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Mixed convection flow of a micropolar fluid over a continuously
moving vertical surface immersed in a thermally and solutally
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A B S T R A C T

The coupled heat and mass transfer by mixed convection boundary layer flow of a micropolar fluid over a

continuously moving isothermal vertical surface immersed in a thermally and solutally stratified

medium have been investigated in the presence of chemical reaction effect. The governing partial

differential equations are transformed into a set of non-similar equations and solved numerically by the

Keller box method. Comparison with previously published work are performed and the results are found

to be in excellent agreement. A representative set of numerical results for the skin-friction coefficient as

well as the Nusselt number and the Sherwood number is presented graphically for various parametric

conditions and discussed.

� 2014 Taiwan Institute of Chemical Engineers. Published by Elsevier B.V. All rights reserved.

Contents lists available at ScienceDirect

Journal of the Taiwan Institute of Chemical Engineers

jou r nal h o mep age: w ww.els evier . co m/lo c ate / j t i c e
1. Introduction

In recent years, the dynamics of micropolar fluids, originated
from the theory of Eringen [1,2] has been a popular area of search.
This theory takes into account the effect of local rotary inertia and
couple stresses arising from practical micro-rotation. The theory is
expected to provide a mathematical model for the non-Newtonian
fluid behavior observed in certain man-made liquids such as
polymers, colloidal suspensions, fluids with additives, suspension
solutions, and animal blood, etc. This theory also capable of
explaining the experimentally observed phenomena of drag
reduction near a rigid body in fluids containing small amount of
additives when compared with the skin friction in the same fluids
without additives. An excellent review about micropolar fluid
mechanics was provided by Ariman et al. [3,4].

Mansour et al. [5] discussed heat and mass transfer in on
magnetohydrodynamic flow of micropolar fluids in a circular
cylinder with uniform heat and mass flux. Siddheshwar and
Manjunath [6] presented numerical study of unsteady convective
diffusion with heterogeneous chemical reaction in a plane-
Poiseuille flow of a micropolar fluid. EL-Kabeir [7] analyzed the
radiation effect on forced convection flows in micropolar fluids
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with variable viscosity. The coupled heat and mass transfer by free
convection flow over a cone with uniform suction or injection in
micropolar fluid have been considered by EL-Kabeir et al. [8].
Modther et al. [9] studied the effects of mixed thermal boundary
condition and magnetic field on free convection flow about a cone
in micropolar fluids. Modather et al. [10] have also considered the
effect of chemical reaction on the heat and mass transfer of
micropolar fluids in a saturated porous medium over an infinite
moving permeable plate in presence of magnetic field. Magyari and
Chamkha [11] studied the combined effect of heat generation or
absorption and first-order chemical reaction on micropolar fluid
flows over a uniformly stretched permeable surface. EL-Kabeir
et al. [12] discussed the problem of heat transfer in a micropolar
fluid flow past a permeable continuous moving surface. Rashidi
et al. [13] have obtained analytic approximate solutions for heat
transfer of a micropolar fluid through a porous medium with
radiation effect. Pal [14] analyzed the combined effects of non-
uniform heat source/sink and thermal radiation on heat transfer
over an unsteady stretching permeable surface. Chamkha et al. [15]
studied the problem of unsteady MHD natural convection from a
heated vertical porous plate in a micropolar fluid with Joule
heating, chemical reaction and radiation effects. Narayana et al.
[16] have studied the effects of Hall current and radiation
absorption on MHD micropolar fluid in a rotating system. Hareesh
and Narayana [17] presented an analysis of heat and mass transfer
in MHD micropolar flow over a vertical moving porous plate with
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Nomenclature

a, b constants

B spin gradient viscosity parameter

cp specific heat at constant pressure

Cf local skin-friction coefficient

D mass diffusivity

f dimensionless stream function

g* gravitational acceleration

g dimensionless microrotation

Gr Grashof number, gbT Tw � T1;0
� �

L3=n2

j microinertia density

R material parameter

K1 dimension of chemical reaction

L characteristic length

N component of the microrotation vector normal to

x–y plane

Nu Nusselt number

Pr Prandtl number, n/a

Re Reynolds number UL=n

S1, S2 Thermal and solutal stratification parameters

Sc Schmidt number, n/D

Sh Sherwood number

T temperature

u velocity component in the x-direction

U velocity of the moving surface

v velocity component in the y-direction

x vertical coordinate

y horzental coordinate

Greek Symbols

a thermal diffusivity

bc coefficient of concentration expansion

bT coefficient of thermal expansion

g dimensionless of chemical reaction

g* spin-gradient viscosity

h pseudo-similarity variable

l (=constant) is the mixed convection parameter

Gr=Re2

L concentration to thermal buoyancy ratio, bcðCw �
C1Þ=ðbTðTw � T1ÞÞ

f dimensionless concentration, (C � C1)/(Cw � C1)

