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New models for heat ﬂux splitting at the boundary of a porous
medium: three energy equations for nanoﬂuid ﬂow under
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Abstract: One of the challenging points in the simulation of a nanoﬂuid ﬂowing through a porous medium is modeling the
surface heat ﬂux in the presence of nanoparticles and internal solid matrix. The question is how much energy is absorbed by the
solid phase, ﬂuid phase, and particles at the surface of imposing heat ﬂux? To reach a suitable answer, a local thermal
nonequilibrium approach (including three energy equations) is presented in this paper and three heat ﬂux models are proposed
for the ﬁrst time. The proposed models are compared and analyzed. The effects of interstitial heat transfer coefﬁcients on the
heat transfer in a porous channel are completely studied. The ﬂuid temperature distributions and heat transfer rate obtained by
homogenous and nonhomogenous approaches (for the proposed models) are completely studied and compared. The results
show that the nonhomogeneous approach experiences larger Nusselt number than the homogeneous one for all the recommended heat ﬂux models.
PACS Nos.: 47.61.–k, 47.56.+r.
Résumé : Une des difﬁcultés dans la simulation de l’écoulement d’un nanoﬂuide à travers un milieu poreux est la modélisation
de l’échange de chaleur à la surface en présence de nanoparticules et d’une matrice solide. La question est, combien de chaleur
est absorbée par la phase solide, la phase ﬂuide et les particules à la surface où on retrouve le ﬂux de chaleur. Aﬁn de répondre
à cette question, nous présentons ici pour la première fois une approche de non équilibre thermique local (incluant les équations
d’énergie libre) et proposons trois modèles de ﬂux de chaleur. Les modèles proposés sont comparés et analysés. Nous faisons une
étude complète des effets des coefﬁcients de transfert interstitiel de chaleur sur le transfert de chaleur dans un canal poreux.
Nous complétons une étude comparative des distributions de température du ﬂuide et de transfert de chaleur obtenues par
approches homogène et non homogène (pour nos modèles). Les résultats montrent que l’approche non homogène produit des
valeurs plus élevées du nombre de Nusselt, et ce pour tous les modèles présentés de ﬂux de chaleur. [Traduit par la Rédaction]

Introduction
Convective ﬂow and heat transfer in porous media has received
considerable attention because of its applications, such as heat
pipe, solid matrix heat exchangers, electronic cooling, and drying
processes [1]. Local thermal equilibrium (LTE) and local thermal
non-equilibrium (LTNE) models are two assumptions for analysis
of heat transfer in porous media. Although the LTE model is more
convenient to use, more studies have reported that the LTE model
is not valid for some problems, such as storage of thermal energy
or heat transfer in porous media with internal heat generation. In
the case of LTNE, at any chosen point the average ﬂuid temperature is not necessarily the same as the average solid temperature.
A suitable example of LTNE is the sudden inﬂux of a cold ﬂuid into a
hot porous medium: the mean solid temperature is high initially
while the ﬂuid average is cold. Eventually, these temperatures will
tend towards an equilibrium where they are the same. In the LTNE
model, two energy equations are written for solid and ﬂuid phases.
Each energy equation (one for the ﬂuid phase and the other for the
solid phase) requires a boundary condition at the solid and ﬂuid
boundaries. Many researchers have devoted considerable attention
to this subject. Amiri et al. [2] was one of the ﬁrst to attempt to
highlight this problem and present two different approaches of

