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This work is devoted to study the natural convection boundary-layer flow of
nanofluids along a vertical flat plate with the effect of sinusoidal surface temperature
variations. The model utilized for the nanofluid incorporates the effects of Brownian
motion and thermophoresis. An appropriate set of dimensionless variables is used
to transform the governing equations of the problem into a nonsimilar form. The
obtained nonsimilar equations have the property that they reduce to various special
cases previously considered in the open literature. An adequate and efficient implicit,
tri-diagonal finite difference method is employed for the numerical solution of the
obtained equations. Comparison with previously published work is performed and
the results are found to be in excellent agreement. A representative set of numerical
results for the dimensionless velocity, temperature and nanoparticle volume fraction,
as well as the surface shear stress, rates of heat and nanoparticle volume fraction
have been presented graphically and discussed to show interesting features of the so-
lutions. C ⃝ 2014 Wiley Periodicals, Inc. Heat Trans Asian Res, 45(6): 499–514, 2016;
Published online in Wiley Online Library (wileyonlinelibrary.com/journal/htj). DOI
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1. Introduction

It is known now that nanofluids are a new class of nanotechnology-based heat transfer fluids
engineered by dispersing nanometer scale solid particles with typical length scales on the order of
1 nm to 100 nm in traditional heat transfer fluids. Choi [1] was the first who reported the term of
nanofluids to describe this new class of fluid. The base fluids used are usually water, ethylene gly-
col, toluene, and oil. The choice of base fluid–particle combination depends on the application for
which the nanofluid is intended. Recent studies on nanofluid reported that nanoparticles changed the
fluid characteristics because thermal conductivity of these particles was higher than convectional
fluids. Nanoparticles are of great scientific interest as they are effectively a bridge between bulk
materials and atomic or molecular structures. The common nanoparticles that have been used are
aluminum, copper, iron, and titanium or their oxides. Several benefits of the industrial applications
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of nanofluids include improved heat transfer, heat transfer system size reduction, chemical produc-
tion, power generation in a power plant, production of microelectronics, automotives, advanced nu-
clear systems, nanodrug delivery minimal clogging, microchannel cooling, and miniaturization of
the system. Therefore, a wide range of applications of nanofluids significant research interest has
been carried out in recent years as the researchers study heat transfer characteristics of these fluids.
An excellent review of convective transport in nanofluids was done by Das and colleagues [2] and
Kakac and Pramuanjaroenkij [3].

An overall survey of convective transport in nanofluids was presented by Buongiorno [4] who
consider a model that takes into account the Brownian diffusion as well as thermophoresis in writ-
ing the transport equations. To the best of the authors’ knowledge, in a pioneering piece of research,
Nield and Kuznetsov [5] were the first to consider convection of nanofluids in porous media and they
have developed a systematic nanofluid model that incorporates the effects of Brownian motion and
thermophoresis. They have also studied the problem of natural convective boundary layer flow in a
porous medium saturated by a nanofluid [6]. Khan and Pop [7] investigated the boundary layer flow
of a nanofluid past a stretching sheet. Makinde and Aziz [8] analyzed the steady boundary layer flow
of a nanofluid past a stretching sheet with convective boundary condition. The problem of unsteady
hydromagnetic flow of a nanofluid past a stretching sheet with melting effect has been examined
by Chamkha and colleagues [9]. Chamkha and Rashad [10] examined the problem of natural con-
vective from a vertical permeable cone in a nanofluid saturated porous medium with uniform heat
and volume fraction fluxes. Anbuchezhian and colleagues [11] studied the effects of thermophoresis
and Brownian motion on boundary layer flow of nanofluid in the presence of thermal stratification
due to solar energy. Mahdy and Sameh [12] considered the problem of boundary-layer free convec-
tion along a vertical wavy surface in a porous medium saturated by a nanofluid. Chamkha and col-
leagues [13] investigated the effects of Brownian motion and thermophoresis on mixed convection
over a cone embedded in a porous medium filled with a nanofluid. Chamkha and colleagues [14]
have also considered the unsteady natural convection flow of a nanofluid over a vertical cylinder.
Reddy and colleagues [15] studied the heat and mass transfer by a mixed convection boundary layer
region along a flat plate in a nanofluid. Ibrahim and colleagues [16] analyzed the effect of a magnetic
field on stagnation point flow and heat transfer due to nanofluid toward a stretching sheet. Murthy
and colleagues [17] have discussed the magnetic effect on thermally stratified nanofluid saturated
non-Darcy porous medium. Recently, Kuznetsov and Nield [18] reexamined the problem presented
by Kuznetsov and Nield [6] by assuming that there is no nanoparticle flux at the plate and that
the particle fraction value there adjusts accordingly. Rashad and colleagues [19] examined the non-
Darcy natural convection flow of nanofluid past a vertical cylinder embedded in a thermally stratified
porous medium.

The aim of this work is to study the effects of the Brownian motion and thermophoresis on
the natural convection boundary layer flow of a nanofluid past a vertical flat plate in the presence
of sinusoidal surface temperature variations about a constant mean value which is above the ambi-
ent fluid temperature. The effects of Brownian motion and the thermophoresis are included for the
nanofluid. The basic governing equations of the problem are transformed into a nonsimilar form, and
then solved numerically employing an implicit, tri-diagonal finite difference scheme. The numerical
results are shown graphically and discussed to predict the different behaviors of relevant parameters
on the dimensionless fluid velocity, temperature, nanoparticle volume fraction, as well as the surface
shear stress, rate of heat transfer, and rate of nanoparticle volume fraction.
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Nomenclature

C: nanoparticle volume fraction
C�: constant nanoparticle volume fraction far from the surface
DB: Brownian diffusion coefficient
DT: thermophoretic diffusion coefficient
f: dimensionless stream function
g: gravitational acceleration
GrL: Grashof number
k: thermal conductivity
L: characteristic length
Le: Lewis number
mw: rate of nanoparticle volume fraction
Nb: Brownian motion parameter
Nr: nanoparticle buoyancy ratio
Nt: thermophoresis parameter
Pr: Prandtl number, 𝜈/𝛼
qw: rate of heat transfer
T: temperature of the nanofluid in the boundary layer
T�: constant temperature far from the surface
u, v: dimensionless nanofluid velocities in the x, y directions
ū, v̄ : dimensional nanofluid velocities in the x̄ , ȳ directions
x, y: dimensionless axes in the direction along and normal to the surface
x̄ , ȳ: dimensional axes in the direction along and normal to the surface

Greek Symbols

𝛼: thermal diffusivity
𝛽: volumetric expansion coefficient of the fluid
𝜂: pseudo-similarity variable
Ω: relative amplitude of the surface temperature variations
𝜓 : stream function
𝜙: dimensionless nanoparticle volume fraction
𝜃: dimensionless temperature
𝜏: relative of solutal and thermal diffusion
𝜏w: surface shear stress
𝜉: dimensionless streamwise coordinate
𝜈: kinematic viscosity
𝜌f: fluid density
𝜌p: nanoparticles mass density
(𝜌c)f : heat capacity of the fluid
(𝜌c)p: effective heat capacity of the nanoparticle material
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Fig. 1. Physical model and coordinate system.

2. Governing Equations

Consider the two-dimensional steady natural convection flow along a nonisothermal semi-
infinite vertical flat plate which is immersed in a viscous incompressible nanofluid in the presence of
sinusoidal surface temperature variations. The model proposed by Buongiorno [4] is employed for
the nanofluid behavior in which the effects of Brownian motion and thermophoresis are taken into
consideration. It is assumed that the heated surface of the plate is maintained at a steady temperature
such as T = T∞ + (Tw − T∞)(1 + Ω sin(𝜋 x̄∕L)), the volume fraction flux of nanoparticles there is
zero, and the ambient temperature and nanoparticle volume fraction far away from the surface are
T� and C�, where Tw is the mean temperature with Tw > T�, Ω is the relative amplitude of the
surface temperature variations, and 2L is thewave length of the variations. Although in some previous
articles this fact is ignored however, in a practical situation there is zero nanoparticle flux on the
boundaries and the value of the nanofluid fraction C adapts to the temperature profiles, see Ref. 18.
The physical configuration and the coordinate system considered here are shown in Fig. 1. With
the introduction of Boussinesq and boundary layer approximations, the governing equations that
describe the physical situation of mass, momentum, thermal energy and nanoparticles, respectively,
can be written as (Kuznetsov and Nield [18] and Rees [20]):

𝜕ū
𝜕x̄

+ 𝜕v̄
𝜕 ȳ

= 0, (1)

ū
𝜕ū
𝜕x̄

+ v̄
𝜕ū
𝜕 ȳ

= 𝜈
𝜕2ū
𝜕 ȳ2

+ (1 − C∞)𝜌f∞g𝛽(T − T∞) − (𝜌p − 𝜌f∞)g(C − C∞), (2)

ū
𝜕T
𝜕x̄

+ v̄
𝜕T
𝜕 ȳ

= 𝛼m
𝜕2T
𝜕 ȳ2

+ 𝜏

[
DB

𝜕C
𝜕 ȳ

𝜕T
𝜕 ȳ

+
DT

T∞

(
𝜕T
𝜕 ȳ

)2
]
, (3)

ū
𝜕C
𝜕x̄

+ v̄
𝜕C
𝜕 ȳ

= DB
𝜕2C
𝜕 ȳ2

+
DT

T∞

𝜕2T
𝜕 ȳ2

, (4)
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where (ū, v̄) are the velocity components along the (x̄ , ȳ) directions. Here T and C are the fluid tem-
perature, and nanoparticle volume fraction, respectively. While T� and C� are the constant temper-
ature and nanoparticle volume fraction far from the surface of the plate, respectively. Further, 𝛽, g,
𝜐, k, 𝜌f, and 𝜌p are the volumetric expansion coefficient of the fluid, gravitational acceleration, kine-
matic viscosity, thermal conductivity, fluid density and nanoparticles mass density, respectively. The
thermal diffusivity of the fluid is 𝛼 = k∕(𝜌c)f and 𝜏 = (𝜌c)p∕(𝜌c)f measures the relative importance
of solutal and thermal diffusion in causing the density changes which drives the flow where (𝜌c)f
is the heat capacity of the fluid and (𝜌c)p is the effective heat capacity of the nanoparticle material.
The Brownian diffusion coefficient isDB;DT is the thermophoretic diffusion coefficient. For, details
of the derivation of Eqs. (1) to (5a), one can reference the papers by Buongiorno [4] and Kuznetsov
and Nield [5].

The corresponding boundary conditions for this problem can be written as:

ū = 0, v̄ = 0, T = T∞ + (Tw − T∞)𝜃w (x̄), DB
𝜕C
𝜕 ȳ

+
DB
T∞

𝜕T
𝜕 ȳ

= 0 at ȳ = 0, (5a)

ū = 0, T = T∞,C = C∞ as ȳ → ∞, (5b)

It is convenient to nondimensionalize and transform Eqs. (1) through (4) by using

x = x̄
L
, ū =

𝜈Gr1∕2L

L
u, v̄ =

𝜈Gr1∕4L

L
v , y =

Gr1∕4L

L
ȳ, 𝜃 =

T − T∞
Tw − T∞

,

𝜙 = C−C∞
C∞

,GrL =
g𝛽(1 − C∞)(Tw − T∞)L3

𝜈2
.

(6)

Substituting Eq. (6) into Eq. (1) to (5a) yields the following nonsimilar equations and bound-
ary conditions:

𝜕u
𝜕x

+ 𝜕v
𝜕y

= 0, (7)

u
𝜕u
𝜕x

+ v
𝜕u
𝜕y

= 𝜕2u
𝜕y2

+ 𝜃 − Nr𝜙, (8)

u
𝜕𝜃

𝜕x
+ v

𝜕𝜃

𝜕y
= 1

Pr
𝜕2𝜃

𝜕y2
+ Nb

𝜕𝜃

𝜕y
𝜕𝜙

𝜕y
+ Nt

(
𝜕𝜃

𝜕y

)2
, (9)

u
𝜕𝜙

𝜕x
+ v

𝜕𝜙

𝜕y
= 1

Le
𝜕2𝜙

𝜕y2
+ 1

Le
Nt
Nb

𝜕2𝜃

𝜕y2
, (10)

u = 0, v = 0, 𝜃 = 1 + Ω sin(𝜋x), Nb
𝜕𝜙

𝜕y
+Nt

𝜕𝜃

𝜕y
= 0 at y = 0, (11a)

u = 0, 𝜃 = 0, 𝜙 = 0 as y → ∞, (11b)
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where Nr =
(𝜌p−𝜌f∞)C∞

𝜌f∞𝛽(Tw−T∞)(1−C∞) is the buoyancy ratio, Nb =
𝜏DBC∞

𝜈
is the Brownian motion pa-

rameter, Nt =
𝜏DT(Tw−T∞)

T∞𝜈
is the thermophoresis parameter, Pr = 𝜐∕𝛼 is the Prandtl number and

Le = 𝜐∕DB is the Lewis number.

As the equations are two-dimensional, that the stream function 𝜓 is defined in the usual way
u = 𝜕𝜓∕𝜕y, v = −𝜕𝜓∕𝜕x and therefore, Eq. (7) is satisfied automatically. Guided by the familiar
nonsimilar form corresponding to both a uniform surface temperature and concentration, we use the
substitution

𝜉 = x , 𝜂 = y∕𝜉1∕4, 𝜓 = 𝜉3∕4 f (𝜉, 𝜂), 𝜃 = 𝜃(𝜉, 𝜂), 𝜙 = 𝜙(𝜉, 𝜂). (12)

into Eqs. (7) through (11a) to yield:

f ′′′ + 3
4
f f ′′ − 1

2
f ′2 + 𝜃 − Nr𝜙 = 𝜉

(
f ′
𝜕 f ′

𝜕𝜉
− f ′′

𝜕 f

𝜕𝜉

)
, (13)

1
Pr
𝜃′ + 3

4
f 𝜃′ + Nb𝜃

′𝜙′ + Nt𝜃′2 = 𝜉

(
f ′
𝜕𝜃

𝜕𝜉
− 𝜃 ∗ ′

𝜕 f

𝜕𝜉

)
, (14)

1
Le
𝜙′ + 3

4
f 𝜙′ + 1

Le
Nt
Nb
𝜃′ = 𝜉

(
f ′
𝜕𝜙

𝜕𝜉
− 𝜙′ 𝜕 f

𝜕𝜉

)
. (15)

The transformed boundary conditions become:

f (𝜉, 0) = 0, f ′(𝜉, 0) = 0, 𝜃(𝜉, 0) = 1 + Ω sin(𝜋𝜉), Nb𝜙
′(𝜉, 0) + Nt𝜃

′(𝜉, 0) = 0, (16a)

f ′(𝜉,∞) = 𝜃(𝜉,∞) = 𝜙(𝜉,∞) = 0. (16b)

It is important to note that most nanofluids examined to date have large values for the Lewis
number Le > 1 (see Nield and Kuznetsov [5]). For water nanofluids at room temperature with
nanoparticles of 1 nm to 100 nm diameters, the Brownian diffusion coefficient DB ranges from
4×10−12 to 4×10−4 m−2/s. Furthermore, the ratio of the Brownian diffusivity coefficient to the ther-
mophoresis coefficient for particles with diameters of 1nm to 100 nm can be varied in the ranges
of 0.02 to 2.0 for alumina, and from 2 to 20 for copper nanoparticles (see Buongiorno [4] for de-
tails). Hence, the variation of the nondimensional parameters of nanofluids in the present study is
considered to vary in the mentioned range.

The physical quantities of principle interest are the surface shear stress, rate of heat transfer
and the rate of mass transfer, respectively. These can be written as;

𝜏w = 𝜇 (𝜕ū∕𝜕 ȳ)ȳ=0 , qw = −k (𝜕T∕𝜕 ȳ)ȳ=0 ,mw = −DB (𝜕C∕𝜕 ȳ)ȳ=0 . (17)

Using the variables (6), (12) and the boundary conditions (16a) into Eq. (17), we get

𝜏w = f ′′(𝜉, 0), qw = −𝜃′(𝜉, 0), mw = −𝜙′(𝜉, 0). (18)
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Fig. 2. Comparison between present work and works of Rees [20] and Chamkha and
colleagues [22].

3. Numerical Method

The problem represented by Eqs. (13) to (16a) is nonlinear and has no closed-form solu-
tion. Therefore, it must be solved numerically. The implicit, tri-diagonal, finite-difference method
discussed by Blottner [21] has proven to be adequate for the accurate solution of boundary-layer
equations. For this reason, it is adopted in this work. All first-order derivatives with respect to 𝜉
are replaced by two-point backward difference quotients while the derivatives with respect to 𝜂 are
discretized using three-point central-difference quotients and, as a consequence, a set of algebraic
equations results at each line of constant 𝜉. These algebraic equations are then solved by the well-
known Thomas algorithm (see Blottner [21]) with iteration to deal with the nonlinearities of the
problem. When the solution at a specific line of constant 𝜉 is obtained, the same solution procedure
is used for the next line of constant 𝜉. This marching process continues until the desired value of 𝜉
is reached. At each line of constant 𝜉, when f′ is known, the trapezoidal rule is used to solve for f.
The convergence criterion employed was based on the relative difference between the current and
the previous iterations. When this difference reached 10−5, the solution was assumed converged and
the iteration procedure was terminated. Constant step sizes in the 𝜉 direction were used whereas
variable step sizes in the 𝜂 direction were utilized in order to accommodate the sharp changes in the
dependent variables especially in the immediate vicinity of the plate surface. The (𝜉, 𝜂) computa-
tional domain consisted of 1001 and 196 points, respectively. The initial step sizes in Δ𝜉1 and Δ𝜂1
were taken to be equal to 2 × 10−2 and 10−3, respectively and the growth factor for the 𝜂 direction
was taken to be 1.0375. This gave 𝜉� = 20 and 𝜂� = 35. These values were found to give accurate
grid-independent results as verified by the comparisons mentioned below.

In order to access the accuracy of the numerical results, a comparison with previously pub-
lished work which was reported earlier by Rees [20] and Chamkha and colleagues [22] for (Nr = Nb

= Nt = 0) is performed. This comparison is presented in Fig. 2. It is obvious from this figure that
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Fig. 3. Effects of Ω and Nr on velocity profiles.

excellent agreement between the results exist. This favourable comparison lends confidence in the
graphical results reported in the next section.

4. Results and Discussion

In order to get a clear insight of the physical problem, numerical results for the dimension-
less velocity, the temperature, the nanoparticle volume fraction profiles, as well as the rate of heat
transfer and the rate of nanoparticle volume fraction transfer are presented with the help of graphical
illustrations. The results are given through a parametric study showing the effects of various dimen-
sionless parameters, namely, the amplitude of the surface temperatureΩ, nanoparticle buoyancy ratio
Nr, Brownian motion parameter Nb, thermophoresis parameter Nt. Throughout the calculations, the
value of the Prandtl number for the base fluid is kept as Pr = 6.8 (at the room temperature), and the
Lewis number is fixed at Le = 10.

Figures 3 to 5 illustrate the effects of the amplitude of the surface temperatureΩ and nanopar-
ticle buoyancy ratio Nr on the dimensionless velocity along the plate f′, temperature 𝜃 and nanopar-
ticle volume fraction 𝜙, respectively. It is indicated that an increase in the amplitude of the surface
temperatureΩ causes a significant rise in the peaks of velocity, temperature and nanoparticle volume
fraction profiles. This arises because relatively high surface temperature induces relatively large up-
ward fluid velocities with the consequent increase in the rate entrainment into the boundary layer. In
addition, it is seen that an increase in the nanoparticle buoyancy ratio Nr leads to decelerate the mo-
tion of the nanofluid along the plate which results in a slight increase in its temperature. This is due to
the fact that the increase of buoyancy ratio Nr is associated with the decrease of the temperature dif-
ference between the wall and the ambient nanofluid, consequently it leads to reduce the convection
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Fig. 4. Effects of Ω and Nr on temperature profiles.

Fig. 5. Effects of Ω and Nr on nanoparticle volume fraction profiles.

rate so that the dimensionless velocity reduces and flow reversal vanishes. Also, the dimensionless
nanoparticle volume fraction is found to show an inconspicuous decrease with the increase of Nr.

Figures 6 to 8 show the variations of the surface shear stress (or f′′(𝜉,0)), rate of heat transfer
(or 𝜃′(𝜉,0)) and the rate of mass transfer (or 𝜙′(𝜉,0)), with various values of the amplitude of the
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Fig. 6. Effects of Ω and Nr on the surface shear stress.

Fig. 7. Effects of Ω and Nr on the rate of heat transfer.

surface temperature Ω and nanoparticle buoyancy ratio Nr, respectively. It can be seen that the
increase of the amplitude of the surface temperature Ω causes increases in the surface shear stress,
rate of heat transfer and the rate of mass transfer. Moreover, it is also observed that, the amplitude
of oscillation of the shear stress curves decays slowly while the amplitudes of oscillations of both
the rate of heat transfer and the rate of mass transfer rise as 𝜉 increases. Actually, the curves in
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Fig. 8. Effects of Ω and Nr on the rate of nanoparticle volume fraction.

Figs. 6 to 8 display that whatever the value of Ω, there will always be a value of 𝜉 beyond which
some part of the rate of heat transfer and the rate of mass transfer curves between successive surface
temperature maxima will be positive. Furthermore, as mentioned above, that the nanofluid velocity
decreases, while the temperature increases as Nr increases. This causes the surface shear stress and
rate of heat transfer to reduce while the unaffected behavior is found for rate of mass transfer.

Figures 9 to 11 demonstrate the effects of the Brownian motion parameter Nb and the ther-
mophoresis parameter Nt on the velocity along the plate f′, temperature 𝜃 and nanoparticle volume
fraction 𝜙, respectively. It is observed that a rise in Brownian motion parameter Nb clearly induces
a marked rise in both the velocity and nanopartciles volume fraction profiles, while an insignificant
decrease in the temperature profiles occurs. Physically, it is true due to the fact that the large values
of Brownian motion parameter impacts a large extent of the fluid, it results in raising the volume
fraction profiles near the surface of the plate. In addition, it can be seen that an increasing in the
values of the thermophoresis parameter Nt are followed by corresponding increases in both the ve-
locity and temperature profiles and significant decrease in the nanoparticle volume fraction profiles.
This is because the thermophoresis phenomenon describes the fact that small micron sized particles
suspended in a nonisothermal gas will gain a velocity in the direction of the declining temperature.
Hence it leads to an increase in the temperature difference between the plate surface and the ambient
nanofluid.

Figures 12 to 14 illustrate the effects of Brownian motion parameterNb and the thermophore-
sis parameter Nt on the the surface shear stress (or f′′(𝜉,0)), rate of heat transfer (or –𝜃′(𝜉,0)) and
the rate of mass transfer (or –𝜙′(𝜉,0)), respectively. It is seen from Fig. 12 that there are two op-
posite behaviors for the coefficient of surface shear stress. These behaviors are represented by the
reduction surface shear stress as a result of increasing the Brownian motion parameter Nb, and the
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Fig. 9. Effects of Nb and Nt on velocity profiles.

Fig. 10. Effects of Nb and Nt on temperature profiles.

enhancement which happened as as the thermophoresis parameterNt increased.Moreover, it is found
from Fig. 13 that the rate of heat transfer reduces with an increase in Brownian motion parameter Nb

and thermophoresis parameter Nt. This is due to the fact that the thermophoresis parameter Nt is di-
rectly proportional to the heat transfer coefficient associated with hot fluid. Thus, the thermophoretic
effect exerts a strong effect on the heat transfer. It is also found from Fig. 14 that the nanoparticle
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Fig. 11. Effects of Nb and Nt on nanoparticle volume fraction profiles.

Fig. 12. Effects of Nb and Nt on the surface shear stress.

volume fraction rate increases with an increase in Brownian motion parameter, while it falls sig-
nificantly with a rise in the thermophoresis parameter Nt. As expected, this is due to the fact that
the Brownian motion is proportional to the inverse of the size of the nanoparticles. Consequently, it
influences a larger reduction in the particle diameter which in turn decreases the rate of nanoparti-
cle volume fraction. Also, comparing Figs. 12 to 14 shows that the change in all the surface shear
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Fig. 13. Effects of Nb and Nt on the rate of heat transfer.

Fig. 14. Effects of Nb and Nt on the rate of nanoparticle volume fraction.

stress and rates of heat and mass transfer are higher for variation of the thermophoresis parameter
Nt, while the reverse behaviors happen with variation of the Brownian motion parameter Nb. Finally,
It is clearly seen from Figs. 6 to 8 and Figs. 12 to 14, that the amplitude of oscillations of the surface
shear stress is smaller than that of the rate of heat transfer and the rate of mass transfer.
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5. Conclusion

In this article, the effects of the Brownian motion and thermophoresis on the natural con-
vection boundary layer flow of a nanofluid past a vertical flat plate in the presence of sinusoidal
surface temperature variations are investigated. The basic governing equations of the problem are
transformed into a nonsimilar form, and then solved numerically employing an implicit, tri-diagonal
finite difference scheme. The numerical results obtained are in excellent agreement with the previ-
ously published work available in the literature on a special case of the general problem. The effects
of the various relevant parameters namely the amplitude of the surface temperature, nanoparticle
buoyancy ratio, Brownian motion parameter, thermophoresis parameter on the nanofluid velocity,
temperature, nanoparticle volume fraction as well as the surface shear stress, rate of heat transfer,
and the rate of nonoparticle volume fraction are shown graphically and discussed. It is concluded
that an increase of the amplitude of the surface temperature leads to an increase in the surface shear
stress, rate of heat transfer and the rate of nanoparticle volume fraction. It is also observed that in-
creasing the nanoparticle buoyancy ratio induces an enhancement in both the surface shear stress and
rate of heat transfer while an unaffected behavior is found for rate of volume fraction. Furthermore,
the surface shear stress reduces due to the increasing of the Brownian motion parameter, whereas
the effect reverses for the thermophoresis parameter. Also, it is found that an increase of the Brown-
ian motion and thermophoresis parameters have reducing effects on the rate of heat transfer. But an
increase of the Brownian motion parameter causes an enhancement in nanoparticle volume fraction
rate, while the thermophoresis parameter falls significantly with the nanoparticle volume fraction
rate.

Literature Cited

1. Choi SUS. Enhancing thermal conductivity of fluids with nanoparticle. In: D.A. Siginer, H.P.
Wang (Eds.). Developments and Applications of Non-Newtonian Flows, ASME FED. 231/MD
1995;66:99–105.

2. Das SK, Choi SUS, Yu W, Pradeep T. Nanofluids: science and technology. New Jersey: Wiley;
2007.

3. Kakac S, Pramuanjaroenkij A. Review of convective heat transfer enhancement with nanofluids.
Int J Heat Mass Transfer 2009;52:3187–3196.

4. Buongiorno J. Convective transport in nanofluids. ASME J Heat Transf. 2006;128:240–250.
5. Nield DA,KuznetsovAV. Thermal instability in a porousmedium layer saturated by a nanofluid.

Int J Heat Mass Transfer 2009;52:5796–5801.
6. Nield DA, Kuznetsov AV. The Cheng-Minkowycz problem for natural convective boundary

layer flow in a porous medium saturated by a nanofluid. Int J Heat Mass Transfer 2009;52:5792–
5795.

7. Khan WA, Pop I. Boundary layer flow of a nanofluid past a stretching sheet. Int J Heat Mass
Transfer 2010;53:2477–2483.

8. Makinde OD, Aziz A. Boundary layer flow of a nanofluid past a stretching sheet with convective
boundary condition. