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Abstract
This paper investigates numerically the laminar natural convection flow and heat transfer in two-dimensional prismatic enclosures.
The top inclined walls are considered at constant high temperature Th, two vertical walls are adiabatic and the bottom wall of the
enclosure is kept at low constant temperature Tc. The governing equations are solved by Penalty Finite Element Method using
3
5
Galerkin’s weighted residual scheme. The effect of the parameters namely Rayleigh number varying from 10 to 10 and Prandtl
number varying from 0.026 to 10 on the streamlines, isotherms and heatlines has been presented graphically. Comprehensive
average Nusselt numbers at the hot and cold walls, average temperature and average velocity in the cavity are also shown as
functions of the governing parameters mentioned above. Results indicate that the heat transfer rate is significantly affected by
increasing both the parameters.
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Introduction
Natural convection in enclosed cavities is important in many engineering applications, for example, geophysics,
geothermal reservoirs, insulation of building, heat exchanger design, building structure, and so on. These
applications motivate many researchers to perform numerical simulation for investigating the flow pattern,
temperature distribution, and heat flow. Literature reviews on natural convection inside triangular, trapezoidal and
rhombic enclosures having different temperature boundary conditions and filled with porous medium are available in
[1-5]. The wide range of applicability of flow inside various cavities (food processing industries, molten metal
industries, etc.) requires thorough understanding for cost efficient processes. It is essential to study the heat transfer
characteristics in complex geometries to obtain optimal design of the processes for improving the product quality. In
view of various applications of thermal processes, a comprehensive understanding of heat transfer and flow
circulations within prismatic cavities is very much essential for industrial development. Current work attempts to
analyze heat transfer, correlations and energy distributions using heatline concept.
The ‘heatline’ method is the way of visualizing the heat recovery system or true path of convective heat transfer. The
heatline concept was first introduced by Kimura and Bejan [6] and Bejan [7]. Heatline is the best tool to analyze and
understand the heat flow in 2D convective transport processes and this concept is similar to streamline which is
important to analyze fluid motion. Heatlines represent heatflux lines which represent the trajectory of heat flow in
the system and they are normal to the isotherms for conductive heat transfer. It may be noted that heatfunctions are
mathematical representations of heatlines and each heatline contour corresponds to constant heatfunction. Various
applications using heatlines were studied by Bello-Ochende [8], Costa [9-12], Mukhopadhyay et al. [13,14] and Deng
and Tang [15]. Dalal and Das [16] have used heatline method for the visualization of flow in a complicated cavity.
Parvin and Chamkha [17] have studied the analysis on free convection flow, heat transfer and entropy generation in
an odd-shaped cavity filled with nanofluid. A study on non-darcy forced convection through a wavy channel using
CuO nanofluid is available in [18]. Various applications of natural convection have studied by Parvin et al. [19-20].
Various aspects of flow and heat and/or mass transfer in trapezoidal and rectangular enclosures were studied by
Chamkha and co-workers [21-24]. Talabi and Nwabuko [25] have studied the natural convection numerically in
parabolic enclosures. Rahman and Sharif [26] have studied free convective laminar flow with and without internal
heat generation in rectangular enclosures for different aspect ratios at various angles of inclination. Natural
convection in differentially heated square enclosures has been studied extensively. De Val Davis [27] obtained a
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benchmark numerical solution of buoyancy driven flow in a square cavity with vertical walls at different temperatures
and adiabatic horizontal walls. De Val Davis and Jones [28] presented a comparative study on different contributed
3
6
solutions to the same problem. These solutions covered the range of Rayleigh numbers from 10 to 10 . The effects of
vertical parabolic walls on natural convection in a parabolic enclosure have investigated numerically by Mustafa [29].
Diaz and Winston [30] have analyzed the interaction of natural convection and surface radiation in two-dimensional
parabolic cavities heated from below with insulated walls and flat top and bottom walls numerically.
Recently, Yaseen [31] has studied and analyzed numerically the steady natural convection flow in a prismatic
enclosure with strip heater on bottom wall. For this enclosure, top inclined walls are considered at low temperature,
two vertical walls were adiabatic and strip heater was at constant high temperature mounted on the bottom
enclosure while the reminder bottom wall was kept at low temperature. However, a comprehensive analysis on heat
flow during natural convection in a prismatic enclosure with the heatline approach is yet to appear in the literature.
The aim of the current work is to analyze the heat transfer in prismatic enclosures, to visualize the heat flow in the
enclosures and to recommend efficient heat transfer to the cold fluid. The governing equations for heat and fluid flow
are solved using the Galerkin finite element method with penalty parameter. The Poisson equations for
streamfunction and heatfunction are also solved using the Galerkin method. The jump discontinuity in Dirichlet type
of wall boundary conditions for temperature at corner points corresponds to computational singularities. The
problem is tackled by considering the average temperature of the two walls at the corner and keeping the adjacent
grid nodes at the respective wall temperatures. The key parameters for the analysis are considered as the Prandtl
number, Rayleigh number and Nusselt number. Wide range of Prandtl numbers are assumed from 0.026 to 10 and
this wide range of Prandtl number ensures that almost all types of fluids of industrial importance is covered in the
present study. Small Prandtl numbers (Pr = 0.026) correspond to that of molten metals, Pr = 0.7 is for air and similar
fluids, Pr = 10 is usually for salt water. Finally, heat recovery for various fluids has been assessed via computing heat
transfer rates or Nusselt numbers.
Mathematical Formulation
Momentum and Energy Formulation
The physical domain is shown in Fig. 1. The fluid properties are assumed to be constant except the density variation
which is determined according to the Boussinesq approximation. This approximation is used in the field of buoyancy
driven flows and it is based on the fact that variation of density with the temperature can be neglected, except in the
body force term. The dimension in Z-direction has been assumed to be sufficiently large such that two-dimensional
approximation of temperature and flow fields are adequate. Under these assumptions, the governing equations for
steady two dimensional laminar incompressible flows can be written in dimensionless form as:
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In equation (5), X and Y are the dimensionless distances along x- and y-coordinate, respectively, L is vertical depth of
the cavity, i.e. perpendicular distance from the bottom wall to the top corner point, U and V are the corresponding
velocity components along the coordinate axes, P denotes the dimensionless pressure whereas Pr and Ra denote
Prandtl and Rayleigh numbers, respectively.
The boundary conditions can be summarized by the following equations:

