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Analysis of forced convective heat transfer of nanofluids in a porous channel has not been considered completely in
the literature, and this challenge is generally considered to be an open research topic that may require more study.
The present work is an extension to our previous article such that a three-equation energy model is employed in the
porous channel. This work is concerned with the effects of Nield number on heat transfer in a porous channel. The
thermal nonequilibrium model is assumed between the fluid, particles, and solid phases. It is also assumed that the
nanoparticles are distributed nonuniformly inside the channel and therefore the volume fraction distribution equation
is coupled with the other governing equations. In this condition, a new heat flux model is introduced for calculation
of the absorbed heat flux by the solid, particle, and fluid phases. The effects of Nield number on the heat transfer are
completely studied. The obtained results show that the heat flux at the wall absorbed by the fluid phase is increased by
increasing the Nield number.
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1. INTRODUCTION

Nanofluids, a name conceived by Choi (1995) at the Ar-
gonne National laboratory, are fluids consisting of solid
nanoparticles with size less than 100 nm suspended with
solid volume fraction typically less than 4%. Nanoflu-
ids can enhance heat transfer performance compared to
pure liquids. Nanofluids can be used to improve thermal
management systems in many engineering applications
such as transportation, micromechanics and instruments,
HVAC systems, and cooling devices. Recently, many in-
vestigators studied nanofluid convective heat transfer in
different geometries both numerically and experimentally
(Duangthongsuk and Wongwises, 2009; Santra et al.,
2009; Nguyen et al., 2009; Kayhani et al., 2012a,b). For

numerical simulation, two approaches have been adopted
in the literature to investigate the heat transfer character-
istics of nanofluids, the single-phase model and the two-
phase model. Another approach is to adopt the Boltzmann
theory.

The basic elements of the theory of the lattice Boltz-
mann equation, a special lattice gas kinetic model for
hydrodynamics, are reviewed by Benzi et al. (1992).
Higuera et al. (1989) developed an efficient strategy for
building suitable collision operators, to be used in a sim-
plified version of the lattice gas Boltzmann equation.
Succi et al. (1991) presented a series of applications that
demonstrate that the lattice Boltzmann equation is an ad-
equate computational tool to address problems spanning
a wide spectrum of fluid regimes in two and three dimen-
sions.
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NOMENCLATURE

Da Darcy number T temperature (K)
DT thermophoretic diffusion coefficient u axial velocity (ms−1)

(m2s−1) x, y Cartesian coordinate (m)
DB Brownian diffusion coefficient (m2s−1)
hfp heat transfer coefficient between the fluid Greek Symbols

and particle µ viscosity (kgm−1s−1)
hfs heat transfer coefficient between the fluid ε porosity

and solid ρ density (kgm−3)
H half length of channel φ volume fraction
k thermal conductivity (wm−1K−1) εp modified thermal diffusivity ratio for particles
K permeability (m2) εs modified thermal diffusivity ratio for solid
Le Lewis number γp modified thermal capacity ratio for particles
Nbt Brownian motion parameter γs modified thermal capacity ratio for solid
Nhp Nield number for the fluid–particle interfaceα thermal diffusivity (m2s−1)
Nhs Nield number for the fluid–solid matrix τ modified diffusivity ratio

interface
P pressure (Nm−2) Subscripts
Pr Prandtl number s solid
Re Reynolds number f fluid
Sc Schmit number p particle
t time (s) ∗ dimensionless variables

By accounting for the external and internal forces
acting on the suspended nanoparticles and interactions
among the nanoparticles and fluid particles, a lattice
Boltzmann model is proposed by Xuan and Yao (2005)
for simulating flow and energy transport processes inside
the nanofluids. Xuan et al. (2005) also proposed a ther-
mal lattice Boltzmann method by considering mechanical
and thermal interactions among the nanoparticles and the
fluid particles, for simulating the flow and energy trans-
port process of the nanofluid. A lattice Boltzmann model
using upstream finite volume scheme was employed by
Zarghami et al. (2011). To enhance the stability and accu-
racy of simulation, a fifth-order Runge Kutta method was
used by the authors for the time-marching and upwind bi-
asing factors.

