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The objective of this study is to investigate stagnation-point flow of nanofluids over an isothermal
stretching sheet. The volume fraction of nanoparticles at the sheet is assumed to be passively controlled.
Furthermore, due to low volume fraction of nanoparticles and dilute nanofluid, the thermal conductivity
and dynamic viscosity of the nanofluid are assumed to be linear functions of the volume fraction of
nanoparticles. In order to study the effects of a plethora of parameters on the boundary layer flow and
heat and mass transfer, a practical range of these parameters have been utilized. An accurate numerical
solution of the governing equations based on the finite difference method is obtained and the effect of
various physical parameters such as the Prandtl number, Lewis number, thermophoresis parameter,
and the Brownian motion parameter on the thermal, hydrodynamic, and concentration boundary layers
is evaluated. In order to examine the alteration of the thermal convective coefficient, a dimensionless
heat transfer enhancement ratio parameter is introduced. The results show that the variation of different
thermodynamic parameters induces substantial impression on the behavior of the nanoparticles
distribution. For example, it is found that an increase in the value of the Lewis number leads to a decrease
in the value of the non-dimensional nanoparticles volume fraction at the sheet, but it does not have any
influence on the thermal and hydrodynamic boundary layers. Increasing the Prandtl number is predicted
to decrease the thermal boundary layer thickness and the volume fraction of nanoparticles at the surface.
In most instances, the heat transfer augments in the presence of nanoparticles.
� 2015 The Society of Powder Technology Japan. Published by Elsevier B.V. and The Society of Powder

Technology Japan. All rights reserved.
1. Introduction

The stagnation flow over a stretching sheet has attracted
considerable pursuit of many researchers due to its broad range of
applications in technology and industry. Some of these applications
include polymer extrusion in a melt-spinning process, glass fiber,
wire drawing, and cooling of metallic sheets or electronic chips.
Depending on the rate of cooling in the process, the specified fea-
tures would be produced. Sakiadis [1] was one of the first research-
ers who worked on the boundary layer on solid surfaces, after that
many studies have been conducted on flow of Newtonian and
non-Newtonian fluids over linear and non-linear stretching sheets
[2–5]. Due to the importance of heat transfer in some fluids such
as water, grease, oil, which are poor conductors with respect to
others, researchers have endeavored to enhance the thermal
conductivity of such fluids. For this purpose, they manufactured
nanofluids intelligently. In fact, a nanofluid is a new engineered fluid
which is synthesized of solid nanoparticles in a conventional heat
transfer liquid (base fluid). The experimental measurements of the
thermo-physical properties of nanofluids reveal that incorporation
of the nanoparticles leads to augmentation of the thermal conduc-
tivity and the dynamic viscosity of the mixture [6–9]. Currently,
there are several excellent reviews on the practical and potential
industrial applications of nanofluids [10–12].

As mentioned above, the dispersion of nanoparticles in a base
fluid would augment the thermal conductivity of the nanofluid.
Therefore, it is expected that the presence of nanoparticles
increases the convective heat transfer. However, the nanoparticles
in the base fluid also alter the other thermo-physical properties
such as the dynamic viscosity, density, and the heat capacity.
Accordingly, the addition of nanoparticles may cause an increase
or a decrease of the heat transfer coefficient of a nanofluid with
respect to the base fluid. In addition, there are several slip
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Nomenclature

(x, y) Cartesian coordinates
DB Brownian diffusion coefficient (m2/s)
DT thermophoretic diffusion coefficient (m2/s)
f rescaled nanoparticles volume fraction, nanoparticles

concentration
h convective heat transfer coefficient (J/m2)
k thermal conductivity (W/m K)
Le Lewis number
Nb Brownian motion parameter
Nc variable thermal conductivity parameter
Nt thermophoresis parameter
Nv variable viscosity parameter
P pressure (Pa)
Pr Prandtl number
Rex local Reynolds number
S dimensionless stream function
T temperature (K)
u, v x and y velocity components (m/s)

Greek symbols
(qc) heat capacity (J/m3 K)
l viscosity (Pa s)
a thermal diffusivity (m2/s)
g dimensionless distance
h dimensionless temperature
m kinematic viscosity
q density (kg/m3)
u nanoparticles volume fraction
w stream function

Subscripts
1 free stream
bf the base fluid
drift-flux the drift flux model
nf nanofluid
p nanoparticles
w sheet, wall, surface
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mechanisms, including Brownian motion and thermophoresis
effects, which tend to move the nanoparticles in the base fluid.
The slip velocity of nanoparticles would affect the concentration
and the heat transfer in the boundary layer. Hence, a special atten-
tion to the fundamental analysis of convective boundary layer heat
transfer of nanofluids is highly demanded.

Due to the fact that the concentration of nanofluids would not
remain constant and nanoparticles may have a slip velocity relative
to the base fluid [13–15], some researchers showed that the migra-
tion of nanoparticles could transfer energy and also influence the
thermo-physical properties [14,16]. Buongiorno [14] investigated
the forces which affect the nanoparticles in the nanofluid.
Buongiorno [14] found that the Brownian motion and the
thermophoretic effects are two considerable forces which cause
the drift-flux (slip velocity) of nanoparticles in the base fluid.
Buongiorno [14] proposed a model to evaluate the concentration
gradient of nanoparticles in the convective heat transfer flows.

Utilizing Buongiorno’s model [14], different aspects of the con-
vective boundary layers of nanofluids over a flat plate have been
analyzed. For example, Khan and Pop [17] have evaluated the
boundary layer flow and heat transfer of nanofluids over a linear
stretching sheet. Moreover, different aspects of a boundary layer
flow and heat transfer of nanofluids over a stretching sheet have
been analyzed by previous researchers. Noghrehabadi et al. [15]
considered a partial slip velocity for the nanofluid at the sheet.
Rana and Bhargava [18] studied the effect of a non-linear velocity
of the sheet. Makinde and Aziz [19] as well as Noghrehabadi et al.
[20] examined the effect of a convective boundary condition below
the sheet. Noghrehabadi et al. [21] analyzed the magnetohy-
drodynamic (MHD) effects for the same problem. Mustafa et al.
[22] studied the flow of a nanofluid near the stagnation point
toward an isothermal stretching surface. Hamad and Ferdows
[23] analyzed the effect of a porous medium on the stagnation-
point toward an isothermal stretching surface.