u dimensionless temperature, (T � T1)/(Tw � T1)

j dimensionless streamwise coordinate

n kinematic viscosity

r density

c stream function

Subscripts

w condition at the wall

1 condition at infinity
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radiation absorption effect. Chamkha et al. [18] investigated the
effect of chemical reaction on heat and mass transfer by MHD
natural convection of micropolar fluid about a radiate truncated
cone. The problem of heat and mass transfer in on MHD micropolar
fluid in rotating frame of reference in the presence of thermal
radiation and chemical reaction effects is considered by Narayana
et al. [19]. Chamkha et al. [20] have recently analyzed the effects of
chemical reaction on unsteady coupled heat and mass transfer by
mixed convection flow of a micropolar fluid near the stagnation
point on a vertical radiate surface.

On other hand, the analysis of free or mixed convection in a
thermally and solutally stratified medium is a fundamentally
interesting and important problem because of the broad range of
engineering applications. They include heat rejection into the
environment such as lakes, rivers and the seas; thermal energy
storage systems such as solar ponds; and heat transfer from
thermal sources such as the condensers of power plants.
Nakayama and Koyama [21,22] studied free convection over a
vertical flat plate embedded in a thermally stratified porous
medium. Chamkha [23] has analyzed hydromagnetic natural
convection from an isothermal inclined surface adjacent to a
thermally stratified porous medium. Takhar et al. [24] have studied
the natural convection boundary layer over a continuously moving
isothermal vertical surface immersed in a thermally stratified
medium. Murthy et al. [25] have analyzed the effect of double
stratification on double diffusive natural convection from a vertical
impermeable flat plate in porous media. Narayana and Murthy [26]
have studied the heat and mass transfer by natural convection
from a vertical surface embedded in a doubly stratified porous
medium. Beg et al. [27] investigated the free convection flow
boundary layer flow over a continuously moving plate immersed in
a thermally-stratified high porosity porous medium. The problem
of coupled heat and mass transfer by natural convection flow from
a vertical wavy surface in a fluid saturated porous medium with
thermal and mass stratification has been considered by Cheng [28].
Muhaimin et al. [29] investigated the effects of variable viscosities
and thermal stratification on the MHD mixed convective heat and
mass transfer of an electrically conducting fluid past a porous
wedge. The problem of natural convection heat and mass transfer
along a vertical plate embedded in a doubly stratified micropolar
fluid saturated non-Darcy porous medium is presented by
Srinivasacharya and Reddy [30]. Rashad et al. [31] presented a
numerical investigation of non-Darcy natural convection from a
vertical cylinder embedded in a thermally stratified and nanofluid-
saturated porous media.

In the present work, the problem of coupled heat and mass
transfer by mixed convection boundary layer flow of a micropolar
fluid over a continuously moving isothermal vertical surface
immersed in a thermally and solutally stratified medium is
considered. The governing boundary-layer equations have been
transformed to a non-similar form, and these have been solved
numerically by an implicit finite difference scheme known as the
Keller box method. The effects of thermal and solutal stratification
parameters and micropolar parameter on the skin-friction coeffi-
cient as well as the Nusselt number and the Sherwood number
have been shown graphically and discussed.