In the single-phase model, a uniform volume fraction
distribution is assumed for nanofluids. In other words,
the viscosity and thermal conductivity of nanofluids are
formulated by volume fraction and nanoparticle size,
then the continuity, momentum, and energy equations are
solved for nanofluids. In the two-phase model, the vol-

ume fraction distribution equation is added to other con-
servation equations. Many investors used single- and two-
phase models for investigating the flow and heat trans-
fer of nanofluids (Lee and Mudawar, 2007; Behzadmehr
et al., 2007; Maghrebi et al., 2012a; Mansour et al.,
2013).

Buongiorno (2006) introduced seven slip mechanisms
between the nanoparticles and the base fluid. He showed
that the Brownian motion (movement of nanoparticles
from high concentration site) and thermophoresis (move-
ment of nanoparticles from the high-temperature site to
the low-temperature site) have significant effects in the
laminar forced convection of nanofluids. Based on this
finding, he developed nonhomogeneous, two-component
equations in nanofluids. Heyhat and Kowsary (2010) used
Buongiorno’s model for investigating the effect of particle
migration on flow and convective heat transfer of nanoflu-
ids flowing through a circular pipe. The results show that
the nonuniform distribution of particles leads to a higher
heat transfer coefficient, while the wall shear stress is de-
creased. Therefore, the particle migration can play an im-
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portant role in improvement of the heat transfer coeffi-
cient in convective heat transfer in nanofluids.

The effect of local thermal nonequilibrium on the on-
set of convection in a nanofluid and thermal instability
in a porous medium layer saturated by a nanofluid is in-
vestigated by Nield and Kuznetsov (2009, 2010). They
assumed that no nanoparticle agglomeration occurs and
the nanoparticle suspension remains stable. According to
Anoop et al. (2009), there are experimental techniques
that make it possible to prepare nanoparticle suspen-
sions that remain stable for several weeks. They treat the
nanofluid as a continuum, using quantities averaged over
a representative elementary volume, a procedure common
in the study of flow in a saturated porous medium.

In recent articles written by Kuznetsov and Nield
(2010a,b, 2011a), the Buongiorno’s model was applied to
the Horton–Rogres–Lapwood problem (the onset of con-
vection in a horizontal layer of a porous medium uni-
formly heated from below). Both the Brownian motion
and the thermophoresis give rise to cross-diffusion terms
that are in some way analogous to the familiar Soret
and Dufour cross-diffusion terms that arise with a bi-
nary fluid. Nield and Kuznetsov (2011) introduced an an-
alytical treatment of double-diffusive natural convection
boundary layer flow in a porous medium saturated by
nanofluid. They used the Buongiorno’s model for model-
ing the nanofluid and Darcy model for a porous medium.
The results showed a decrease in the reduced Nusselt
number associated with an increase in the thickness of
the thermal boundary layer; an increase in the Brown-
ian motion parameter, buoyancy ratio, thermophoresis pa-
rameter, and modified Dufour parameter; and a decrease
in the regular buoyancy ratio. The analytical treatment of
double-diffusive natural convection boundary layer flow
of a nanofluid past a vertical plate was also studied by
Kuznetsov and Nield (2011b). Mixed convection bound-
ary layer flow past a horizontal circular cylinder embed-
ded in a porous medium saturated by nanofluid is in-
vestigated by Tham et al. (2013). They used the Buon-
giorno’s model for modeling the nanofluid and the Darcy–
Brinkman model for a porous medium.

The effects of particle migration on forced convective
heat transfer of nanofluid in a porous medium were in-
vestigated by Maghrebi et al. (2012b). They showed that
the particle migration had a significant role in heat trans-
fer. Also, the results showed that the local Nusselt num-
ber decreased when the Lewis number was increased. It
was observed that as the Lewis number was increased,
the wall temperature gradient decreased and, as a conse-
quence, the local Nusselt number decreased. The effects

of the Lewis number, Schmidt number, and the modified
diffusivity ratio on the volume fraction distribution were
also studied and discussed. Another published paper in
forced convective heat transfer of nanofluid in a porous
medium (under local thermal equilibrium condition) were
written by Nield and Kuznetsov (2014). The authors pre-
sented an analytical study of fully developed forced con-
vection, using the Buongiorno model, in a parallel-plane
channel with uniform heat flux on the boundaries.