boundary conditions for constant wall heat ﬂux. Martin et al. [3] used
the ﬁrst approach with the assumption of LTE at the wall. Jian and
Ren [4] considered four boundary conditions for the case of constant
wall heat ﬂux. The proposed boundary conditions were composed of
the two approaches introduced by Amiri et al. [2], and the model
presented by Martin [3]. Alazmi and Vafai [5] also studied and investigated the effects of using different boundary conditions and they
presented ﬁve pertinent boundary conditions.
Although convective ﬂow in a duct ﬁlled with a porous medium
is a promising method of heat transfer enhancement, it is well
known that conventional heat transfer pure ﬂuids have poor heat
transfer performances because of their heat transfer coefﬁcients
between the heat transfer medium and the heat transfer surface.
An innovative technique for improving heat transfer by using
ultraﬁne solid particles in the ﬂuids has been widely used recently. Nanoﬂuids, a name conceived by Choi [6] at Argonne National Laboratory, are ﬂuids consisting of solid nanoparticles with
size less than 100 nm suspended with solid volume fraction typically less than 4%. Nanoﬂuids can enhance heat transfer performance compared to pure liquids and can be used to improve
thermal management systems in many engineering applications,
such as transportation, micromechanics and instruments, HVAC sys-
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tems, and cooling devices. Recently, many investigators studied
nanoﬂuid convective heat transfer in different geometries, both numerically and experimentally [7–11]. For numerical simulation, two
approaches have been adopted in the literature to investigate the
heat transfer characteristics of nanoﬂuids: the single phase model
and the two-phase model. Another approach is to adopt the Boltzmann theory [12]. In the single phase model, a uniform volume fraction distribution is assumed for nanoﬂuids. In other words, the
viscosity and thermal conductivity of nanoﬂuids are formulated by
volume fraction and nanoparticle size. Then, continuity, momentum, and energy equations are solved for nanoﬂuids. In the twophase model, the volume fraction distribution equation is added to
the other conservation equations. Many investors used single and
two-phase models for investigating the ﬂow and heat transfer of
nanoﬂuids [13–15]. Buongiorno [16] introduced seven slip mechanisms between nanoparticles and the base ﬂuid and showed that the
Brownian motion (movement of nanoparticles from high concentration site) and thermophoresis (movement of nanoparticles from
high temperature site to the low temperature site) are important
parameters in the laminar forced convection of nanoﬂuids. Based on
this ﬁnding, nonhomogeneous two-component equations in nanoﬂuids were developed. Heyhat and Kowsary [17] used Buongiorno’s
equations to investigate the effect of particle migration on ﬂow and
convective heat transfer of nanoﬂuids ﬂowing through a circular
pipe. Results show that the nonuniform distribution leads to a
higher heat transfer coefﬁcient while the wall shear stress is decreased. Therefore, the particle migration can play an important role
in improvement of the heat transfer coefﬁcient in convective heat
transfer in nanoﬂuids.
In recent papers [18–20] Buongiorno’s model was applied to the
Horton–Rogres–Lapwood problem. The authors studied the onset
of convention in a horizontal layer of a porous medium uniformly
heated from below. Both Brownian motion and thermophoresis give
rise to cross-diffusion terms that are in some way analogous to the
familiar Sort and Dufour cross-diffusion terms that arise with a binary ﬂuid. These authors [21] also introduced an analytical treatment
of double-diffusive natural convection boundary layer ﬂow in a porous medium saturated by nanoﬂuid. They used Buongiorno’s equation to model the nanoﬂuid and the Darcy model for porous
medium. The results of the authors showed a decrease in the reduced
Nusselt number associated with an increase in the thickness of the
thermal boundary layer, an increase in the Brownian motion parameter, buoyancy ratio, thermophoresis parameter, modiﬁed Dufour
parameter, and a decrease in regular buoyancy ratio. The analytical
treatment of double-diffusive natural convection boundary layer
ﬂow of a nanoﬂuid past a vertical plate was also studied by Kuznetsov
and Nield [22].
The effect of LTNE on the onset of convection in a nanoﬂuid
and thermal instability in a porous medium layer (saturated by a
nanoﬂuid) are investigated by Niled and Kuznetsov [22, 23]. They
assumed that no nanoparticle agglomeration occurs and the
nanoparticle suspension remains stable. There are experimental
techniques that make it possible to prepare nanoparticle suspensions that remain stable for several weeks [24]. They treat the
nanoﬂuid as a continuum, using quantities averaged over a representative elementary volume, a procedure common in the study
of ﬂow in a saturated porous medium.
The papers related to LTNE models used three energy equations
for solid, nanoparticles, and ﬂuid. The effects of particle migration on forced convective heat transfer of nanoﬂuid in a porous
channel at the LTE condition are also investigated by Maghrebi
et al. [25]. They show that the particle migration has a signiﬁcant
role in heat transfer. The results show that the local Nusselt number
is decreased when the Lewis number is increased. It is observed that
as the Lewis number is increased, the wall temperature gradient is
decreased and as a consequence the local Nusselt number is decreased. The effects of Lewis number, Schmidt number, and modiﬁed diffusivity ratio on the volume fraction distribution are also
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studied and discussed. In the recent paper written by Armaghani
et al. [26], the effects of particle migration in a porous channel on
nanoﬂuid convective heat transfer are completely studied when
the assumption of LTNE is valid between the phases.
Regarding the published papers, one of the main and challenging points in the simulation of nanoﬂuid ﬂowing through porous
media is modeling the surface heat ﬂux in the presence of nanoparticles and internal solid matrix. The question is how much
energy is absorbed by the solid phase, ﬂuid phase, and the particles at the surface of imposing heat ﬂux?
The LTNE approach is presented in this paper and three heat
ﬂux models are proposed for the ﬁrst time. The proposed models
are also compared and analyzed. The effects of nonhomogenous
volume fraction models (against homogenous models) on heat
transfer rate are analyzed for all the presented models.