2. Analysis

Consider steady, laminar, heat and mass transfer by mixed
convection boundary layer flow of a micropolar fluid over a
continuously moving isothermal vertical surface immersed in a
thermally and solutally stratified medium in the presence of
chemical reaction effect. The flow configuration is shown
schematically in Fig. 1 together with the corresponding Cartesian
coordinates in the vertical and horizontal directions. The flat
surface is maintained at a uniform temperature Tw and a uniform
concentration Cw moving with a constant velocity U in a x-
direction, in a stable thermally and solutally ambient fluid. The
ambient medium is assumed to be vertically linearly stratified with
respect to both temperature and concentration in the form T1ðxÞ ¼
T1;0 þ ax and C1ðxÞ ¼ C1;0 þ bx, respectively, where a and b are
constants and varied to alter the intensity of stratification in the



Fig. 1. Schematic diagram of physical system.
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medium. The values of Tw and Cw are assumed to be greater than
the ambient temperature T1,0 and concentration C1,0 at any
arbitrary reference point in the medium inside the boundary layer.
A first-order homogeneous chemical reaction is assumed to take
place in the flow. The fluid is assumed to have constant properties
except the density in the body force term. Under these assump-
tions along with the Boussinesq approximation, the laminar
boundary layer equations governing the mixed convection
boundary layer flow of micropolar fluid with heat and mass
transfer are given by (see Takhar et al. [24]):

@u

@x
þ @v

@y
¼ 0; (1)
j ¼ x

L
; h ¼ U

nx

� �1=2
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@y2
� K1 C � C1ð Þ; (5)

where u and v are the velocity components along x and y axes, N is
the component of the microrotation vector normal to the x–y

plane, T is the fluid temperature, C is the fluid concentration, U is
the wall velocity, g* is the magnitude of the acceleration due to
gravity, bT and bc are coefficient of thermal expansion, and
coefficient of concentration of expansion, respectively. r is the
density, m is the absolute viscosity, k is the vortex viscosity, g* is
the spin-gradient viscosity, y is the kinematic viscosity, j is the
microinertia density, D is the mass diffusivity, K1 is the chemical
reaction.
The boundary conditions for this problem are given by:

u x; 0ð Þ ¼ U; N x; 0ð Þ ¼ �n
@u

@y
x; 0ð Þ; v x; 0ð Þ ¼ 0; T x; 0ð Þ

¼ Tw; C x; 0ð Þ ¼ Cw; (6a)

u x; 1ð Þ ¼ 0; N x; 1ð Þ ¼ 0; T x; 1ð Þ ¼ T1 xð Þ; C x; 1ð Þ

¼ C1 xð Þ; (6b)

u 0; yð Þ ¼ 0; N 0; yð Þ ¼ 0; T 0; yð Þ ¼ T1 xð Þ; C 0; yð Þ

¼ C1 xð Þ; y � 0; (6c)

where the subscripts w, (1,0) and 1 indicate the conditions at the
wall, at some reference point in the medium, and at the outer edge
of the boundary layer, respectively, n is a constant 0 � n � 1. It
should be mentioned that the case n = 0, called weak concentration
by Guram and Smith [32], which indicates n = 0 near the wall,
represents concentrated particle flows in which the microelements
close to the wall surface are unable to rotate (Jena and Mathur
[33]). The case n = 1/2 indicates the vanishing of anti-symmetric
part of the stress tensor and denotes weak concentrations (Ahmadi
[34]). The case n = 1, as suggested by Peddieson [35], is used for the
modeling of turbulent boundary layer flows.

The governing equations and boundary conditions can be made
dimensionless by introducing the stream function such that

u ¼ @c
@y

; v ¼ �@c
@x

; (7)

and using the following dimensionless variables
Following the work of many recent authors (Rees and Pop [36]),
g is assumed to be given by

g� ¼ m þ k

2

� �
j ¼ m 1 þ K

2

� �
j: (9)

Substituting Eqs. (8) into Eqs. (1) through (5) yields:
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; (11)
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2
fu0 � S1j f 0 ¼ j f 0

@u
@j
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@ f

@j

� �
; (12)

1

Sc
f00 þ 1

2
ff0 � S2j f 0 � gjf ¼ j f 0

@f
@j
� f0

@ f

@j

� �
; (13)

where a prime indicates differentiation with respect to h and the
parameters, R ¼ K=mis the material parameter, L ¼ bCðCw �
C1;0Þ=bTðTw � T1;0Þ is the concentration to thermal buoyancy
ratio, S1 ¼ aL=Tw � T1;0 and S2 ¼ bL=Cw � C1;0 are the thermal and
solutal stratification parameters, l ¼ Gr=Re2 is the mixed convec-
tion parameter, Gr ¼ g�bTðTw � T1;0ÞL3=n2 is the Grashof number,
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Re ¼ UL=n is the Reynolds number, Sc ¼ n=D is the Schmidt
number, Pr ¼ n=a is Prandtl number, B ¼ nL=U j is the spin gradient
viscosity parameter, g ¼ K1=UL is the dimensionless chemical
reaction parameter.