Investigation of forced convective heat transfer of
nanofluids in a porous channel has not been considered
completely in the literature, and this challenge is gen-
erally considered to be an open research topic that re-
quires more study. The aim of this article is to investi-
gate the effects of Nield number on particle migration
and heat transfer of nanofluid in local thermal nonequlib-
rium porous channel. The local thermal nonequlibrium
model is assumed between the fluid, particles, and the
solid phases.

2. MATHEMATICAL MODEL

The forced convection heat transfer in a two-dimensional
channel is investigated by solving the mathematical for-
mulations introduced in this section numerically. The
channel is occupied with a saturated porous medium. Fig-
ure 1 shows the geometry of problem. The nanofluid,
which is treated as a two-component mixture (Al2O3 or
TiO2, etc.), is flown in the channel as discussed by Buon-
giorno (2006). The fully developed and steady Darcy–
Brinkman (DB) equation can be used for fluid flow in a
porous medium. The Brinkman term in this equation rep-
resents viscous effects and makes it possible to impose a
no-slip boundary condition at the impermeable wall. The
dimensional form of the governing equations can be writ-
ten as

µf

ε
∇2u− µf

K
u− dP

dx
= 0 (1)

FIG. 1: Geometry of the problem.
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The energy equations for the fluid, particles, and the solid
phases are given as follows, respectively:

(ρc)f
∂Tf

∂t
+ (ρc)f u

∂Tf

∂x
= kf ∇2 Tf + ε (ρc)P

×
(
DB ∇ϕ.∇Tf +

DT

TC
∇Tf .∇Tf

)
+ hfp(TP − Tf )

+ hfs(TS − Tf ) (2)

εϕ0(ρc)P

[
∂TP

∂t
+

1

ε
u.∇TP

]
= εϕ0kP ∇2 TP

+ hfp(Tf − TP ) (3)

(1− ε)(ρc)s
∂Ts

∂t
= ks ∇2 Ts + hfs(Tf − Ts) (4)

The volume fraction distribution equation is given as fol-
lows:

∂ϕ

∂t
+

1

ε
u.∇ϕ = DB∇2ϕ+

DT

TC
∇2 T (5)

The Brownian motion and thermophoretic parameters
are shown in the right-hand side of Eq. (2). Nield et
al. (2003) indicated that the viscous dissipation term
was directly proportional to Brinkman number defined
asµ, U2H/k∆TK, with k, ∆, andK as conductivity,
temperature difference, and permeability. This nondimen-
sional parameter was first defined in Eq. (15) of Nield et
al. (2003). In the present study, the order of magnitude of
the aforementioned term is negligible in comparison with
other terms of the energy equation. In other words, as the
temperature difference between the wall and nanofluids
increased, the viscous dissipation can be ignored. This as-
sumption is often made in heat transfer problems in which
the temperature (or heat flux) at the surface is the domi-
nant energy source of the system.

The dimensionless groups can be written as

u∗ =
u

u0
, (x∗, y∗) =

(x, y)

H
, ϕ∗ =

ϕ

ϕ0
, t∗ =

t u0

H
,

T ∗
f =

Tf − T0

T1 − T0
, T ∗

s =
Ts − T0

T1 − T0
, T ∗

P =
TP − T0

T1 − T0
,

p∗ =
Pµu0

KH

whereu0 is the average velocity in the channel,T0 and
φ0 are the temperature and the particle volume fraction at
the channel inlet,T1 is the wall temperature, andH is a
characteristic length of the channel.