In all of the mentioned studies [13–15,17,18–23,24], it was
assumed that the concentration of nanoparticles at the surface is
controlled actively. Therefore, there is a mass flux of nanoparticles
through the surface, and hence, the Sherwood number is non-zero
there. However, there is not any justification for how the concen-
tration of nanoparticles can be controlled actively at the surface.

In the mentioned studies [13–15,17,18–23,24], it was assumed
that the migration of nanoparticles in the boundary layer would
carry significant amount of energy. However, in a very recent study
by Behseresht et al. [24], it has been reported that the energy
transfer because of the migration of nanoparticles in natural con-
vection flows is not significant. They have reported that the range
of non-dimensional parameters corresponding to nanofluids,
adopted in the literature, is not in agreement with the practical
range of these parameters. The same conclusion is applicable in
the case of a boundary layer flow over stretching sheets. In all of
the mentioned studies [13–15,17,18–23], the Brownian motion
parameter and thermophoresis parameter are assumed much lar-
ger than their practical values. In the most of the previous studies,
these parameters are adopted in the order of 10�1; however, they
should be in the order of 10�6 and lower. Such low values of these
parameters diminish the contribution of nanoparticles in the heat
transfer equation. However, the concentration boundary layer is
related to the ratio of thermophoresis to the Brownian motion
parameter and may remain significant. In addition, the previous
studies [13–15,17,18–23,24] assumed that the thermal conductiv-
ity and the dynamic viscosity of nanofluids are solely functions of
the ambient volume fraction of nanoparticles and that they can be
assumed constant in the governing equations. Hence, the effect of
the local volume fraction of nanoparticles on the thermal conduc-
tivity and the dynamic viscosity was completely neglected. This
assumption in the case of nanofluids could be an inadequate
assumption. Because the experiments show that even a very low
volume fraction of nanoparticles can significantly affect the
thermo-physical properties of nanofluid [25,26]. In fact, since a
nanofluid is a dilute mixture of a base fluid and nanoparticles,
any variation of the concentration of nanoparticles in the base fluid
could be significant.

The aim of the present study is to evaluate a stagnation-point
flow and boundary layer heat and mass transfer of nanofluids over
a stretching sheet. A practical boundary condition, the zero mass
flux of nanoparticles through the sheet, is adopted. The dynamic
viscosity and the thermal conductivity of the nanofluid are
considered as functions of the local volume fraction of
nanoparticles. The governing partial differential equations are
transformed into a set of ordinary differential equations using
similarity variables. Adopting the practical range of non-dimen-
sional parameters, the effect of the nanofluids parameters on the
boundary layer flow, heat and mass transfer is theoretically
analyzed.
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2. Mathematical formulation

Consider a two-dimensional incompressible stagnation-point
flow and heat transfer of a nanofluid over an impermeable and
isothermal stretching horizontal sheet. A schematic diagram of
the physical model is illustrated in Fig. 1. According to the previous
study, accomplished by Buongiorno [14], the migration of nanopar-
ticles in the nanofluid is affected by two forces namely, Brownian
diffusion and thermophoresis effects. Due to the thermophoresis
effect, the nanoparticles move from a high temperature point to
a low one. In this case, the thermophoresis parameter causes the
nanoparticles to move away from the sheet because it is assumed
that the sheet is hot. On the other hand, the Brownian diffusion
force causes the nanoparticles to move from a high concentration
point to a low one. Therefore, due to the Brownian motion effect,
the concentration of the nanoparticles in the base fluid becomes
uniform. It is assumed that the nanofluid is a dilute mixture of
nanoparticles (u < 3.0%) in a base fluid. The nanoparticles are
assumed to be in local thermal equilibrium with the base fluid
[14] and that there are neither heat generation nor chemical reac-
tion in the boundary layer.

Based on the previous experimental studies [6,7,27], the ther-
mal conductivity and the dynamic viscosity of nanofluids are
affected by fluctuations of the volume fraction of nanoparticles.
As such, in the present study, both the thermal conductivity and
the dynamic viscosity are assumed to be linearly dependent on
the volume fraction of nanoparticles.

Utilizing conventional boundary layer approximations, the gov-
erning equations for continuity, momentum, energy, and concen-
tration for the nanofluid are expressed respectively as follows:
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Fig. 1. Physical model and coordinate system.
where s = (qc)p/(qc)nf.
Subject to the relevant boundary conditions:

u ¼ uwðxÞ ¼ cx; v ¼ 0; T ¼ Tw; DB
@u
@y þ

DT
T1

@T
@y ¼ 0 at y ¼ 0

u! ueðxÞ ¼ ax; v ! 0; T ! T1; u! u1 as y!1
ð6Þ

in which the subscripts 1 and w denote the ambient and surface
conditions, respectively; u and v are the velocity components along
the x and y directions, respectively; u is the nanoparticles volume
fraction, knf,1 is the thermal conductivity of the nanofluid, qnf is
the density of the nanofluid, DB is the Brownian motion coefficient,
and DT is the thermophoretic diffusion coefficient. In essence, the
no-slip boundary condition at y = 0 is due to very low volume frac-
tion of nanoparticles. As such, for high concentration of nanoparti-
cles in which the particles do not properly stick at the surface the
slip boundary condition should be considered. Moreover, It is worth
noting that the zero mass flux of nanoparticles at the surface, i.e.
DB(@u/@y) + DT/T1(@T/@y) = 0, may result in negative values of
nanoparticles volume fraction at the surface when the ther-
mophoresis effect is the dominant force with respect to the
Brownian motion force. Accordingly, the zero volume fraction of
nanoparticles at the surface would be a substitute for the boundary
condition in such cases as the negative volume fraction of nanopar-
ticles is physically not valid.