20

International Journal of Energy & Technology Volume 7, 2015

•

For the bottom wall: U = 0, V = 0, θ = 0

•

For the side walls: U = 0, V = 0,

•

For the inclined walls: U = 0, V = 0, θ = 1
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FIG. 1. SCHEMATIC DIAGRAM OF THE PHYSICAL SYSTEM

The continuity equation (1) is used as a constant due to conservation of mass and it can be used to obtain the
pressure distribution. The momentum and energy balance equations, namely, Eqns. (2)-(4), are solved using Galerkin
finite element method. To solve Eqns. (2) and (3), penalty finite element method has been used to eliminate the
pressure P with a penalty parameter γ and the incompressibility criteria given by Eqn. (1) via following relationship:

 ∂U ∂V 
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−γ 
+

 ∂X ∂Y 

(6)

Typically, γ = 107 yields consistent solutions. Applying Eqn. (6), the momentum balance equations, namely, Eqns. (2)
and (3), are reduced to
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The system of equations, namely, Eqns. (7), (8) and (4) along with appropriate boundary conditions are solved using
Galerkin finite element method ([32], [33]).
Streamfunction and Heatfunction
Analysis of fluid motion is displayed by means of streamfunction ψ which is obtained from velocity components U
and V. The relationships between streamfunction and velocity components for two-dimensional flows are
∂ψ
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which give a single equation

The positive sign of ψ denotes anticlockwise circulation and the clockwise circulation is represented by the negative
sign of ψ . The no-slip condition is valid at all boundaries as there is no cross-flow. Hence ψ = 0 is used for
boundaries.
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The heat flow within the enclosure is displayed using the heatfunction Π obtained from conductive heat fluxes
 ∂θ ∂θ 
,−
−
 as well as convective heat fluxes (Uθ, Vθ). The heatfunction satisfies the steady energy balance
 ∂X ∂Y 
equation (Eq. (4) [6]) such that
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The sign convention for heatfunction is as follows. The positive sign of Π denotes anti-clockwise heat flow and
clockwise heat flow is represented by negative sign of Π. Heatfunctions are obtained via finite element method
similar to the procedure for evaluation of streamfunctions. In order to obtain a unique solution of Eq. (12), following
boundary conditions are implemented. Neumann boundary conditions for Π are obtained due to isothermal (hot or
cold) wall based on Eq. (11) and for isothermal (hot or cold) wall n.∇Π = 0 .
Average Nusselt Number
The average Nusselt number, average temperature and average velocity may be expressed as

1 S  ∂θ   ∂θ 
− ∫ 
Nu =
 +
 dS
S 0  ∂X   ∂Y 
2

2

θ av = ∫ θ dV / V and Vav = ∫ V dV / V
where S is the non-dimensional length of the surface and V is the volume to be accounted.
Numerical Implementation
The Galerkin finite element method (Taylor and Hood [32] and Dechaumphai [33]) is used to solve the nondimensional governing equations along with boundary conditions for the considered problem. The equation of
continuity has been used as a constraint due to mass conservation and this restriction may be used to find the
pressure distribution. The finite element method of Reddy [34] is used to solve the Eqns. (9) - (12) where the pressure
P is eliminated by a constraint. The continuity equation is automatically fulfilled for large values of this penalty
constraint. Then the velocity components (U, V), temperature (θ) and concentration (C) are expanded using a basis
set. The Galerkin finite element technique yields the subsequent nonlinear residual equations. Three points Gaussian
quadrature is used to evaluate the integrals in these equations. The non-linear residual equations are solved using
Newton–Raphson method to determine the coefficients of the expansions. The convergence of solutions is assumed
when the relative error for each variable between consecutive iterations is recorded below the convergence criterion ε
such that ψ n+1 −ψ n ≤ 10−4 , where n is the number of iteration and ψ is a function of U, V, θ and C.

FIG. 2. FINITE ELEMENT MESH OF THE DOMAIN
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Mesh Generation
In the finite element method, the mesh generation is the technique to subdivide a domain into a set of sub-domains,
called finite elements, control volume, etc. The discrete locations are defined by the numerical grid, at which the
variables are to be calculated. It is basically a discrete representation of the geometric domain on which the problem
is to be solved. The computational domains with irregular geometries by a collection of finite elements make the
method a valuable practical tool for the solution of boundary value problems arising in various fields of engineering.
Fig. 2 displays the finite element mesh of the present physical domain.
Grid Independent Test
4

An extensive mesh testing procedure is conducted to guarantee a grid-independent solution for Ra = 10 and Pr = 0.7
in a prismatic enclosure. In the present work, we examine five different non-uniform grid systems with the following
number of elements within the resolution field: 454, 926, 1504, 2270 and 9948. The numerical scheme is carried out
for highly precise key in the average Nusselt (Nu) number for the aforesaid elements to develop an understanding of
the grid fineness as shown in Fig. 3.
The scale of the average Nusselt numbers for 2270 elements shows a little difference with the results obtained for the
other elements. Hence, considering the non-uniform grid system of 2270 elements is preferred for the computation.