Geometry of the problem
The geometry of the present problem is a two-dimensional
channel totally occupied with a porous medium as shown in Fig. 1.
Cartesian coordinates are used for this geometry. The height of
the channel is equal to 2H.

Mathematical model
The forced convection heat transfer in a two-dimensional channel is investigated by solving numerically the mathematical formulations introduced in this section. The channel is occupied
with a saturated porous medium. The nanoﬂuid, which is treated
as a two-component mixture, ﬂows in the channel as discussed by
Buongiorno [16]. The fully developed and steady Darcy–Brinkman
equation can be used for ﬂuid ﬂow in porous medium. The Brinkman
term in this equation represents viscous effects and makes it possible
to impose a no-slip boundary condition at the impermeable wall.

f


ⵜ2u ⫺

f
K

u⫺

dP
dx

⫽0

(1)

A three-phase model (in porous media) for nanoﬂuid heat transfer
under the LTNE condition was introduced by Kuznetsov and Nield
[19]. The dimensionless energy equations for ﬂuid, particles, and
solid are given as follows, respectively:
(c)f

⭸Tf

⫹ (c)fu

⭸t

冉

0(c)P

⭸TP
⭸t

(1 ⫺ )(c)s

⭸Tf
⭸x

冉

⫽ kfⵜ2Tf ⫹ (c)P DBⵜ · ⵜTf ⫹

DT

冊

1
⫹ u · ⵜTP ⫽ 0kPⵜ2TP ⫹ hfp(Tf ⫺ TP)


⭸Ts
⭸t

冊

ⵜTf · ⵜTf
TC
⫹ hfp(TP ⫺ Tf) ⫹ hfs(TS ⫺ Tf)

⫽ ksⵜ2Ts ⫹ hfs(Tf ⫺ Ts)

(2)
(3)

(4)

It is obvious that there is a heat transfer between solid and ﬂuid
phases as well as that between particles and base ﬂuid. The volume fraction distribution is given as follows:
⭸
⭸t

DT
1
⫹ u · ⵜ ⫽ DBⵜ2 ⫹
ⵜ2T

TC

(5)

The Brownian motion and thermophoretic parameters are shown
on the right-hand side of (2). Nield et al. [27] indicated that the
viscous dissipation term was directly proportional to the Brinkman
number deﬁned as U2H/k⌬TK with k, ⌬T, and K as conductivity,
temperature difference, and permeability. This nondimensional
Published by NRC Research Press
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Fig. 1. Geometry of the present problem and system of coordinates.

The dimensionless parameters are deﬁned as follows:
K
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∗
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PK

H
⭸

∗

ⵜ ⫽

u0H

∗ ⫽


0

t∗ ⫽

Ts∗ ⫽

qH

(Ts ⫺ T0)ks
qH

and Tp∗ ⫽

⭸T∗f
⭸t∗

u∗
Da

⫹ u∗
⫹

⫺

⭸T∗f
⭸x∗


1 dP∗
Da dx∗

⫽

LeNbt

1
Re Pr

冋

(6)


Le

册

共ⵜ∗T∗f · ⵜ∗T∗f 兲 ⫹ Nhp共Tp∗ ⫺ T∗f 兲 ⫹ Nhs共Ts∗ ⫺ T∗f 兲

1
1
⫹ u∗ · ⵜTp∗ ⫽
关pⵜ2Tp∗ ⫹ ␥pNhp共T∗f ⫺ Tp∗兲兴

Re
Pr
⭸t
∗

⭸Ts∗
⭸t∗

⫽

1
Re Pr

关sⵜ2Ts∗ ⫹ ␥sNhs共T∗f ⫺ Ts∗兲兴

(7)

(8)

(9)

It is obvious that under steady state conditions, the Peclet number
does not play any role in solid phase temperature. The particle
volume fraction equation can be expressed as
∗

冋

册

⭸ ∗
1
1
1
ⵜ2∗ ⫹
⫹ u∗ ·
⫽
共ⵜ2T∗f 兲

Re Sc
Nbt
⭸t
⭸x∗

⭸

∗

(11g)

(c)f
(c)p

(11h)

(c)f

Nhs ⫽

␥p ⫽

␥s ⫽

p ⫽

(ⵜ∗∗ · ⵜ∗T∗)

⭸Tp∗

(11f)

H2hfp
(1 ⫺ 0)kf

(11i)

qH

⫽0

ⵜ∗2T∗f ⫹


␣f

Nhp ⫽

(Tp ⫺ T0)kp

(11e)



kf

␣f ⫽

where u0 is the average velocity in the channel; T0 and 0 are
temperature and particle volume fraction at the channel inlet,
respectively; T1 is the wall temperature; and H is characteristic
length of the channel.
The dimensionless forms of (1)–(5) can be written as
ⵜ∗2u∗ ⫺

u0H

Pr ⫽

The dimensionless temperatures for ﬂuid, solid, and nanoparticle
are deﬁned as
(Tf ⫺ T0)kf

(11d)

DB0

Re ⫽

⫽

T∗f ⫽

␣f

Le ⫽

⭸(x∗, y∗)

(11c)

DB

tu0
H

(11b)

DT⌬T



Sc ⫽
parameter was ﬁrst deﬁned in (15) of Nield et al. [27]. In the present
study the order of magnitude of the aforementioned term is negligible compared with other terms of the energy equation. In other
words, as the temperature difference between wall and nanoﬂuid
increases, the viscous dissipation can be ignored. This assumption is
often made in heat transfer problems in which the temperature (or
heat ﬂux) at the surface is the dominant energy source of the system.
The dimensionless parameters can be written as

(11a)

H2

(10)

s ⫽

H2hfs
(1 ⫺ 0)kf
(1 ⫺ 0) (c)f

0

(c)p

(1 ⫺ 0) (c)f
(1 ⫺ ) (c)s
kp (c)f
kf (c)p
ks (c)f
kf (c)s

(11j)

(11k)

(11l)

(11m)

(11n)

where Da is the Darcy number, ⌬ is the inertia parameter, Re is
the Reynolds number, Sc is the Schmidt number, Pr is the Prantdl
number, Le is the nanoﬂuid’s Lewis number;  is modiﬁed particle
density increment; Nbt is a modiﬁed diffusivity ratio, which can be
expressed as the ratio of Brownian diffusion to the thermophoresis diffusion;␥p and ␥s are modiﬁed thermal capacity ratios; p and
s are modiﬁed thermal diffusivity ratios; and Nhp and Nhs are the
interface heat transfer parameters. Vadasz [28] called these parameters the Nield numbers, citing Nield [29], and used the parameters in several later papers [30]. In recent literature, the
mentioned parameters have been called as the Sparrow numbers.
We will follow Vadasz and adopt the terminology of Nield numbers for the ﬂuid–particle interface and ﬂuid–solid-matrix interface.
Published by NRC Research Press
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Model 1
In the ﬁrst model, the heat ﬂux ratio (between the phases) is
related to the occupied space of solid matrix, base ﬂuid, and nanoparticles

Boundary and initial conditions
The boundary conditions are as follows:
At y∗ ⫽ 0, 2

∗ ⫽ 0

∗

u∗ ⫽ 0

(12)

∗

 ⫽1

At x ⫽ 0

For outlet boundary, the normal gradient of properties along the
outlet is zero and the values of all properties at the outlet are
interpolated from the computational domain.
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At the channel outlet
⭸Ts∗

⭸ ∗

⫽0

⭸x∗

⭸x∗

⭸T∗f

x∗ ⫽ 20

⭸x∗

⭸Tp∗

⫽0

(13)

⫽0

Tp∗(t∗

⫽ 0)

⫽ 0)

qs

(1 ⫺ ⴱ0)

qf

1⫺

qp

(1 ⫺ ⴱ0)

⫽

(18)

ⴱ0

After some manipulation, one can obtain the following relation:

⭸y∗

⫽

⭸Tp∗

⭸T∗f

⭸y∗

⭸y∗

⫽

⭸Ts∗

(19)

⭸y∗

Substituting (19) into (17), one can ﬁnd that
⭸T∗f

The initial conditions, at t* = 0, are
T∗f (t∗

⫽

⭸T∗f

⫽0

⭸x∗

qf

Ts∗(t∗

∗ ∗

⫽ 0) and  (t ⫽ 0) ⫽ 1

(14)

⭸y∗

关(1 ⫺ ⴱ0) ⫹ (1 ⫺ ) ⫹ ⴱ0兴 ⫽ 1

(20)

then

Three proposed models in the presence of
nanoparticles in porous media

⭸T∗f

⭸Tp∗

⫽1

⭸Ts∗

⫽ 1 and

⫽1

This paper introduces three thermal models for nanoﬂuid ﬂowing through a porous channel in the case of the LTNE condition. A
constant heat ﬂux, q==, is imposed on the impermeable walls of the
channel. The incoming heat ﬂux is absorbed by nanoparticles,
solid matrix, and base ﬂuid. Following the contributions of each
phase from the imposed heat ﬂux, one would have

Model 2
In the second view, the heat ﬂux ratio can be related to the
solid, base ﬂuid, and nanoparticles conductivity

1. Pure ﬂuid contribution from the imposing heat ﬂux

qf

qf ⫽ (1 ⫺ )kf

⭸Tf

(15a)

⭸y

⭸y∗

⫽

qs

⭸y∗

kf

qf

ks

qp

⫽

⭸y∗

(21)

kf

(22)

kp

which can be expressed as
2. Nanoparticle contribution from the boundary heat ﬂux
qf ⫽ kp

⭸Tp

⭸T∗f
(15b)

⭸y

⫽ (1 ⫺ )ks

⭸T∗f

⭸Ts

(15c)

⭸y

∗

⭸y

⭸T∗f
Then, the total heat ﬂux can be written as

冉 冊

q ⫽ qf ⫹ qp ⫹ qs ⫽ (1 ⫺ )kf

⭸Tf
⭸y

wall

冉 冊
冉 冊

⫹ ()kp

⫹ (1 ⫺ )ks

⭸y∗

⭸Tp

⭸y
⭸Ts
⭸y

⭸Tp∗

wall

∗

⭸y

冉 冊

1 ⫽ 共1 ⫺  0兲

⭸T∗f
⭸y∗

wall

⫹ 共 0兲
∗

⭸Ts∗
∗

⭸y

冉 冊

kp ⭸Tp∗
kf ⭸y∗

wall

⫹ (1 ⫺ )

kf ⭸Tp∗

⭸T∗f

(1 ⫺ ∗0) kp ⭸y∗

⭸y∗

⫽

(1 ⫺ ∗0) kf ⭸Ts∗
(1 ⫺ ∗0) ks ⭸y∗

(23)

冋

(1 ⫺ ⴱ0) ⫹ (1 ⫺ ⴱ0)

⫽

⫽

kp
kf

⫹ (1 ⫺ ⴱ0)

kf

1

kf

册

⫽1

(24)

(25a)

(1 ⫺ ⴱ0) (kf ⫹ kp ⫹ ks)
kp

1

ks

(25b)

 0 (kf ⫹ kp ⫹ ks)
ⴱ

(16)
wall

The dimensionless form of (16) is
∗

∗0

Substituting (23) into (17), one can ﬁnd

3. Solid matrix contribution from the total heat ﬂux
qf

⭸y∗

⫽

冉 冊

ks ⭸T∗f
kf ⭸y∗

wall

(17)
Now, we introduce three thermal boundary condition models for
nanoﬂuid in a porous channel, heated by constant heat ﬂux

⫽

1

ks

(25c)

(1 ⫺ ) (kf ⫹ kp ⫹ ks)

Model 3
The third model is a combination of models 1 and 2. It includes
the effects of porosity, volume fraction, and conductivity as follows:
qf
qs

⫽

kf (1 ⫺ ⴱ0)
ks

1⫺

qf
qp

⫽

kf (1 ⫺ ⴱ0)
kp

ⴱ0

(26)
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and after some mathematical manipulation, one can ﬁnd that

Table 1. Grid study.