Eqs. (1)–(5) could be easily reintroduced in a more simple form
by expressing the following similar transformations:

g ¼ y
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1
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in which g is the similarity variable, Rex is the local Reynolds num-
ber defined as Rex = (qnf Unf,1x)/lnf,1, w is the stream function intro-
duced as u = @w/@y and v = �@w/@x, which satisfies the continuity
equation. Using Eq. (7), Eqs.(1)–(5) are reduced to the nonlinear
ordinary equations as follows (see Appendix A):
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subject to the dimensionless boundary conditions:

Sð0Þ ¼ 0; S0ð0Þ ¼ c
a ; hð0Þ ¼ 1; Nbf 0ð0Þ þ Nth

0ð0Þ ¼ 0
S0ð1Þ ! 1; hð1Þ ! 0; f ð1Þ ! 0
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Here, the prime denotes ordinary derivative with respect to g,
and the four non-dimensional parameters are defined by:

Nb ¼
ðqcÞpDB/1
ðqcÞnf anf ;1

ð12Þ

Nt ¼
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ðqcÞnf anf ;1T1
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Le ¼ mnf ;1
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mnf ;1
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The physical parameters, namely the local Nusselt number, Nux,
and the skin friction coefficient Cfx, are defined as follows:
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where quantities of the surface heat flux qw and the surface shear
stress snf,w are defined as follow:
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Substituting Eq. (18) into Eqs. (16), (17) and Using Eq. (7), the local
Nusselt number and the skin friction coefficient are obtained as:
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in which NuxRenf,x
�1/2 is the reduced Nusselt number, Nur.

As mentioned before, the thermal conductivity and the dynamic
viscosity are considered to be linear functions of the nanoparticles’
volume fraction, which are defined as:
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where the coefficients Nc and Nv can be obtained using curve fitting
of the available experimental data or analytical relations. It is worth
noting that both the thermal conductivity and the dynamic
viscosity depend linearly on the volume fraction only for u < 3.0%
and DT < 10, otherwise these relationships would not be linear.
Considering the two limits of zero volume fraction of nanoparticles
at the surface (uw = 0 or f (0) = �1) and the free stream volume frac-
tion of nanoparticles at the surface (uw = u1 or f(0) = 0), the values
of Nc and Nv could be approximated as: Nc = 1 � kbf/knf,1 and
Nv = 1 � lbf/lnf,1. The earlier studies have widely utilized the
Maxwell relation and the Brinkman model for calculating the ther-
mal conductivity and dynamic viscosity of nanofluids, respectively
[16,27]. Here, the validity of the linear function equations is
Fig. 2. Comparison between the evaluated values of local thermal conductivity and
local viscosity of nanofluid as a function of local volume fraction of nanoparticles.
checked with respect to the Maxwell and Brinkman models in
Fig. 2. This figure depicts the ratios of knf/knf,1 and lnf/lnf,1 as func-
tions of the local volume fraction of nanoparticles, evaluated using
the present linear approximations as well as the analytical relations
of Maxwell [7,28] and the Brinkman models [7,29]. These results
show that there is an excellent agreement between the analytical
models and the present linear approximations. Based on Fig. 2, it
can be concluded that adjusting Nc and Nv can simulate the different
models of the thermal conductivity and the dynamic viscosity.
Therefore, Eqs. (21) and (22) are employed in this study for conve-
nience. As a benchmark study, Buongiorno et al. [30] and Venerus
et al. [31] have analyzed the effect of volume fraction of nanoparti-
cles on the thermal conductivity and dynamic viscosity of nanoflu-
ids for different samples of nanofluids in 30 different laboratories
around the world using different measurement methods. The
results indicated that the thermal conductivity and dynamic
viscosity of nanofluids are linear functions of the volume fraction
of nanoparticles for low volume fractions of nanoparticles.
Therefore, the linear function of concentration of particles for the
thermal conductivity and viscosity is valid only in low concentra-
tions of nanoparticles, and for high concentration of nanoparticles
non-linear relations are required.

Substituting Eqs. (21) and (22) into Eqs. (19) and (20),
respectively and using similar transportations, the reduced
Nusselt number and the skin friction coefficient are expressed as
follows:

Nur ¼ �ð1þ Nc � f ð0ÞÞh0nf ð0Þ ð23Þ

Cf Re
1
2
1; x ¼ ð1þ Nv � f ð0ÞÞS00ð0Þ ð24Þ

For the purpose of investigating enhancement of heat transfer,
due to the presence of nanoparticles in the base fluid, the following
enhancement ratio is introduced as:

hdrift�flux
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The enhancement ratio represents the ratio of the convective
heat transfer of the nanofluid to the convective heat transfer of
the base fluid. The investigations showed that the reduced
Nusselt number could not depict the enhancement of heat transfer
owing to the presence of nanoparticles in the base fluid. In fact,
using nanoparticles in the base fluid alters the values of the ther-
mal conductivity, dynamic viscosity and other thermo-physical
properties. For instance, the Reynolds numbers of the base fluid
and the nanofluid are not identical. In other words, as shown, the
dynamic viscosity of the nanofluid is higher than that of the base
fluid. Therefore, the Reynolds number of the nanofluid could be
lower than that of the base fluid. Accordingly, the heat transfer
coefficient of the nanofluid, hnf, could decline with respect to hbf.
Thereupon; the fluctuation of the reduced Nusselt number could
not adequately show the enhancement of heat transfer due to
the presence of nanoparticles in the base fluid. Despite the reduced
Nusselt number, the alteration of both the thermal conductivity
and the dynamic viscosity is considered in the enhancement ratio
parameter (hdrif-flux/hbf). Due to the fact that most of nanofluids are
dilute mixtures of nanoparticles dispersed in base fluids, the mag-
nitude of (qnf/qbf)1/2 is almost unity. As a case in point, in the case
that Al2O3 nanoparticles are dispersed in water with a 2.5% volume
fraction, the value of (qnf/qbf)1/2 is calculated to be equal to 1.018,
which is roughly equal to unity. Therefore, this ratio could be
removed from the relation, and consequently, Eq. (25) reduces to:
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¼ ð1� NvÞ

1
2
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1� Nc
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Fig. 3. The effect of a/c on velocity boundary layer.
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As the Prandtl numbers for the base fluid and the nanofluid are
different, it is of interest to relate the Prandtl number of the nano-
fluid to the Prandtl number of the base fluid. Using Eq. (21) and
(22), the Prandtl number of the nanofluid is a function of the
Prandtl number of the base fluid, Prbf, as:

Prnf ¼ Prbf
1� Nc

1� Nv

� �
� cnf

cbf
ð27Þ

For a specified type of base fluid, the Prandtl number remains con-
stant, and hence, the effect of addition of nanoparticles can be solely
seen in the nanofluid parameters (Nv, Nc, Nb and Nt).

