fig. 11 illustrates the variations of the normalized average Nusselt
number Nu*avg with the nanoparticles volume fraction φ for different
values of the Richardson number Ri (0.01, 0.1, 1, 10, 100) for the three
cases of non-wavy (B/H=0),moderatelywavy (B/H= 0.25) and strong-
ly wavy (B/H=0.5) bottomwalls of the cavity. It is evident from this fig-
ure that, in general, regardless of the values of Ri and B/H, the normalized
averageNusselt numberNu*avg increasesmonotonicallywith increases in
the nanoparticles volume fraction φ. Based on the conditions and results
of this figure, the maximum augmentation in the lid wall heat transfer
(almost 85%) occurs for the case corresponding to Ri = 10 and B/H =
0.5withφ=9%. In addition, it is clearly seen from this figure that the be-
havior of the normalized average Nusselt number Nu*avg with respect to
the ratio B/H is dependent on the convection-dominated regime, i.e., on
the value of the Richardson number Ri. For the case of forced
convection-dominated regime (Ri = 0.01, 0.1), the values of Nu*avg de-
crease as B/H is increased from0 to 0.25. However, as B/H is increased fur-
ther to 0.5, the values of Nu*avg increase significantly above the values
corresponding to the non-wavy bottom wall (B/H = 0). This is true for
all values ofφ N 2%. However, for the rangeφ b 2%, the opposite effect oc-
curs in which the values of Nu*avg for B/H= 0.5 are lower than those as-
sociated with both B/H = 0 and B/H = 0.25. For the case of mixed
convection-dominated regime (Ri=1), the values of Nu*avg correspond-
ing to the non-wavy bottom wall case (B/H = 0) are the highest for al-
most all considered values of the nanoparticles volume fraction φ. Also,
as the value of the ratio B/H increases, the normalized average Nusselt
number decreases. On the other hand, for the case of free convection-
dominated regime (Ri=10, 100), the reverse behavior of that associated
with Ri=1 occurs in which the values of Nu*avg increase as the ratio B/H
increases for all considered values of the nanoparticles volume fractionφ.
It is evident from this figure that different conclusions of heat transfer
augmentation or reduction can be obtained depending on the operation
regime, geometry of bottom wall of the cavity and the presence or ab-
sence of nanoparticles.
6. Conclusion

This work focused on the numerical modeling of steady laminar
mixed convection flow of a CuO–water nanofluid in a differentially-
heated lid-driven cavity with a bottom wavy wall. The left and right
walls of the enclosure were kept insulated while the wavy bottom and
top walls were maintained at constant temperatures with the top sur-
face was being the hot lid wall and moving at a constant speed. The
governing equations were developed in terms of the stream function–
vorticity formulation and were made dimensionless and then solved
numerically subject to the appropriate boundary conditions by a
second-order accurate finite-volume method. Various comparisons
with previously published work were performed and the results were
found to be in good agreement. A parametric study of the governing pa-
rameters such as the Richardson number, ratio of the base to height of
the wavy wall and the nanoparticles volume fraction was conducted
and a representative set of graphical results for the isotherms, stream-
lines, local Nusselt number and the normalized average Nusselt number
was presented and discussed. It was found that the presence of nano-
particles produced significant heat transfer augmentation for all consid-
ered values of the Richardson number and bottomwall geometry ratios.
Based on the value of the Richardson number or dominant convection
regime, the average Nusselt number was enhanced or reduced depend-
ing on whether the bottom wall of the cavity was wavy or non-wavy.
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Fig. 11. Variation of normalized average Nusselt number with volume fraction for different Richardson numbers (a) Ri = 0.01, (b) Ri = 0.1, (c) Ri = 1, (d) Ri = 10, and (e) Ri = 100.
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