⭸T∗f

Number of grids

Fully developed
Nusselt number

100×100
200×200
300×300
400×400

8.234
8.234
8.235
8.235

⭸y∗

⫽

kf ⭸Tp∗

⭸T∗f

kp ⭸y∗

⭸y∗

kf ⭸Ts∗

⫽

(27)

ks ⭸y∗

Substituting (27) into (17)
⭸T∗f
∗

⭸y
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⭸T∗f
⭸y∗
⭸Ts∗
∗

⭸y

⭸Tp∗
∗

⭸y

冋

(1 ⫺ ⴱ0) ⫹ ⴱ0

⫽

⫽

⫽

kp

⫹ (1 ⫺ )

kf

ks
kf

册

⫽1

(28)
direction. The computational procedure for the solution of governing equations can be summarized as follows:

kf

(29a)

(1 ⫺ ∗0)kf ⫹ ∗0kp ⫹ (1 ⫺ )ks
ks

(29b)

∗

(1 ⫺  0)kf ⫹ ∗0kp ⫹ (1 ⫺ )ks
kp

(29c)

∗

(1 ⫺  0)kf ⫹ ∗0kp ⫹ (1 ⫺ )ks

Finally, we introduced three Nusselt numbers for ﬂuid, nanoparticles, and solid matrix. Amiri and Vafai [31] introduced both
ﬂuid and solid Nusselt numbers for LTNE porous medium. This
paper presents ﬂuid, nanoparticle, and solid matrix Nusselt numbers for nanoﬂuid ﬂowing through LTNE porous channel as follows:

冕
2

Nuf ⫽ ⫺

2
(T∗f )W

⫺

冉 冊
⭸T∗f

∗
Tmf

∗

⭸y

∗
Tmf
⫽

u∗T∗f dy∗

0

(30)

∗
Um

wall

冕
2

Nup ⫽ ⫺

2
(Tp∗)W

⫺

冉 冊
⭸Tp∗

∗
Tmp

∗

⭸y

∗
Tmp
⫽

u∗Tp∗dy∗

0

(31)

∗
Um

wall

The mean velocity in (30) and (31) is the nanoﬂuid mean velocity,
which can be deﬁned as

冕
2

∗
⫽
Um

0

u∗dy∗

Nus ⫽ ⫺

2

冉 冊
⭸Ts∗

∗
(Ts∗)W ⫺ Tms
⭸y∗

wall

冕
2

∗
Tms
⫽

Ts∗dy∗

0

(32)

Numerical strategy and computational procedure
The ﬁnite difference method is used to solve the governing
equations, (6)–(10). The fully implicit method is employed to discretize the time-dependant terms. It is interesting to notice that
the thermophoretic parameter, ⵜT*, is linearized by the method
speciﬁed in Patankar [32]. The uniform grids are used in the computational domain. The results of grid independency are given in
Table 1. In our previous research work [25], the nonlinear Darcy–
Brinkmann–Forchheimer equation is solved using the Newton–
Raphson method [33]. For simplicity, the Darcy–Brinkmann
equation is used in this study. The coupled energy and volume
fraction distribution equations are solved using a line-by-line iterative procedure that sweeps the computational domain in the x–y

1. Solve the Darcy–Brinkman equation to obtain the axial velocity (u).
2. Use the obtained velocity and solve the ﬂuid temperature
equation to recover Tf.
3. Use the obtained Tf and solve the particle temperature equation to recover Tp.
4. Use the obtained Tf and solve the particle temperature equation to recover Ts.
5. Use the new values of Tf in the volume fraction distribution
equation to obtain the new .
6. Calculate the absolute error, if ⱍTfn⫹1 ⫺ Tfnⱍ ⬎ 10⫺15 and
n⫹1
⫺ Tsnⱍ ⬎ 10⫺15. If ⱍTpn⫹1 ⫺ Tpnⱍ ⬎ 10⫺15 and ⱍn⫹1 ⫺ nⱍ ⬎
ⱍTs⫺15
10 return to step 2 using new , Ts, and Tp.