The dimensionless form of Eqs. (1)–(5) can be written
as

∇2u∗ − u∗

Da
− 1

Da
1

H2

dP ∗

dx∗ = 0 (6)

∂T ∗
f

∂t∗
+u∗ ∂T

∗
f

∂x∗ =
1

Re Pr

[
∇2T ∗

f +
τ

Le
(∇φ∗.∇T ∗) (7)

+
τ

LeNbt

(
∇T ∗

f .∇T ∗
f

)
+Nhp

(
T ∗
p −T ∗

f

)
+Nhs

(
T ∗
s −T ∗

f

)]

∂T ∗
p

∂t∗
+

1

ε
u∗.∇T ∗

p =
1

Re Pr

[
εp∇2T ∗

p + γpNhp

×
(
T ∗
f − T ∗

p

) ]
(8)

∂T ∗
s

∂t∗
=

1

Re Pr

[
εs∇2T ∗

s + γsNhs

(
T ∗
f − T ∗

s

)]
(9)

It is obvious that at a steady state condition, the Peclet
number does not play any role in the solid phase temper-
ature. The particle volume fraction equation can be ex-
pressed as

∂φ∗

∂t∗
+
1

ε
u∗.

∂φ∗

∂x∗ =
1

Re Sc

[
∇2φ∗+

1

Nbt

(
∇2T ∗

f

)]
(10)

where Da,∆, Re, Sc, Pr are the Darcy number, inertia pa-
rameter, Reynolds number, Schmidt number, and Prandtl
number, respectively. The parameter Le is the nanofluid’s
Lewis number;τ is a modified particle-density increment,
andNbt is a modified diffusivity ratio. This parameter can
be expressed as the ratio of Brownian diffusion to the
thermophoresis diffusion. The parametersNhp andNhs

are the Nield number for the fluid–particle interface and
the Nield number for the fluid–solid matrix interface, re-
spectively [the term “Nield number” was introduced by
Vadasz (2006), who cited Nield (1998), and has been used
by Vadasz in several later papers, notably, Vadasz (2012)].
Variablesγp andγs are the modified thermal capacity ra-
tios;εp andεs are the modified thermal diffusivity ratios.

The total heat flux at the wall is given by

q′′ = q′′f + q′′p + q′′s = ε(1−φ)kf
(
∂Tf

∂y

)
wall

+ ε(φ)kp

(
∂Tp

∂y

)
wall

+ (1− ε)ks
(
∂Ts

∂y

)
wall

(11)

Then, the nondimensional heat flux absorbed by the fluid,
particle, and solid phases are introduced as follows:

Q∗
f = ε (1−φ∗φ0)

(
∂T ∗

f

∂y∗

)
wall

(12)

Q∗
p = ε (φ∗φ0)

kp
kf

(
∂T ∗

p

∂y∗

)
wall

(13)
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Q∗
s = (1− ε) ks

kf

(
∂T ∗

f

∂y∗

)
wall

(14)

whereφ∗ is the dimensionless volume fraction of parti-
cles at the channel center and

Q∗ =
q′′

kf
(T1 − T0)

H

.

3. NUMERICAL METHOD AND BOUNDARY
CONDITIONS

The finite difference method is used to solve the govern-
ing equations. A fully implicit method is employed to dis-
cretize the time-dependent terms. The thermophoretic pa-
rameter, that is,∇T ∗.∇T ∗, is linearized by the method
specified in Patankar (1980). Uniform grids are also used
in the computational domain. The results of grid indepen-
dency are given in Table 1 by calculation of the Nusselt
number. In our previous research work (Maghrebi et al.,
2012b), the nonlinear Darcy–Brinkmann–Forchheimer
equation was solved by the Newton–Raphson method (see
Epperson, 2010). For simplicity, the Darcy–Brinkmann
equation is used in this study. The coupled energy and vol-
ume fraction distribution equations are solved by a line-
by-line iterative procedure that sweeps the computational
domain inx-y directions. The boundary conditions are
defined as follows:

at y∗ = 0 and 2 T ∗
f = 1, T ∗

p = 1, T ∗
s = 1,

φ∗ = 0, u∗ = 0

at x∗ = 0 T ∗
f = 1, T ∗

p = 1, T ∗
s = 1, φ∗ = 1 (15)

For outlet boundary, the normal gradient of properties
along the outlet is zero and the values of all properties
at the outlet are interpolated from the computational do-
main.