FIG. 3. GRID INDEPENDENT TEST

Results and Discussion
In this section, numerical computation has been carried out through the finite element method to analyze natural
convection within a prismatic enclosure based on heatline concept. This study considers temperature gradient
imposed by hot inclined walls and cold bottom wall and the buoyancy force, hot or lighter fluid tends to move near
the bottom wall and the cold or heavier fluid tends to move towards the inclined walls. Results of isotherms,
streamlines and heatlines for various values of Rayleigh number (Ra) and Prandtl number (Pr) in the prismatic
3
4
5
enclosure are displayed. The considered values of Ra and Pr are Ra = (10 , 10 and 10 ) and Pr = (0.026, 0.7 and 10). In
addition, the values of local and average Nusselt number at the top inclined walls and the bottom wall as well as
average temperature and average velocitiy in the cavity have been calculated for different mentioned parameters.
Effect of Rayleigh Number
3

5

The influence of Rayleigh number Ra (from 10 to 10 ) on isotherms for the present configuration at Pr = 0.7 has been
demonstrated in Fig. 4(a). The pattern of isotherms are smooth and monotonic and are symmetric to the central
vertical line for all the considered values of Ra. At low Rayleigh number, the higher temperature lines remain near the
hot upper walls. These lines move toward the bottom and become almost parallel due to the increasing values of Ra.
This happens due to the presence of significant natural convection in the system. Higher values of Ra causes higher
temperature gradient and thus the isothermal lines move from hot walls to the cold wall.
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Corresponding streamlines are shown in Fig. 4(b). There are two symmetric circulation cells formed inside the
3
enclosure. At Ra = 10 , cores of the rotating cells are circular while for increasing values of Ra, they are becoming ovalshaped which indicates the greater strength of streamfunctions. It is interesting to observe that the stream function
contours are moving to the top portion of the cavity. Intensity of circulations is greater near the top inclined walls
5
and least at the bottom wall due to the thermal boundary conditions. As Rayleigh number increased to 10 , the
intensity of buoyancy driven circulations inside the cavity increases.
The heatlines are constructed based on the isothermal boundary conditions. As seen from the Fig. 4(c), heatlines are
3
smooth and nearly parallel to the vertical lines for Ra = 10 where heat transport is conduction dominant. As Rayleigh
5
number is increased to 10 , the density of the heatlines near the heated walls increasing and deformation in heatlines
are clear. This leads to higher convective heat transport from the heated walls. In addition, there creates two small
vortices at the highest Ra, which is consistent with the streamfunction patterns.

Ra =103

Ra =104

Ra =105

FIG. 4(a). EFFECT OF Ra ON ISOTHERMS AT Pr = 0.7

Ra =103

Ra =104

Ra =105

FIG. 4(b). EFFECT OF Ra ON STREAMLINES AT Pr = 0.7

Ra =103

Ra =104

Ra =105

FIG. 4(c). EFFECT OF Ra ON HEATLINES AT Pr = 0.7

Effect of Prandtl Number
5

Fig. 5(a) shows the effect of various Prandtl numbers, namely, Pr = (0.026, 0.7 and 10) on isotherms at Ra = 10 . The
isotherms are symmetric to the central vertical line because of symmetric boundary condition. At very near to the
middle portion, isotherms are linear for Pr = (0.7,10) compared to Pr = 0.026. This deformation caused by higher
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viscosity with the increasing value of the Prandtl number.
Fig. 5(b) illustrates that with the increasing value of the Prandtl number the streamlines are less dense near the
central vertical line. It is noteworthy to mention that second and third figure in Fig. 5(b) have almost the similar
trend of streamlines. The central cores of the circulatory cells are moving near the corner points. They become
elliptical from circular pattern with the increasing values of the Prandtl number. Strength of vortices become higher
with higher Prandtl number. It is also observed that as Prandtl number increased to 10, the streamlines become more
strengthen which means the magnitude of the streamfunction is also increasing.
As seen from Fig. 5(c), the heatlines are very dense near the central vertical line for Pr = (0.7,10) when compared to Pr
= 0.026. The heatlines illustrate that for low Prandtl number, conduction dominant effect plays critical role on larger
heat to flow from the inclined walls to the bottom wall. It is observed that the central core of the vortices is moving
near the corner points.

