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This article investigates steady, laminar, stagnation-point flow of an incompressible nanofluid over an imper-
meable stretching sheet in the presence of a uniform magnetic field and a homogeneous chemical reaction.
The governing partial differential equations with the corresponding boundary conditions for the flow problem
considered are reduced to a system of non-linear ordinary differential equations using suitable similarity trans-
formations. The transformed non-linear ordinary differential equations are then solved numerically using the
Runge-Kutta-Fehlberg method of fourth-fifth order. Graphical results are shown and discussions are carried out
for the non-dimensional velocities, temperature and nanoparticle concentration near the stagnation point for
the effects of the magnetic field, chemical reaction, and the Brownian motion and thermophoretic parameters.
Comparison with previously published work is performed and an excellent agreement is observed for the limited
case of existing literature.
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1. INTRODUCTION
Nanofluid is a fluid containing nanometer-sized particles/
fibers called nanoparticles. The term “nanofluid” was first
proposed by Choi in 1995, to indicate engineered colloids
composed of nanoparticles dispersed in a base fluid. Mate-
rials commonly used for nanoparticles include oxides such
as alumina, silica, titania and metals such as copper and
gold. Carbon nanotubes and diamond nanoparticles have
also been used to realize nanofluids. Popular base flu-
ids include water and organic fluids such as ethanol and
ethyleneglycol and the volumetric fraction of nanoparti-
cles in the base fluid is usually below 5%. These fluid
mixture found to have excellent properties that make them
potentially useful in many applications in heat transfer,
including microelectronics, fuel cells, pharmaceutical pro-
cesses and hybrid-powered engines, engine cooling/vehicle
thermal management, domestic refrigerator, chiller, heat
exchanger, nuclear reactor coolant, in grinding, machining,
in space technology, defense and ships, and in boiler flue
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gas temperature reduction. A very small amount of rela-
tively higher thermal conductivity nanometer-sized parti-
cles, when dispersed uniformly and suspended stably in
conventional fluids, can provide dramatic improvements in
the thermo-physical properties of the base fluid. Eastman
et al.1 reported a 40% increase in the thermal conductiv-
ity of ethylene-glycol with 0.3 vol% copper nanoparticles
of 10 nm diameter. Das et al.2 have observed increases
of 10–25% in water with 1–4 vol% alumina nanoparti-
cles. Also, it appears that thermal conductivity of nanoflu-
ids is a strongly increasing function of temperature, much
more so than that of pure liquids.2�3 They exhibit enhanced
thermal conductivity and the convective heat transfer coef-
ficient compared to the base fluid. Since the pioneering
work of Choi,4 studies related to the nanofluid dynamics
have increased greatly in recent due to its wide applica-
tions in industrial and engineering systems. Kuznetsov and
Nield5 studied the influence of nanoparticles on natural
convection boundary layer flow past a vertical plate by tak-
ing Brownian motion and thermophoresis into the account.
Nield and Kuznetsov6 extended the Cheng–Minkowycz7

problem to consider nanofluids, by incorporating Brownian
motion and thermophoresis.
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Blasius type flow in the boundary layer due to a sheet
issuing with constant speed from a slit into a fluid at rest
was investigated by Sakiadis.8 An extension to this prob-
lem is that of a stretching sheet which occurs in drawing
of plastic films. Theoretical study of boundary layer flow
over a stretching surface was pioneered by Crane9 and that
of studies on convective flow over stretching surface was
given by Wang.10 He obtained a closed-form solution for a
stretching sheet whose velocity is proportional to the dis-
tance from the slit. Thereafter, various aspects of the flow
and/or heat transfer problems for stretching surfaces have
been explored in many investigations (see, Refs. [11–18]).
The problem of laminar fluid flow which results from
the stretching of a flat surface in a nanofluid has been
investigated numerically by Khan and Pop.19 They found
that the reduced Nusselt number is a decreasing function
of each dimensionless number, while the reduced Sher-
wood number is an increasing function of higher Prandtl
number and a decreasing function of lower Prandtl num-
ber for each Lewis, Brownian motion and thermophoresis
numbers.
As early as 1911, Hiemenz20 studied the steady prob-