At the channel outlet,

x∗ = 20 :
∂T ∗

f

∂x∗ = 0,
∂T ∗

p

∂x∗ = 0,

∂T ∗
s

∂x∗ = 0,
∂φ∗

∂x∗ = 0 (16)

TABLE 1: Grid study

No. of Grids Local Nusselt Number
100*100 7.5418
200*200 7.5419
300*300 7.542
400*400 7.542

The initial conditions, att∗ = 0, are

T ∗
f (t∗ = 0) , T ∗

p (t∗ = 0) , T ∗
s (t∗ = 0)

and φ∗ (t∗ = 0) = 1 (17)

The computational procedure for the solution of the gov-
erning equations can be summarized as follows:

1. Solve the Darcy Brinkman equation to obtain the ax-
ial velocity (u).

2. Use the obtained velocity and solve the fluid temper-
ature equation to recover theT ∗

f .

3. Use the obtainedT ∗
f and solve the particle tempera-

ture equation to recover theT ∗
p .

4. Use the obtainedT ∗
f and solve the particle tempera-

ture equation to recover theT ∗
s .

5. Use the new values ofT ∗
f into the volume fraction

distribution equation to obtain the newφ∗.

6. Calculate the absolute error; if
∣∣∣T ∗n+1

f − T ∗n
f

∣∣∣ >

10−15 and
∣∣T ∗n+1

s − T ∗n
s

∣∣ > 10−15 and∣∣T ∗n+1
p − T ∗n

p

∣∣ > 10−15 and
∣∣φ∗n+1 −φ∗n

∣∣ >
10−15, return to step 2 using newφ∗, T ∗

s , andT ∗
p .

4. CODE VALIDATION

When the Nield number is equal to zero, the energy equa-
tions (for the three phases) are completely decoupled and
the obtained results are the same as the one-equation
model. In this case, the obtained results were presented
in our previous work (see Maghrebi et al., 2012b), and
we will not repeat these results for the sake of brevity.
Moreover, for checking the accuracy of the numerical so-
lution, the fluid temperature distribution in the case of
thermal equilibrium is derived from our previously pub-
lished paper (see Maghrebi et al., 2012b) and inserted
into the present code. Then, we setNhs = 106 andNhp

= 106 in the simulation. As shown in Fig. 2, both the solid
temperature and the particle temperature distributions are
fully overlapped to the fluid temperature distribution. As
expected, large values ofNhs andNhp correspond to the
thermal equilibrium condition.

5. RESULTS AND DISCUSSION

In the present article, the values used in the numerical so-
lution are presented in Table 2. Figures 3–7 show the ef-
fects ofNhs andNhp on the temperature, volume fraction
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FIG. 2: Fluid, solid, and particle temperatures forNhs = 106 andNhp = 106. The graph shows the result of one-energy
equation model.

TABLE 2: Parameters used in the numerical simulation
φ0 = 0.03
Nbt = 0.1

Le = 100, Sc = 100
γp = 10,γs = 10

Pr = 1, Re = 100, Da = 1/500,τ = 1

1

Da
1

H2

dP ∗

dx∗ = −2

distributions, and nondimensional heat fluxes. As shown
in these figures, theNhs andNhp vary in the range of
1–100, and the results are obtained forεs = εs = 10.

Figure 3 shows the effects ofNhs andNhp on the fluid
temperature. The mean fluid temperature is decreased by
increasing the value ofNhs, and the fluid temperature
gradient at the wall is increased. Referring to the energy
equations for the solid and the particle phases, one can
realize that in the steady state condition and also for the
special case ofεs = εp andγs = γp, both the solid and the
particle temperatures are the same when the convective
term in the particle energy equation is ignored. In other
words, in the thermally developed region of the chan-
nel, and considering the above mentioned assumptions,
the solid-phase temperature is the same as the particle-
phase temperature. In this condition (whenT ∗

s = T ∗
p ),

by referring to the energy equation of fluid phase, two
source terms on the left-hand side of this equation, that is,

Nhp

(
T ∗
p − T ∗

f

)
andNhp

(
T ∗
p − T ∗

f

)
, are similar to each

other. Strictly speaking, the effects ofNhs andNhp on the
fluid temperature are similar to each other. Figures 3(a)
and 3(b) show this point clearly.