In fact, the ratio cnf/cbf is nearly unity. Since the nanofluid is
assumed to be dilute, the value of cnf is approximately equal to
cbf. For instance, the mentioned ratio for Alumina–water nanofluid
with u = 1% is 0.968 [32]. Hence, assuming this ratio to be unity is
reasonable.

3. Results and discussion

Solving the set of Eqs. (8)–(10) numerically, the distributions of
the velocity, temperature, and the volume fraction are obtained.
Using the finite difference method with adjustable size of mesh
and the 3-stage Lobatto IIIa formula with a collocation formula
to uniform the error in the domain of the solution, the set of Eqs.
(8)–(10) are solved. The details of the solution method can be
found in [33]. In this method, g1 is replaced with a large value
of 10 which is found to be adequate for proper approach of the
physical variables to their free stream values. In order to validate
the numerical method, the value of S00(0), for a case in which a base
fluid flows toward a stretching sheet, calculated in different a/c
ratios and compared with similar investigations. Neglecting the
Brownian motion and thermophoresis effects (i.e. Nb = Nt = 0) and
assuming constant thermo-physical properties (i.e. Nv = Nt = 0),
the present study reduces to the work of Ishak et al. [34] and
Mahapatra and Gupta [35]. In this case, the calculations were exe-
cuted for different values of g1 up to 40. An excellent agreement is
noticed between the present study and the previous ones as shown
in Table 1. It is clear that g1 = 10 is adequate for the numerical
computations and therefore, is adopted for all calculations in the
present study.

In order to study the effects of different parameters such as Nb,
Nt, Nv, and Nc on the boundary layer flow and heat and mass trans-
fer, a practical range of these parameters have been utilized. For
water-based nanofluids which include nanoparticles of 100 nm
diameters at room temperature, the Brownian diffusion coefficient,
DB, and the thermophoresis coefficient, DT, are in the order of 10�11

[14,36,37]. As a case in point, a water base fluid filled with 100 nm
of Al2O3 nanoparticles, the value of DB and DT are evaluated as
4.3948 � 10�11 and 9.946 � 10�11, respectively. The Lewis number
is in the range of 1 � 10+3 to 5 � 10+5. Furthermore, it is found that
the values of Nb and Nt are very small and in the range of 1 � 10�8

to 1 � 10�4. The constant parameters in the thermal conductivity
and dynamic viscosity relations, e.g. Nc and Nv in Eqs. (21), (22),
are usually in the range of 0–0.2 [38–42].
Table 1
Comparison of values of S00(0) in different a/c ratios with the previous studies.

a/c Mustafa et al.
[22]

Ishak et al.
[34]

Present

g1 = 10 g1 = 20 g1 = 40

0.01 �0.99823 �0.9980 �0.998028 �0.998024 �0.998024
0.1 �0.96954 �0.9694 �0.969386 �0.969386 �0.969386
0.2 �0.91813 �0.9181 �0.918107 �0.918107 �0.918107
0.5 �0.66735 �0.6673 �0.667263 �0.667263 �0.667263
2.0 2.01767 2.0175 2.017502 2.017502 2.017502
3.0 4.72964 4.7294 4.729282 4.729282 4.729282
The effects of the thermo-physical properties on the velocity,
temperature, and the concentration boundary layers have been
evaluated, considering all parameters to be fixed except one. The
obtained representative results are presented and discussed below.

Firstly, the influence of the a/c ratio on the velocity boundary
layer is examined in Fig. 3.

According to Fig. 3, the hydrodynamic boundary layer remains
constant for the different ratios of a/c. As seen, despite the high val-
ues of the a/c ratio, the velocity values reduce in the vicinity of the
sheet for low values of the a/c ratio. Since the ratio a/c represents
the ratio of the free stream velocity to the velocity adjacent to
the wall, augmentation of this ratio leads to reduction in the veloc-
ity near the wall. On the other hand, the effect of varying the ratio
a/c becomes negligible for higher values of this proportion.

Fig. 4 shows the effect of the ratio a/c on the thermal boundary
layer. As observed, an increase of the ratio a/c causes an increase
the thermal boundary layer. In other words, when the ratio of a
with respect to c grows, the free stream velocity becomes more
vigorous toward the velocity adjacent to the wall, and conse-
quently, S0(0) ? 0. Accordingly, based on the energy equations,
the velocity values influence the temperature reciprocally; and
hence, any reduction of velocity in the vicinity of the stretching
sheet leads to thermal boundary layer augmentation.

The concentration boundary layer versus the dimensionless dis-
tance (g) for different a/c proportions is shown in Fig. 5. According
to Fig. 3, increasing the ratio a/c leads to a drop in the value of the
concentration at the surface. As mentioned, the augmentation of
the ratio a/c reduces the velocity adjacent to the wall rather than
free stream velocity. Therefore, in the low value of a/c, the nano-
particles gather in the vicinity of the sheet because the velocity
near the wall is higher than the free stream velocity. In all cases,
however, the non-dimensional concentration profiles, f(g), at the
surface are negative. The negative values of f(g) indicate that the
volume fraction of nanoparticles at the wall is lower than the free
stream volume fraction of nanoparticles. Indeed, the reduction of
the ratio a/c increases the concentration gradient. Accordingly,
the Brownian motion effect goes up, and thereupon, the volume
fraction of nanoparticles at the surface tends to the free stream vol-
ume fraction of nanoparticles, i.e. f(0) diminishes.

In contrast, for high values of the ratio a/c, the nanoparticles
distribute far from the wall and the number of these particles
decreases at the surface. Moreover, it is revealed that the growth
of the ratio a/c broadens the thickness of the concentration
boundary layer significantly.



Fig. 4. The effect of a/c on thermal boundary layer.

Fig. 5. The effect of a/c on concentration boundary layer.

Fig. 6. The effect of Lewis number on concentration boundary layer.

Fig. 7. The effect of Brownian motion on concentration boundary layer.
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In order to study the effect of the Lewis number on the nanopar-
ticles’ distribution, the concentration boundary layer for different
Lewis numbers is shown in Fig. 6.

In accordance with Fig. 6, increasing the Lewis number tends to
reduce the concentration boundary layer. As mentioned, the Lewis
number is introduced as a proportion of the kinematic viscosity to
the Brownian diffusion coefficient (DB), as a consequence, an
increase of the Lewis number means reducing the effect of DB with
respect to the kinematic viscosity. As the Lewis number decreases,
the thickness of the concentration boundary layer becomes thin.
On the other hand, far away from the surface and for low values
of the Lewis number (Le = 10+3), the dimensionless volume fraction
of the nanofluid increases with respect to high values of the Lewis
number state, and interestingly, the volume fraction of nanoparti-
cles becomes more than the free stream volume fraction of
nanoparticles. It is found that changes in the values of the Lewis
number do not show any significant effects on the non-
dimensional temperature and the velocity profiles. Hence, they
have not been plotted for brevity.
The effect of variation of the Brownian parameter on the con-
centration boundary layer is depicted in Fig. 7. The presented
results are categorized in two types. The first one is when the value
of the Brownian number is low (e.g. Nb 6 10�8). In this case, the
thermophoresis effect is the dominant effect and tends to induce
negative volume fraction of nanoparticles at the surface
(f(0) < �1). Hence, in order to be consistent with the physics (i.e.
the negative volume fraction of nanoparticles is not possible), the
volume fraction of the nanoparticles at the surface is set to zero.
Indeed, when the value of the Brownian parameter is negligible
with respect to the thermophoresis term, nanoparticles strongly
move from a high temperature point (e.g. the sheet) to a low tem-
perature point (e.g. far away from the sheet). It is clear that the
nanoparticles which are swept from the surface are gathered in
the vicinity of the sheet where the volume fraction of nanoparticles
is higher than the free stream volume fraction (f(g) > 0). Therefore,
the Brownian motion effect tends to disperse the nanoparticles
toward the edge of the boundary layer. In the second behavior,
whenever Nb becomes large, the value of the volume fraction
increases at the sheet. For very high values of Nb, the volume



Fig. 9. The effect of Prandtl number on concentration boundary layer.
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fraction of nanoparticles tends to reach the free stream volume
fraction of nanoparticles. In the second behavior, the nanoparticles
remain uniform and are approximately constant far from the sheet.

The effect of the thermophoresis parameter on the concentra-
tion boundary layer is presented in Fig. 8. As seen, increasing the
value of Nt causes the volume fraction of nanoparticles at the
surface to decline predictably. In addition, the concentration
boundary layer thickness due to low values of Nt becomes thin.
For instance, in the case where Nt = 10�8, the width of the bound-
ary layer is virtually vanished. The trend of results in this figure is
in agreement with the results of Fig. 7.

It is worth noting that the variation of Nt and Nb do not have any
considerable effect on the non-dimensional temperature and
velocity profiles, and hence, they have not been plotted for brevity.

Afterwards, the effect of the Prandtl number on the dimension-
less volume fraction of nanoparticles is investigated in Fig. 9. The
Prandtl number is the ratio of the kinematic viscosity to the ther-
mal diffusivity. In other words, the ratio of invariant hydrodynamic
boundary layer to the thermal boundary layer. An augmentation of
the Prandtl number would reduce the thickness of the thermal
boundary layer. Thus, the temperature gradient in the vicinity of
the sheet rises due to the reduction of the thermal boundary layer
thickness. As the temperature gradient increases, the ther-
mophoresis effect increases. This means that the nanoparticles
move away from the sheet; and consequently, the value of the
nanoparticles volume fraction diminishes. Furthermore, in the case
in which Prnf = 100, the nanoparticles gather in a specific region
(0.08 < g < 0.15) to compensate the low number of nanoparticles
at the surface with respect to other conditions. This summit in
the dimensionless volume fraction boundary layer appears owing
to the constant number of nanoparticles in the fluid.

The influence of the Prandtl number on the thermal boundary
layer is depicted in Fig. 10. The results show that the thermal
boundary layer diminishes as a result of increasing the Prandtl
number. Accordingly, the results are in good agreement with the
previous results (Fig. 9). Notice that the hydrodynamic boundary
layer remains relatively constant for various values of the Prandtl
number. Therefore, the non-dimensional velocity profiles have
not been presented.

Inspection of the governing equation of the conservation of
nanoparticles, Eq. (10), shows that the boundary layer concentra-
tion of nanoparticles is directly related of the ratio of Nb/Nt. In
addition, the direct contribution of these parameters in the energy
Fig. 8. The effect of thermophoresis parameter on concentration boundary layer.