Results
Validation
The present problem can be transformed into a simple channelﬂow problem as the porosity approaches one. In this case the local
Nusselt number is calculated and compared with the results of
Shah and London [34] and that of Bejan [35]. As shown in Fig. 2, the
fully developed Nusselt number in the channel with constant wall
heat ﬂux is 8.23. The fully developed velocity distribution in the
porous channel can be obtained analytically as ⌬ ¡ 0. Moreover,
for checking the accuracy of numerical solution of (8) and (9), the
ﬂuid temperature distribution in the case of thermal equilibrium
is derived from our previous published paper and inserted into
the present code (with constant wall temperature boundary condition). Then, we set Nhs = 106 and Nhp = 106 in the simulation. As
shown in Fig. 3, both solid temperature and particle temperature
distributions fully overlap the ﬂuid temperature distribution. As
expected, large values of Nhs and Nhp correspond to thermal equilibrium condition.
Discussion about the proposed models
In the present paper, the following parameters are selected for
the numerical simulation: 0 ⫽ 0.05, ␥p = 10, ␥s = 10, Pr = 1, Re = 150,
 = 1, s = 500, p = 100, [1/(DaH2)](dP*/dx*) = –2. The thermal conductivities are also ﬁxed at kp = 50, ks = 250, and kf = 0.5, which are
values for alumina, aluminum, and water, respectively.
Figure 4 shows the dimensionless ﬂuid temperature distribution for the three proposed thermal models. As shown in the
ﬁgure, two different values are selected for Nhp; 1 and 100. Figure
4a shows that the ﬂuid dimensionless temperature varies by
changing Nhp and a signiﬁcant variation of temperature is observed in model 1. In other words, increasing the value of Nhp
results in a visible change in the ﬂuid temperature predicted by
model 1. Figure 4b also shows a closer view of models 2 and 3. As
shown in this frame, increasing the value of Nhp leads to an increase in the ﬂuid temperature in the wall vicinity. This trend is
not observed in model 1, which is mainly because of effects of
thermal conductivity of the phases appearing in models 2 and 3.
Strictly speaking, one can refer to (29); by neglecting the thermal
conductivity of the phases (i.e., ks, kp, and kf) in the preceding
equation, model 1 is recovered. When Nhp is increased, the ﬂuid
Published by NRC Research Press
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Fig. 2. Comparison of local Nusselt number in the present work
and the analytical solution, as  ¡ 1.

Fig. 3. Fluid, solid, and particle temperatures at Nhs = 106 and
Nhp = 106.
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Fig. 6. Dimensionless nanoparticle temperature obtained by the
proposed models at Nhp = Nhs = 1.

Fig. 7. Dimensionless ﬂuid temperature obtained by the presented
models at Nhp = Nhs = 1.

Fig. 4. (a) Dimensionless ﬂuid temperature obtained by the
proposed models for different values of Nhp, Nhs = 1, (b) a closer
view.
Fig. 8. Comparison of ﬂuid temperature between homogenous
and nonhomogenous approaches, (a) results of model 1, (b) results of
models 2 and 3.

Fig. 5. Dimensionless ﬂuid temperature obtained by models 2 and 3
for different values of Nhs at Nhp= 1.

dimensionless temperature is increased in the region near the
wall and it decreases at the center of the channel. One can ﬁnd
that Nhp is the important parameter in the ﬂuid energy equation.
Figure 5 shows the effects of Nhs on the ﬂuid dimensionless
temperature for two models. The general trend in this ﬁgure is
similar to Fig. 4. As discussed before, the temperature data obtained by model 1 is different from that obtained by other models
that reﬂect the effects of thermal conductivity ratios.
Published by NRC Research Press
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Table 2. The Nusselt number of the ﬂuid
phase (Nuf) obtained by the three proposed
models for Nhp = 1 and Nhs = 1.
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M.1
M.2
M.3

Nonhomogenous
model

Homogenous
model

10.28
2.45
5.68

9.91
1.93
4.85

Fig. 10. Various fully developed Nusselt number with different Nhs:
(a) fully developed ﬂuid Nusselt number, (b) fully developed particles
Nusselt number, and (c) fully developed solid Nusselt number.

Fig. 9. Various fully developed Nusselt number with different Nhp:
(a) fully developed ﬂuid Nusselt number, (b) fully developed particle
Nusselt number, and (c) fully developed solid Nusselt number.

Figure 6 shows the particle temperature distribution for the
three models when Nhs = 1. The obtained results show that particle
dimensionless temperatures (for all the mentioned models) do
not experience any signiﬁcant change by increasing Nhs. As presented in this ﬁgure, the maximum temperature near the wall is
related to model 2, and the minimum values of the temperature
are obtained by model 3.
Figure 7 shows the trend of the solid dimensionless temperature by variation of Nhs. The results conﬁrm that changing the
values of Nhs (and also Nhp) have no major effect on the solid
dimensionless temperature, for all the mentioned models.