lem on two-dimensional boundary layer flow near the
forward stagnation-point on an infinite wall using a sim-
ilarity transform, which reduces the number of indepen-
dent variables from two to one. This solution was later
improved by Howarth.21 Further, Chiam,22 Mahapatra and
Gupta,23 Lok et al.24 and Wang,25 etc., have studied var-
ious aspects of the problem on a stretching sheet in its
own plane and of stagnation-point flow towards a stretch-
ing sheet. In the afore mentioned works, Navier-Stoke’s
equations are reduced to a set of non-linear ordinary dif-
ferential equations using similarity transformations and
solved numerically. Recently, Ibrahim et al.26 numerically
analyzed the hydro-magnetic stagnation point flow and
heat transfer due to nanofluid towards a stretching sheet.
Their results show that heat transfer rate at the sheet
surface increases with magnetic parameter when the free
stream velocity exceeds stretching velocity. But the prob-
lem of inclined angle on natural convection heat trans-
fer and fluid flow in a two-dimensional enclosure filled
with Cu-nanofluid was reported by Abu-Nada and Oztop.28

Ramesh et al.29 studied mixed convection boundary layer
flow over an inclined stretching surface immersed in an
incompressible viscoelastic fluid. Rana et al.30 found the
numerical solution for mixed convection boundary layer
flow of a nanofluid along an inclined plate embedded in
a porous medium. Recently, Rudraswamy and Gireesha31

analysed the effect of inclination angle and magnetic field
on flow and heat transfer of a nanofluid over an imperme-
able stretching sheet.
Despite several works have been reported on flow and

heat transfer of nanofluids, there seems to be no attempts
in literature to consider the flow over an inclined stretch-
ing sheet on hydro-magnetic stagnation point flow and

heat transfer of nanofluid. In view of this, we present a
theoretical analysis over a study on stagnation-point flow
and heat transfer of nanofluid past an inclined stretching
sheet in the presence of uniform magnetic field taking in
to the account of Brownian motion and thermophoretic
effects. The Runge-Kutta-Fehlberg-45 method has been
employed to solve the governing non-linear ordinary dif-
ferential equations. The numerical results so obtained are
discussed with the help of plotted graphs and tabulated
results.

2. MATHEMATICAL FORMULATION
Consider a steady, laminar, boundary layer flow of an
incompressible nanofluid along a semi-infinite inclined
stretching sheet coinciding with the plane y = 0 and the
flow being confined to y > 0 with an acute angle � to
the vertical, as depicted in Figure 1. The coordinate sys-
tem is such that x measures the distance along the plate
and y measures the distance normally into the fluid. The
flow is generated due to the linear stretching of the sheet,
caused by simultaneous application of two equal and oppo-
site forces along the x-axis. Keeping the origin fixed, the
sheet is then stretched with a velocity Uw�x�, varying lin-
early with a distance from the slit. It is assumed that the
vertical stretching sheet is inclined with an acute angle �,
the temperature T and the nanoparticle fraction C take
constant values Tw and Cw, respectively. The ambient val-
ues of T and C attains T� and C�, respectively as y tends
to infinity.
The Oberbeck–Boussinesq approximation is employed

and the basic steady conservation of mass, momentum,
energy and concentration equations of nanofluid for the
problem considered can be written in vector notation as,

�V = 0 (1)

Fig. 1. Geometrical configuration of the flow problem.
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�f �V ·�V �

=−�p+�� 2V − �H2
0V

�

+g

[
C�p + �1−C�

{
�f

(
1−
	�T −T��

)}]
cos� (2)

��c�f �V ·�T �= k� 2T + ��c�p 
DB�C ·�T
+ �DT /T���T ·�T � (3)

V ·�C =DB�
2C+ �DT /T���

2T −k1C (4)

Here V = �u� v� is the two-dimensional velocity vector,
�f , �, and 	 are the density, dynamic viscosity and volu-
metric volume expansion coefficient of the fluid and g is
the gravitational acceleration. H0 is the strength of applied
magnetic field, while �p is the density of particles, k1 is
the rate of chemical reaction, DB and DT are Brownian
diffusion and thermophoretic diffusion coefficient, respec-
tively. Equations (1)–(4) are based on the earlier model of
Nield and Kuznetsov,6 with a modification included for the
plate inclination. It is also assumed that the external elec-
tric field is zero and the electric field due to polarization
of charges is negligible.

A set of boundary conditions for the above flow problem
are prescribed as

u=Uw�x�� v=0� T =Tw� C=Cw at y=0

u=U�x�� v=0� T →T�� C→C� as y→� (5)

where, Uw�x�= cx is the stretching sheet velocity, U�x�=
bx is the free stream velocity, c > 0 is the stretching rate
being a positive constant. In keeping with the Oberbeck–
Boussinesq approximation and an assumption that the
nanoparticle concentration is dilute and with a suitable
choice for the reference pressure, we can linearize the
momentum equation and write Eq. (2.2) as

�f �V ·�V � = −�p+�� 2V − �H2
0V

�

+ g
�1−C���f�	�T −T��

− (
�p −�f�

)
�C−C��� cos� (6)

We now make the standard boundary layer approximation,
on a scale analysis and rewrite the governing equations as
follows:

�u

�x
+ �v

�y
= 0 (7)

�p

�x
= 

�2u

�y2
− �H2

0 u

�
−�f

(
u
�u

�x
+ v

�u

�y

)

+g
�1−C���f�	�T −T��

− (
�p −�f�

)
�C−C��� cos� (8)

�p

�y
= 0 (9)

u
�T

�x
+v

�T

�y
=�m

�2T

�y2
+�

[
DB

�C

�y

�T

�y
+DT

T�

(
�T

�y

)2
]

(10)

u
�C

�x
+ v

�C

�y
=DB

�2C

�y2
+ DT

T�

�2T

�y2
−k1C (11)

where, �m = k/�cf is the thermal diffusivity of the fluid
and � = ��c�p/��c�f is the ratio between the effective heat
capacity of the nanoparticle material and heat capacity of
the fluid. One can introduce a set of similarity transforma-
tions as,

� =
√

c


y� � �x� y�=√

cxf ���

� = T −T�
Tw−T�

and �= C−C�
Cw −C�

(12)

so that (7) is satisfied identically. With the help of these
relations, Eqs. (8)–(11) and boundary condition (5) gets
transformed to the following form;

f ′′′ + ff ′′ − �f ′�2+A2+Rax ��−Nr��cos�

−M �f ′ −A�= 0 (13)

�′′

Pr
+ f�′ +�′�′Nb+Nt ��′�2 = 0 (14)

�′′ +Lef�′ + Nt

Nb
�′′ −��= 0 (15)

f �0�= 0� f ′ �0�= 1� f ′ ���= A� � �0�= 1

� ���= 0� � �0�= 1� � ���= 0 (16)

where a prime denotes differentiation with respect to � and
Pr = /�m is Prandtl number, Nt = �DT �Tw −T��/T�
is thermophoresis parameter, Nb = �DB�Cw −C1�/ is
Brownian motion parameter, Le= /DB is Lewis number,
Rax = ��1−C��	g �Tw −T�� f��/�c2x� is local Rayleigh
number, Nr = �

(
�p −�f�

)
�Cw −C���/��f�	�Tw −T�� ·

�1−C��� is buoyancy ratio and M = ��H2
0 �/c� is mag-

netic parameter called Hartmann number.
When Nr�Nb and Nt are all zero, Eqs. (13) and (14)

involve just two dependent variables, namely f and �
and the boundary-value problem for these two variables
reduces to the classical Pohlhausen–Kuiken–Bejan prob-
lem. (The boundary-value problem for f then becomes
ill-posed and is of no physical significance).
The physical quantities of interest for this problem are

the skin friction coefficient
(
Cf

)
, local Nusselt number

�Nux� and the local Sherwood number �Shx�. These are
defined, respectively as

cf =
�w

�f u
2
w

� Nux =
xqw

k �Tw −T��
� and

Shx =
xqm

DB �Cw −C��
(17)
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where the shear stress ��w�, surface heat flux �qw� and
surface mass flux �qm� are given by

�w = �
�u

�y
� qw =−k

�T

�y
� and

qm =−DB

�C

�y
at y = 0 (18)

Using the non-dimensional variables, we obtain

Cf �Rex�
1/2 = f ′′ �0� � Nux �Rex�

−1/2 =−�′ �0�

and Shx �Rex�
−1/2 =−�′ �0� (19)

where, Rex = �xUw �x��/ is the local Reynold’s number.

3. NUMERICAL SOLUTION
Since the equations are highly nonlinear, a numerical
treatment would be more appropriate. The system of
transformed Eqs. (13)–(15) together with the boundary
conditions (16) are numerically solved by employing
Runge–Kutta-Fehlberg-45 method with shooting tech-
niques with a systematic guessing of f ′′ �0� ��′ �0� and
�′ �0� using symbolic software, Maple. Effects of devel-
opment of the steady boundary layer flow, heat transfer
and nanoparticle volume fraction over an inclined stretch-
ing surface in a nanofluid are studied for different values
of Brownian motion parameter, thermophoresis parame-
ter, magnetic parameter, chemical reaction parameter and
Lewis number. In the following section, obtained results
are discussed in detail. In accordance with the boundary
layer analysis, the boundary condition (16) as � → � is
replaced by � = 5.
Accuracy of the afore mentioned numerical method

was validated by direct comparison with numerical results
obtained by Khan and Pop,19 Gorla and Sidawi28 and
Wang10 on keeping A = � = Nr = M = � = 0 as shown
in the Table I. Table II gives the numerical comparison
of results for the reduced Nusselt number with Cheng7

and Rana et al.29 by keeping A = Nr = Nb = Nt = 0 and
�= �/4.

4. RESULTS AND DISCUSSION
To provide physical insight into the flow problem, com-
prehensive numerical computations are conducted for
various values of physical parameters, such as the

Table I. Comparison of results for −�′�0�.

Khan and Gorla and Present
Pr Pop19 Sidawi27 Wang10 work

0.07 0.0663 0.0663 0.0656 0.0663
0.20 0.1691 0.1691 0.1691 0.1691
0.7 0.4539 0.5349 0.4539 0.4539
2 0.9113 0.9113 0.9113 0.9113
7 1.8954 1.8905 1.8954 1.8954
20 3.3539 3.3539 3.3539 3.3539

Table II. Comparison of results for local Rayleigh number �Rax� for
Nr = Nb = Nt = 0�� = �/4.

Rax Cheng7 Rana et al.30 Present results

0.0 0�5641 0�5641 0�5641
0.5 0�6473 0�6474 0�6473
1.0 0�7205 0�7199 0�7205
3.0 0�9574 0�9571 0�9574
10.0 1�516 1�5090 1�516

magneticfield parameter �M�, thermophoresis parameter
�Nt� Brownian motion parameter �Nb� angle of inclina-
tion ��� Lewis number �Le� chemical reaction parameter
��� and Bouyancy ratio �Nr� that describe the flow char-
acteristics and the results are displayed with the help of
graphical illustrations.
The effect of Prandtl number on heat transfer rate over

a stretching plate has been illustrated in Figure 2 and it
is found that an increase in Pr rapidly shifts the profiles
towards the boundary causing a diminution in the thickness
of thermal boundary layer. Thus an increase in Pr reduces
conduction and there by increases the variation in thermal
characteristics. As expected, variation in the temperature is
more pronounced for smaller values of Pr than its larger
values.
Application of magnetic field has a tendency to slow

down the movement of the fluid causing its velocity to
decrease as magnetic field parameter increases. This would
happen because application of a transverse magnetic field
sets up the Lorentz force, which retards the fluid veloc-
ity. This decrease in the flow movement as the magnetic
field parameter increases is accompanied by increase in
the temperature profile and is justified in Figure 3.
Figure 4 plots the temperature and concentration func-

tions versus � for different values of the Brownian motion
parameter. Here unlike the temperature �, concentration
boundary layer reduces as Nb increases which thereby

Fig. 2. Effect of Prandtl number �Pr� on temperature profile.

242 J. Nanofluids, 4, 239–246, 2015
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Fig. 3. Effect of magnetic parameter �M� on temperature and velocity profiles.

enhances the nanoparticle concentration at the sheet. Fur-
ther, it is noticed that concentration � is only affected for
different values of Nb in the range 0 < Nb ≤ 1.

Numerical results of thermophoresis parameter �Nt�
corresponding to the non-dimensional temperature and
concentration profiles are plotted in Figure 5. An abnormal
increase in the concentration ��� is found for a weaker
Brownian motion �Nb = 0�2�. In fact an over shoot in the
concentration function occurs as wegradually increase Nt,
the same effect is seen in the case of temperature profile
but an appreciable increase in temperature profile is found
for the increasing values of Nt.

Figure 6 illustrates the effect of angle of inclination �
on velocity and temperature profiles. It is noted that for
different values of angle of inclination �� = 00�300�600�
velocity of nanofluid decreases significantly. This would
happen because with an increase in � the buoyancy effect
decreases and thus the drag is experienced at the plate

Fig. 4. Effect of Brownian motion parameter �Nb� on concentration and temperature profiles.

surface. As the velocity of the nanofluid decreases, the rate
of heat transfer from the plate surface decreases; hence the
plate surface temperature rises along with the nanofluid
temperature, which is evident from the graph that temper-
ature increases as the angle of inclination increases.
The Temperature and concentration scales are as in

Figure 7 for the different values of Lewis number. It is
seen that the thickness of boundary layer concentration is
found to be smaller than the thermal boundary layer thick-
ness for Le > 1. Both the temperature and concentration
profiles decrease with an increase in Le. But, the concen-
tration profile is affected more even for small value of Le
as compared to temperature profile.
Graphical representations in Figures 8 and 9 shows

the variation of Cf , Nux and Shx for different values
of Nb and Nt. It is observed that for increasing values
of Nb and Nt skin friction co-efficient, Nusselt number
values decreases whereas the value of Sherwood number

J. Nanofluids, 4, 239–246, 2015 243
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Fig. 5. Effect of thermophoresis parameter �Nt� on temperature and concentration profiles.

Fig. 6. Effect of angle of inclination ��� on temperature and velocity profiles.

Fig. 7. Effect of Lewis number �Le� on temperature and concentration profiles.

244 J. Nanofluids, 4, 239–246, 2015
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Fig. 8. Effect of Brownian motion parameter �Nb� and thermophoresis
parameter �Nt� on skin friction coefficient and Nusselt number.

increases. The temperature gradient is minimum in free
stream region because thermal boundary layer thickness in
the region becomes very large. This is accompanied by a
reduction in the temperature gradient.

Figure 10 shows the effect of bouyancy ratio �Nr� on
temperature profile. It is observed that an increase in the
value of bouyancy ratio produces a significant increase
in thermal boundary layer thickness of nanofluid. So, the
temperature distribution increases with increasing values
of Nr .

Effect of chemical reaction on nanoparticle volume frac-
tion profile is shown through Figure 11. It is seen that the
nanoparticle volume fraction of the fluid decreases with
increase of chemical reaction parameter, while the pro-
file for velocity and temperature are not significant with
increase of chemical reaction parameter. In particular, the
nanoparticle volume fraction of a fluid gradually changes
from higher value to lower only when the strength of
the chemical reaction is higher than the thermophoresis
particle deposition. For nanoparticle volume characteris-
tics mechanism, interesting result is the large distortion of

Fig. 9. Effect of Brownian motion parameter �Nb� and thermophoresis
parameter �Nt� on Sherwood number.

Fig. 10. Effect of bouyancy ratio �Nr� on the temperature profile.

Fig. 11. Effect of chemical reaction parameter ��� on concentration
profile.

nanoparticle volume field caused for � = 1. This is simply
explained by the fact that the strength of chemical reaction
depends on concentration of the nanoparticles.
All these physical behaviors are due to the combined

effect of strength of the Brownian motion and ther-
mophoresis particle deposition.

5. CONCLUSIONS
A theoretical study has been carried out by obtaining
the similarity solution for the problem of boundary layer
flow of a nanofluid over an inclined stretching surface
in the presence of a magnetic field and chemical reac-
tion using the efficient numerical technique Runge-Kutta-
Fehlberg method of fourth-fifth order. We have explored a
way in which the velocity, temperature and concentration
profiles, as well as the skin friction coefficient, the local
Nusselt number and local Sherwood number depend on
governing parameters. The effects of these parameters on

J. Nanofluids, 4, 239–246, 2015 245
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the dimensionless velocity, temperature, rescaled nanopar-
ticle volume fraction, skin friction and the heat and mass
transfer rates can be summarized as follows:

• The velocity of nanofluid decreases as magnetic
field strength increases and the temperature of nanofluid
decreases with increase in the Prandtl number.
• The dimensionless velocity at the surface increases

with stretching velocity and decreases with buoyancy
parameter.
• The velocity boundary layer thickness decreases and

the thermal boundary layer thickness increases as angle of
inclination increases.
• The heat transfer rate rises for rise in either of

the magnetic parameter or thermophoresis parameter or
Brownian motion parameter and reverse trend can be seen
in the case of Lewis number.
• Mass transfer rate increases with an increase in either

of the stretching parameter or Lewis number or Brownian
motion parameter and the opposite effect can be seen in
magnetic parameter or thermophoresis parameter.
• A rise in Brownian motion parameter and ther-

mophoretic parameter enhances temperature in the bound-
ary layer. Also, increasing the thermophoresis parameter
increases the nanoparticle concentration. Whereas increas-
ing the Brownian motion parameter decreases the concen-
tration of nanoparticles.
• The impact of the chemical reaction in the presence

of uniform thermophoresis and Brownian diffusion motion
have a substantial effect on the flow field and thus, on the
heat transfer and nanoparticle volume fraction rate from
the sheet to the fluid.

It is clear that there are significant effects of the param-
eters discussed on the velocity and temperature profiles.
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