Fig. 10. The effect of Prandtl number on thermal boundary layer.
equation, Eq. (9), is negligible (because Nb and Nt are very small as
they are in the order of 10�7 and lower). Therefore, it can be
concluded that these parameters influence the concentration of
nanoparticles in the boundary layer mainly through Eq. (10).
Consequently, the local concentration of nanoparticles would
affect the thermal conductivity and the dynamic viscosity of the
nanofluid. Accordingly, the variation of the thermal conductivity
and the dynamic viscosity would affect the velocity and tempera-
ture profiles and the heat transfer in the boundary layer. Therefore,
the non-dimensional concentration profiles at the sheet are plotted
versus the ratio Nb/Nt in Fig. 11. This figure shows the effect of
variation of Nb/Nt on the values of f(0) for selected values of the
Lewis and Prandtl numbers. As seen, when the value of Nb with
respect to Nt is negligible, the value of f(0) remains constant, equals
to �1. The increase of Nb/Nt results in the rise of f(0). As discussed
in Fig. 6, for high values of the Lewis number (Le = 10+4), in which
the Brownian effect becomes unimportant, the volume fraction of
nanoparticles increases. In other words, regarding the cases for
which Prnf = 7 and the Lewis numbers are 10+4 and 10+3, the value
of f(0) arises in Nb/Nt � 2 � 10�2 and Nb/Nt � 10�1 respectively. For



Fig. 11. The effect of Prandtl number, Lewis number, and Nb/Nt on concentration at
the sheet.
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instance, when Nb/Nt = 3.16 � 10�2, all the values of f(0) are equal
to �1 except for the case in which Le = 10+4, Pr = 7 for which the
value of f(0) is �0.9287. Besides, the augmentation of the Prandtl
number causes the nanoparticles to move away from the sheet.
As a case in point, comparing the cases for which the Lewis number
is 10+3 and the Prandtl numbers are 7 and 100, the magnitude of
f(0) increases in Nb/Nt � 10�1 and Nb/Nt � 2.1 � 10�1, respectively.

Subsequently, the effects of the variable viscosity parameter
(Nv) and the variable thermal conductivity parameter (Nc) are
shown in Fig. 12. In order to depict the concentration profiles in
the same range as the thermal boundary layer, the values of f(g)
have been multiplied by a constant value of �15 for convenience.
As mentioned before, the Lewis number for nanofluids is very high
and hence, the thickness of the concentration boundary is very low.
Thus, a magnified view of the concentration profiles is provided in
Fig. 12 to clearly show the concentration profiles in the vicinity of
the sheet.

We have solved the governing equations for different com-
binations of non-dimensional parameters and the results show
Fig. 12. The effect of Nv and Nc on concentration and thermal boundary layers.
that an increase in the value of Nc reduces the dimensionless tem-
perature gradient. Therefore, this leads to a decline in the ther-
mophoresis effect in the vicinity of the sheet. As such, the
volume fraction of nanoparticles at the sheet increases. On the con-
trary, as the value of Nv increases, the dimensionless temperature
gradient increases which means that the thermophoresis effect
grows substantially. Consequently, the volume fraction of nano-
particles at the surface becomes lower. Moreover, when the mag-
nitude of Nc increases, the thermal conductivity coefficient
decreases, and therefore, the temperature gradient declines.
Hence, the number of nanoparticles in the vicinity of the sheet,
in the case which Nc > Nv, is higher than that in the case in which
Nc < Nv. It is worth noting that the variation of both Nv and Nc

has insignificant impression on the hydrodynamic boundary layer.
The non-dimensional parameters hdrift_flux/hbf, Nur, and S00nf(0)/

S00bf(0) are illustrated in Tables 2–4, respectively for a practical
range of Nv, Nc, Prb, and a/c. The values of the Brownian motion
parameter, thermophoresis parameter, and the Lewis number are
considered to be fixed as Nb = 10�6, Nt = 10�6, and Le = 10+3.

It is clear that the variations of the Prandtl number and the ratio
a/c do not have any effect on the enhancement ratio when
Nv = Nc = 0 (Table 2). This is because of the fact that the values of
Nb and Nt are very low, and the thermal conductivity and the
dynamic viscosity of the nanofluid are also equal to those of the
base fluid. Hence, it is expected that the enhancement ratio
remains constant and equals to unity for different values of the
Prandtl number and the ratio a/c. Nevertheless, owing to the fact
that the enhancement ratio is a function of Nv, Nc, f(0), and h0nf(0)/
h0bf(0), the variation of different parameters such as Prb, a/c, etc.,
changes the values of f(0) and h0nf(0)/h0bf(0) simultaneously.
Hence, comparatively, depending on the set of parameters, the
value of enhancement ratio alters erratically, but it is almost
greater than unity which represents augmentation of heat transfer.
Notwithstanding, it could be seen that an increase of Nc causes the
value of the heat transfer enhancement ratio for every value of Nv.
As it can be seen in some cases, the convective coefficient (hdrift_flux)
increases about 13.49% (when Nv = 0.1, Nc = 0.2, a/c = 10, Prb = 5)
and in some other cases, it reduces about -2.84% (when Nv = 0.2,
Nc = 0, a/c = 10, Prb = 5). Therefore, it is clear that adjusting the
nanofluid parameters would significantly enhance the heat
transfer rate from the surface. However, non-adjustment of the
nanofluid parameters would aggravate the heat transfer rate.

According to the results of Table 3, an increase in the Prandtl
number leads to augmentation of the reduced Nusselt number. In
fact, as mentioned before, increasing the Prandtl number tends to
increase the non-dimensional temperature gradient and decreases
f(0). Obviously, a decrease in the value of f(0) leads to a decrease in
the magnitude of knf(0)/kbf(0), but, the results show that the rise of
h0nf(0) is more effective than the reduction of knf(0)/kbf(0) for a fixed
value of Nc. Furthermore, it could be seen that an increase in the
value of Nc brings about a decrease in the value of the reduced
Nusselt number. As previously mentioned, increasing the value of
Nc leads to a rise in the number of nanoparticles at the sheet,
and consequently, it is observed that the value of the thermal con-
ductivity of the nanofluid reduces. On the other hand, it was stated
that an increase in the value of Nc leads to a decrease in the non-
dimensional temperature gradient. Thereupon, the reduced
Nusselt number drops down. In addition, in accordance with
Table 3, when the value of Nv goes up, the value of Nur soars simi-
larly. In fact, the augmentation of Nv reduces the number of nano-
particles at the sheet; ergo, the value of thermal conductivity
declines for a constant value of Nc. Besides, based on the explana-
tions made regarding Fig. 10, it is found that a rise in the value of
Nv brings about an increase in the dimensionless temperature
gradient. As a result, it is evident that the increase of h0nf(0) is more
influential than the decrease of knf(0)/kbf(0).