Figure 8 shows the ﬂuid temperature in the channel for both
cases of homogenous and nonhomogenous approaches. The nonhomogenous approach is obtained by solving the momentum
equation, three energy equations and mass conversion of nanoparticles. Another approach is obtained by solving momentum
and three energy equations without particle distribution effects.
In other words, the initial volume fraction of nanoparticles is kept
constant in the entire computational domain in the case of the
homogenous approach. In this ﬁgure, we use Nhp = Nhs = 1. The
comparison between the two approaches shows that the ﬂuid
temperature in the case of the homogeneous approach is larger
than that of the nonhomogenous approach. The difference between these two approaches can be related to the effects of volume fraction of nanoparticles in the porous channel.
The local Nusselt number at the thermally fully developed region
of the channel is presented in Table 2 for both nonhomogenous and
homogenous approaches. One can ﬁnd from this table that the Nusselt number predicted by model 1 has maximum value.
Figure 9 shows the fully developed Nusselt number for different
values of Nhp. As shown Fig. 9a, the fully-developed ﬂuid Nusselt
number (obtained by model 1) increases by increasing Nhp; but in the
models 2 and 3, a decreasing trend is observed. The fully developed
solid-phase Nusselt number is shown in Fig. 9b. The solid-phase
Nusselt number decreases by increasing Nhp in model 1. The variations of solid-phase Nusselt number with Nhp are not signiﬁcant in
models 2 and 3. In model 1, the fully developed particle-phase Nusselt
number decreases when Nhp increases (see Fig. 9c).
Figure 10 shows the fully developed Nusselt number by changing Nhs. The trend of variations of Nusselt number in this ﬁgure is
similar to Fig. 9.
Published by NRC Research Press
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Which model is suitable for simulation of nanofluid
in a porous medium?
The results show that the Nusselt numbers (for ﬂuid, solid, and
particles phases) predicted by model 1 are maximized. For all the
proposed models, the nonhomogeneous approach experiences
larger Nusselt number than the homogeneous view. The trend of
variations of the results of models 2 and 3 are similar. Therefore,
we propose these two models for simulation of nanoﬂuid ﬂow in
porous media. Nonetheless, an experimental setup can be designed to verify this conclusion.
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Conclusion
This paper was concerned with nanoﬂuid ﬂow and heat transfer
in a straight channel occupied with a porous medium. The fullydeveloped ﬂow and steady Darcy–Brinkman equation was employed
in the porous channel. It was assumed that the nanoparticles are
distributed nonuniformly inside the channel. The LTNE approach
(including three energy equations) is presented in this paper.
Three heat ﬂux models are proposed for the ﬁrst time. The proposed models are also compared and analyzed. The results show
that the Nusselt numbers (for ﬂuid, solid, and particle phases)
predicted by model 1 are maximized. For all the proposed models,
the nonhomogeneous approach experiences larger Nusselt number than the homogeneous view. The trend of variations of the
results of models 2 and 3 are similar. Therefore, we propose these
two models for simulation of nanoﬂuid ﬂow in porous media.
Nonetheless, an experimental setup can be designed to verify this
conclusion. In the future, we will also examine the nanoﬂuid ﬂow
experimentally to validate the proposed models of this paper.
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List of symbols
Da
DB
DT
hfp
hfs
H
k
K
Le
Nbt
Nhp
Nhs
P
Pr
Re
Sc
t
T
u
x, y
␣
␥p
␥s

p
s





Darcy number
Brownian diffusion coefﬁcient (m2s−1)
Thermophoretic diffusion coefﬁcient (m2s−1)
Heat transfer coefﬁcient between the ﬂuid–particle
Heat transfer coefﬁcient between the ﬂuid–solid
Half length of channel
Thermal conductivity (wm−1K−1)
Permeability (m2)
Lewis number
Brownian motion parameter
Nield number for the ﬂuid–particle interface
Nield number for the ﬂuid–solid matrix interface
Pressure (Nm−2)
Prandtl number
Reynolds number
Schmit number
Time(s)
Temperature (K)
Axial velocity (ms−1)
Cartesian coordinate (m)
thermal diffusivity (m2s−1)
Modiﬁed particle thermal capacity ratio by (11k)
Modiﬁed solid thermal capacity ratio by (11l)
Porosity
Modiﬁed particle thermal diffusivity ratio by (11m)
Modiﬁed solid thermal diffusivity ratio by (11n).
Viscosity (kg m−1s−1)
Density (kg m−3)
Volume fraction
Modiﬁed diffusivity ratio
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