Figure 4 shows the variations of the solid and the parti-
cle temperatures by changingNhs andNhp atx∗ = 20. As
shown in this figure, the variation ofNhs andNhp does
not have considerable effect on the temperatures of the
solid and particle phases. By increasing the value ofNhs

(orNhp), the temperature difference between the solid (or
particle) and the fluid phases is decreased, therefore the
last term in Eq. (4) [or Eq. (3)] can be ignored for large
values ofNhs (orNhp).

Figure 5 shows the variation of the nanoparticle vol-
ume fraction distribution for different values ofNhs and
Nhp. As indicated before, by increasing the value ofNhs

andNhp, the fluid temperature gradient at the wall is in-
creased. Therefore the thermophoresis diffusion is also
increased, and the particles migrate from the vicinity of
the wall to the channel center. For large values ofNhs

andNhp, the temperature gradient near the wall is consid-
erably larger, and thus it causes very high thermophore-
sis diffusion in this region. In contrast, the temperature
gradient near the center of the channel is very low, and
the thermophoresis effect does not play a significant role.
As indicated before, in the thermally developed region of
the channel, and consideringεs = εp andγs = γp, the
solid-phase temperature is the same as the particle-phase
temperature, and therefore the effects ofNhs andNhp on
the volume fraction distribution are similar to each other
[compare Figs. 5(a) and 5(b)].

Figure 6 shows the heat flux absorbed by the fluid
phase. The nondimensional heat flux is increased by in-
creasing the values ofNhs andNhp, which is related to
the fluid temperature gradient at the wall. In the fully
developed region of the channel, the heat flux absorbed
by the fluid is constant. As presented in Eq. (11a), the
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(a)

(b)

FIG. 3: (a) Fluid temperature for different values ofNhs. (b) Fluid temperature for different values ofNhp.

(a)

(b)

FIG. 4: (a) The temperature of solid phase by variation ofNhs. (b) The temperature of solid phase by variation of
Nhp.
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(a)

(b)

FIG. 5: (a) Nanoparticle volume fraction distribution for different values ofNhs. (b) Nanoparticle volume fraction
distribution for different values ofNhp.

(a)

(b)

FIG. 6: (a) Nondimensional heat flux absorbed by the fluid phase by changingNhs. (b) Nondimensional heat flux
absorbed by the fluid phase by changingNhp.
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FIG. 7: Heat flux absorbed by the solid phases for different values ofNhs.

temperature gradient at the wall and the value of volume
fraction of particles at the channel center have an impor-
tant role in the amount of heat flux absorbed by the fluid
phase. Nonetheless, the temperature gradient at the wall
is the dominant term. In other words, the main parameter
affecting the heat flux is the fluid temperature gradient at
the wall.

Figure 7 elucidates the nondimensional heat flux ab-
sorbed by the solid phase. The nondimensional heat flux
is decreased by increasing the value ofNhs, which is re-
lated to the solid temperature gradient at the wall. The
results show that the heat flux absorbed by the particles
is also decreased by increasing the value ofNhp. The ab-
sorbed heat flux by the particles is presented in Eq. (11b),
which is related to the temperature gradient and nanopar-
ticle volume fraction at the channel center. The numerical
results show that the temperature gradient is the dominant
term in the calculation of the particle-phase heat flux.

6. CONCLUSION

This article is concerned with the effects of Nield num-
ber on heat transfer of a straight channel occupied by a
porous medium saturated by a nanofluid. This introduces
one model related to heat flux of nanofluid flowing into a
porous channel with considering thermal nonequilibrium
heat transfer. The effects of Nield number and modified
thermal capacity ratio on the heat transfer are completely
studied and discussed. The results show that the fluid
mean temperature is decreased by increasing the Nield
number. By increasing the Nield number, the fluid tem-
perature gradient at the wall is increased. Therefore the
thermophoresis diffusion at the wall region is augmented,
and the particles migrate from the vicinity of the wall to
the channel center.
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