Table 2
The heat transfer enhancement ratio parameter hdrift_flux/hbf.

Nv Nc a/c = 0.1 a/c = 1.0 a/c = 10

Prb = 2 Prb = 5 Prb = 10 Prb = 2 Prb = 5 Prb = 10 Prb = 2 Prb = 5 Prb = 10

0.0 0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.05 1.0227 1.0239 1.0245 1.0292 1.0290 1.0286 1.0324 1.0327 1.0325
0.1 1.0471 1.0497 1.0510 1.0609 1.0605 1.0596 1.0678 1.0683 1.0680
0.15 1.0734 1.0777 1.0797 1.0955 1.0949 1.0936 1.1065 1.1074 1.1070
0.2 1.1019 1.1081 1.1110 1.1334 1.1327 1.1309 1.1491 1.1505 1.1500

0.1 0 1.0062 1.0037 1.0025 0.9934 0.9938 0.9945 0.9869 0.9865 0.9867
0.05 1.0292 1.0279 1.0271 1.0225 1.0226 1.0229 1.0190 1.0187 1.0187
0.1 1.0540 1.0539 1.0538 1.0540 1.0539 1.0537 1.0540 1.0539 1.0537
0.15 1.0807 1.0821 1.0827 1.0884 1.0880 1.0874 1.0922 1.0924 1.0921
0.2 1.1096 1.1128 1.1141 1.1261 1.1255 1.1244 1.1343 1.1349 1.1344

0.2 0 1.0129 1.0076 1.0051 0.9862 0.9872 0.9887 0.9724 0.9716 0.9722
0.05 1.0362 1.0320 1.0299 1.0150 1.0157 1.0168 1.0041 1.0033 1.0036
0.1 1.0613 1.0583 1.0567 1.0463 1.0467 1.0473 1.0385 1.0379 1.0380
0.15 1.0885 1.0867 1.0857 1.0804 1.0805 1.0807 1.0763 1.0758 1.0757
0.2 1.1179 1.1177 1.1174 1.1178 1.1176 1.1173 1.1178 1.1176 1.1173

Table 3
The reduced Nusselt number NuxRenf,x

�1/2.

Nv Nc a/c = 0.1 a/c = 1.0 a/c = 10

Prb = 2 Prb = 5 Prb = 10 Prb = 2 Prb = 5 Prb = 10 Prb = 2 Prb = 5 Prb = 10

0.0 0 2.2594 3.7331 5.3914 1.0320 1.5420 2.0966 0.8329 1.1659 1.4989
0.05 2.1951 3.6314 5.2476 1.0091 1.5074 2.0487 0.8170 1.1438 1.4703
0.1 2.1292 3.5271 5.1000 0.9854 1.4718 1.9995 0.8005 1.1211 1.4409
0.15 2.0615 3.4198 4.9483 0.9610 1.4351 1.9490 0.7834 1.0975 1.4105
0.2 1.9917 3.3094 4.7922 0.9358 1.3973 1.8968 0.7657 1.0731 1.3790

0.1 0 2.3965 3.9498 5.6972 1.0808 1.6155 2.1980 0.8665 1.2124 1.5591
0.05 2.3288 3.8426 5.5456 1.0567 1.5791 2.1477 0.8500 1.1894 1.5292
0.1 2.2592 3.7326 5.3900 1.0320 1.5418 2.0960 0.8329 1.1657 1.4984
0.15 2.1878 3.6195 5.2301 1.0064 1.5033 2.0428 0.8152 1.1412 1.4667
0.2 2.1142 3.5031 5.0656 0.9800 1.4636 1.9880 0.7968 1.1158 1.4340

0.2 0 2.5587 4.2058 6.0587 1.1380 1.7019 2.3176 0.9056 1.2665 1.6292
0.05 2.4868 4.0921 5.8978 1.1127 1.6636 2.2643 0.8883 1.2425 1.5979
0.1 2.4130 3.9755 5.7327 1.0866 1.6241 2.2096 0.8705 1.2177 1.5656
0.15 2.3372 3.8556 5.5631 1.0597 1.5834 2.1533 0.8520 1.1920 1.5323
0.2 2.2591 3.7321 5.3886 1.0319 1.5415 2.0953 0.8328 1.1655 1.4980

Table 4
The non-dimensional skin friction at the surface S00nf (0)/S00bf (0).

Nv Nc a/c = 0.1 a/c = 1.0 a/c = 10

Prb = 2 Prb = 5 Prb = 10 Prb = 2 Prb = 5 Prb = 10 Prb = 2 Prb = 5 Prb = 10

0.1 0 1.0040 1.0065 1.0092 1.0057 1.0083 1.0111 1.0100 1.0138 1.0176
0.05 1.0039 1.0064 1.0090 1.0055 1.0081 1.0108 1.0098 1.0136 1.0173
0.1 1.0038 1.0062 1.0087 1.0054 1.0080 1.0106 1.0096 1.0134 1.0170
0.15 1.0037 1.0060 1.0085 1.0053 1.0078 1.0104 1.0095 1.0132 1.0168
0.2 1.0036 1.0058 1.0083 1.0052 1.0076 1.0102 1.0093 1.0129 1.0165

0.2 0 1.0086 1.0139 1.0196 1.0120 1.0176 1.0235 1.0210 1.0292 1.0372
0.05 1.0084 1.0136 1.0192 1.0117 1.0172 1.0230 1.0207 1.0288 1.0367
0.1 1.0082 1.0132 1.0187 1.0115 1.0169 1.0226 1.0203 1.0283 1.0361
0.15 1.0079 1.0129 1.0182 1.0112 1.0165 1.0221 1.0199 1.0278 1.0355
0.2 1.0077 1.0125 1.0177 1.0109 1.0161 1.0215 1.0195 1.0273 1.0348
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It is seen that as the value of the ratio a/c increases, the reduced
Nusselt number drops down. This is expected as it was shown
previously that increasing the ratio a/c reduces both of the non-
dimensional temperature gradient and the concentration at the
surface. Consequently, the reduced Nusselt number declines.