Upon using the transformation (8), the corresponding boundary
conditions, and Eqs. (6a)–(6c) become
Fig. 2. Effect of martial parameter R on the Skin-Friction Coefficient.

f j; 0ð Þ ¼ 0; f 0 j; 0ð Þ ¼ 1; g j; 0ð Þ ¼ 0; u j; 0ð Þ ¼ 1 � S1j; f j; 0ð Þ ¼ 1 � S2j
f 0 j; 1ð Þ ¼ g j; 1ð Þ ¼ u j; 1ð Þ ¼ f j; 1ð Þ ¼ 0:

(14)
Of special significance for this type of flow and heat transfer
situation are the local skin-friction coefficient, local Nusselt
number and the local Sherwood number. These physical param-
eters can be defined in dimensionless form as:

C f ¼
�2m 1 þ Rð Þ @u=@yð Þy¼0

rU2
¼ �2jRe1=2 1 þ Rð Þ f 00 j; 0ð Þ; (15)

Nu ¼
�x @T=@yð Þy¼0

ðTw � T0Þ
¼ �jRe�1=2u0 j; 0ð Þ; (16)

Sh ¼
�x @C=@yð Þy¼0

Cw � C0ð Þ ¼ �jRe�1=2f0 j; 0ð Þ: (17)

3. Numerical method

The governing Eqs. (10)–(13) with the boundary conditions (14)
are non-linear partial differential equations. The system of
Eqs. (10)–(13) are solved numerically using an implicit finite
difference scheme known as the Keller box method as described by
Cebeci and Bradshaw [37]. The computations were carried out with
Dj = 0.01 and Dh = 0.01 (uniform grids). The value of h1 = 50 is
found to be sufficiently enough to obtain the accuracy of
jf’’(0,0)j < 10�5.

In order to assess the accuracy of the numerical results, a
comparison with previously published work reported by Takhar
et al. [24] for the case of of unstratified Newtonian fluidsNewto-
nian fluid in the absence of the buoyancy force and chemical
reaction effects (S1 = S2 = L = g = R = 0) was performed. This
comparison is presented in Table 1. It is obvious from this table
that excellent agreement between the results exists. This favorable
comparison lends confidence in the graphical results to be reported
in the next section.

4. Results and discussion

In this section, a detailed parametric study has been performed
for the effects of material parameter R, dimensionless chemical
reaction parameter g, thermal and solutal stratification parameters
S1 and S2 on the skin-friction coefficient C f , Nusselt number Nu
Table 1
Comparison of f 00ðj; 0Þ and �u0ðj; 0Þ for different values of j and Pr with

ðR ¼ S1 ¼ S2 ¼ g ¼ 0Þ.

Pr j Takhar et al. [24] Present results

f 00 j; 0ð Þ �u0 j; 0ð Þ f 00 j; 0ð Þ �u0 j; 0ð Þ

0.7 0 �0.44372 0.34922 �0.44374 0.34923

0.5 �0.10556 0.41317 �0.10557 0.41318

1.0 0.19423 0.45502 0.19424 0.45503

7.0 0 �0.44372 1.38698 �0.44374 0.34923

0.5 �0.28373 1.41317 �0.28374 1.41320

1.0 �0.12874 1.43706 �0.12875 1.43708
(reciprocal of rate of heat transfer), and the Sherwood number Sh

(reciprocal of rate of mass transfer) is presented graphically in
Fig. 2 through 13. All data are provided in the legends of these
figures correspond to a micropolar fluid having a high vortex
viscosity (R = 2) i.e. is strongly non-Newtonian (unless otherwise
indicated) with the case n = 0, i.e. weak concentration, l = 1.0 and
B = 1.0. Since L = 2 in these figures, the thermal and species
buoyancy forces are of the same order of magnitude and assist each
other. Pr is set as 7.0 corresponding to water and Sc = 0.78 implies a
dominance of momentum diffusivity over species diffusivity.

Figs. 2–4 show the effect of the material parameter R on the
skin-friction coefficient, Nusselt number and the Sherwood
number, respectively; they are directly proportional to f00(j,0),
�u0(j,0) and �f0(j,0), respectively. It is found that the f00(j,0) is
lower for micropolar fluids than for Newtonian fluids for small
values of j while the reverse happens for the large values of j. Such
a result is expected since micropolar fluids offer a greater
resistance (resulting from dynamic viscosity and vortex viscosity)
to the fluid motion compared with Newtonian fluids. Also, it can be
seen that the heat and mass transfer coefficients increase with the
increase of material parameter R. Furthermore, it can be noticed
that the heat and mass transfer coefficients are lower in case of
viscous fluids. This is because that as R increases, the thermal and
solutal boundary layer thickness become small, thus gives rise to a
Fig. 3. Effect of martial parameter R on the Nusselt Number.



Fig. 4. Effect of martial parameter R on the Sherwood Number.

Fig. 5. Effect of the chemical reaction parameter g on the Skin-Friction Coefficient.

Fig. 7. Effect of the chemical reaction parameter g on the Sherwood Number.

Fig. 8. Effect of thermal stratification parameter S1 on the Skin-Friction Coefficient.
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large values of local heat and mass transfer rates. Since the skin
friction coefficient as well as heat and mass transfer rates are more
in the micropolar fluid comparing to the Newtonian fluid, which
may be beneficial in flow, temperature and concentration control
of polymer processing. Therefore, the presence of microscopic
effects arising from the local structure and micromotion of the fluid
elements enhance the heat and mass transfer coefficients.

Figs. 5–7 depict the influence of the chemical reaction
parameter on the skin-friction coefficient, Nusselt number and
Sherwood number, respectively. It is observed that as g increases,
both the skin-friction coefficient and Sherwood number increase,
Fig. 6. Effect of the chemical reaction parameter g on the Nusselt Number.
while the opposite effect is found for the Nusselt number. This is
because as g increases, the concentration difference between the
flat surface and the fluid decreases and so the rate of mass transfer
and the skin-friction coefficient at the surface must enhance, while
the rate of heat transfer reduces. This shows that the diffusion rates
can be tremendously altered by chemical reactions.

Figs. 8–13 display the influences of the thermal and solutal
stratification parameters S1 and S2 on the skin-friction coefficient,
Nusselt number and Sherwood number. It can be noted that the
skin-friction coefficient increases with the increase of thermal and
solutal stratification parameters. This is because of thermal and
Fig. 9. Effect of thermal stratification parameter S1 on the Nusselt Number.



Fig. 10. Effect of thermal stratification parameter S1 on the Sherwood Number.

Fig. 11. Effect of solutal stratification parameter S2 on the Skin-Friction Coefficient.

Fig. 13. Effect of solutal stratification parameter S2 on the Sherwood Number.
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solutal stratification reduces the effective convective potential
between the heated plate and the ambient fluid in the medium.
Furthermore, it is seen that the rate of heat transfer increases with
increasing S1 while the opposite trend is seen with increasing S2. It
is also indicated that heat is transferred from the fluid to the
stretching surface in spite of the excess of surface temperature over
that of the free-stream fluid. This phenomenon can be explained as
a fluid particle heated to nearly the wall temperature moves
downstream to a location where the wall temperature is lower. On
other hand, it is clear that the rate of mass transfer decreases with
the increase of thermal and solutal stratification parameter.
Fig. 12. Effect of solutal stratification parameter S2 on the Nusselt Number.
5. Conclusion

In this paper, the effect of chemical reaction on coupled heat
and mass transfer by mixed convection in two-dimensional
boundary layer flow of a micropolar fluid on a vertical flat plate
is studied. The governing boundary-layer equations were trans-
formed into a non-similar form, and these equations were solved
numerically using the Keller box method. The effects of the
chemical reaction, and material parameter on the skin-friction
coefficient as well as the Nusselt number and Sherwood number
were shown graphically and discussed. It was found that
increasing the material parameter resulted in enhancement in
all of the skin-friction coefficient, Nusselt and Sherwood numbers.
In addition, increasing the chemical reaction parameter led to rise
in both of the skin-friction coefficient and Sherwood number while
the Nusselt number reduced. Moreover, increasing thermal
stratification parameter resulted in increasing both the skin-
friction coefficient and Nusselt number while the opposite
happened for the Sherwood number. However, the increase in
solutal stratification parameter led to decrease in the Nusselt and
Sherwood numbers while the skin-friction coefficient increased. It
is hoped that the present work will serve as a motivation for future
experimental work which seems to be lacking at the present time.
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