Pr = 0.026

Pr = 0.7

Pr = 10

FIG. 5(a). EFFECT OF Pr ON ISOTHERMS AT Ra = 105

Pr = 0.026
Pr = 0.7

Pr = 10

FIG. 5(b). EFFECT OF Pr ON STREAMLINES AT Ra = 105

Pr = 0.026

Pr = 0.7

Pr = 10

FIG. 5(c). EFFECT OF Pr ON HEATLINES AT Ra = 105

Average Nusselt Number
Figs. 6(a) and 6(b) show the distribution of the average Nusselt number at the top inclined walls and bottom wall,
respectively, versus the Rayleigh number for various Prandtl number.
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General observation is that the average Nusselt number increases with Rayleigh numbers and it is utilized to
represent the overall heat transfer rate within the domain. From both the figures, it is seen that the average Nusselt
4
number enhances slowly upto Ra = 10 and beyond this region they rise rapidly for different effect of Prandtl number.
On the other hand, highest heat transfer rate is observed for Pr = 10 for both the walls. That is, higher bouyancy
effect as well as viscous effect lead to higher heat transfer for both the hot and cold walls.

FIG. 6(a). AVERAGE NUSSELT NUMBER AT THE TOP INCLINED WALLS

FIG. 6(b). AVERAGE NUSSELT NUMBER AT THE BOTTOM WALL

Average Temperature and Average Velocity
Fig. 7(a) demonstrates the distribution of average temperature versus the Rayleigh number for different Prandtl
number. It is seen that the average temperature rise for increasing both the parameters Ra and Pr. The average
velocity in the domain is depicted in Fig. 7(b). In this velocity profile, the various effects of Pr show the opposite
behavior compared to the other profiles. At lower values of Pr, the average velocity increases rapidly. In contrast, they
are almost linear with the higher values of Pr, e.g. at Pr = 10. The movement of the fluid becomes slower due to higher
viscous effect at high Pr values.

FIG. 7(a). AVERAGE TEMPERATURE IN THE DOMAIN

FIG. 7(b). AVERAGE VELOCITY IN THE DOMAIN

Conclusion
The prime objective of the current investigation is to analyze a physical as well as computational insight due to
heatflow for natural convection within a prismatic enclosure. The key controlling parameters for this analysis are
Rayleigh number and Prandtl number which govern the overall heat transfer rate, i.e. Nusselt number. The heat
transfer rates have analyzed with average Nusselt number for the top inclined walls and the bottom wall of the
enclosure. The motivation is to understand the effect of each of these parameters on the heat flow process. In
addition, the values of Prandtl number (0.026, 0.7, 10) have been chosen such that the system depicts wide range of
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commonly used applications. The visualization of heat flow inside any cavity is incomplete unless we know about the
heat flow and hence we have introduced the heatline concept in the prismatic enclosure which enables us to
understand the heat flow trajectory. During conduction dominant heat transfer, it is observed that isotherms,
streamlines and heatlines are found to be monotonic and smooth. Also, the heatlines will be perfectly normal to the
4
isotherm during conduction dominant heat transfer. However, as Ra increases to 10 , convection is initiated. The
strong dominance of convection in heat transfer is clearly illustrated via large magnitudes of streamfunctions and
5
heatfunctions when Ra is increased to 10 .
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NOMENCLATURE
-2

g
acceleration due to gravity [ms ]
-1 -1
k
thermal conductivity [Wm K ]
L
length of the base and height of the prismatic cavity [m]
Nu Nusselt number
-2
p dimensional pressure [Nm ]
P
dimensionless pressure
Pr Prandtl number
Ra Rayleigh number
T
dimensional temperature [K]
-1
u, v velocity components along the (x, y)-axes [ms ]
U, V dimensionless velocity components along the (x, y)-a axes
x, y distance along x- and y- coordinates [m]
X, Y dimensionless distance along x- and y- coordinates
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Greek Symbols

α
β

γ
ν

θ
ρ
ψ

2 -1

thermal diffusivity [m s ]
-1
thermal expansion coefficient [K ]
penalty parameter
2 -1
kinematic viscosity of the fluid [m s ]
dimensionless temperature
-3
density of the fluid [kgm ]
stream function

Subscripts
av
c
h

average
cold
hot
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