According to the results of Table 4, it is seen that an increase in
the value of Nc leads to a decrease in the non-dimensional velocity
gradient at the surface. In fact, as mentioned before, the rise of Nc

tends to increase f(0). Therefore, based on the dynamic viscosity
relation (Eq. (22)), the value of lnf(0)/lbf(0) diminishes for a speci-
fied value of Nv; and as a consequence, increasing Nc tends to
decrease S00nf (0)/S00bf (0). Moreover, the results show that when
the value of Nv soars up, the non-dimensional velocity gradient
goes up consequently. As the value of Nv increases, the value of
the concentration at the surface, f(0), goes up. Hence, the dynamic
viscosity, depending on the value of Nv � f(0), may increase or
decrease. It is worth mentioning that, when Nv = 0, since the value
of lnf(0) becomes equal to lbf(0), the value of S00nf (0)/S00bf (0) is
unity. In addition, a rise in the value of Prb leads to an increase in
the value S00nf(0)/S00bf(0). Generally, the value of the non-
dimensional skin friction is higher than unity due to the presence
of nanoparticles.
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4. Conclusion

The stagnation-point flow of nanofluids toward an isothermal
stretching sheet is analyzed. It is assumed that the sheet is
impermeable and the mass flux of nanoparticles at the sheet is
zero. The impact of different crucial parameters such as the
Prandtl number, free stream to wall velocity ratio a/c,
thermophoresis parameter, and the Brownian motion parameter,
etc. on the thermal, concentration, and the hydrodynamic bound-
ary layers is evaluated. Furthermore, on account of the local effect
of nanoparticles in the base fluid, the thermal conductivity and the
dynamic viscosity are imposed to be linear functions of the non-
dimensional volume fraction of nanoparticles. The main results
of the present study can be summarized as follows:

1. The variation of the ratio a/c does not influence the thickness of
the hydrodynamic boundary layer. It is found that for high val-
ues of a/c, the variation of the hydrodynamic profile becomes
negligible and independent of the ratio a/c. On the other hand,
it is seen that as the value of the ratio a/c, the thermal boundary
layer thickness increases and the volume fraction of nanoparti-
cles at the stretching sheet drops down.

2. When the value of the Lewis number soars, the volume fraction of
nanoparticles at the sheet declines. On the other hand, the results
show that altering the Lewis number does not have substantial
influence on the thermal and hydrodynamic boundary layers.

3. Changing the parameters Nb and Nt does not comparatively affect
the non-dimensional temperature and velocity values. The non-
dimensional volume fraction of nanoparticles at the sheet pre-
dictably rises when the values of Nb and Nt increase and decrease,
respectively. It is found that the concentration boundary layer
nearly vanishes for low values of Nt (e.g. Nt = 10�8).

4. Changing the Prandtl number has inconsiderable impact on the
hydrodynamic boundary layer. Nevertheless, the thickness of
thermal boundary layer becomes thin for high values of the
Prandtl number. It means that the non-dimensional tempera-
ture gradient increases in this state; and therefore, the ther-
mophoresis effect goes up and brings about a reduction in the
volume fraction of nanoparticles at the surface.

5. The magnitudes of the important dimensionless parameters,
namely hdrift_flux/hbf, Nur, and S00nf(0)/S00bf(0), are evaluated for
different values of non-dimensional parameters namely the
Prandtl number, a/c, Nc, and Nv. It is found that in most
instances, hdrift_flux/hbf is higher than unity, and consequently,
the heat transfer augments in the presence of nanoparticles.
The fluctuation of the non-dimensional parameters Nv, Nc, Prb,
and a/c, is found to influence the non-dimensional skin friction
slightly. It is also found that the non-dimensional skin friction is
higher than unity in all cases.
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Appendix A

Using the boundary layer approximations, the momentum
equations, Eq. (2), is written as:
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which can be rewritten as:
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where using similarity variables:
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The other terms of Eq. (A2) have been obtained as:
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Substituting Eqs. (A4)–(A9) in Eq. (A2) yields:
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Simplifying Eq. (A10) leads to Eq. (8).
Using typical boundary layer assumptions, Eq. (3), in the

Cartesian system, is written as:
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Substituting Eqs. (A4)–(A7) and Eqs. (A12)–(A16) into Eq. (A10)
yields:
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Simplifying Eq. (A17) leads to Eq. (9).
The conservation of nanoparticles, Eq. (4), is written as:

u
@/
@x
þ v @/

@y

� �
¼ DB

@2/
@y2 þ

DT

T1

� �
@2T
@y2 ðA18Þ

where

@/
@x
¼ @/
@f

@f
@g

@g
@x
¼ �1

2
g
x

/1f 0 ðA19Þ

@2/
@y2 ¼

@/

@f 0
@f 0

@g
@g
@y
¼ /1f 00

Rex

x2 ðA20Þ

Substituting Eqs. (A4), (A5), (A13), (A15), (A19) and (A20) into Eq.
(A18) yields:

�1
2
g
x
/1f 0U1S0 þ1

2
mnf

Re
1
2
x

x
ðgS0 �SÞ/1f 0

Re
1
2
x

x
¼DB/1f 00

Rex

x2 þ
DT

T1

� �
ðTw�T1Þ

Rex

x2 h00 ðA21Þ

Simplifying Eq. (A21) leads to Eq. (A10).

Using Eqs. (21) and (22), the terms lnf ðf Þ
l1

;
lnf ðf Þ
l1

� �0
;

knf ðf Þ
k1

and knf ðf Þ
k1

� �0
are obtained as knf

knf ;1
¼ 1þ Nc � f ;

knf

knf ;1

� �0
¼ Nc � f 0;

lnf

lnf ;1
¼ 1þ Nv � f and lnf

lnf ;1

� �0
¼ Nv � f 0.
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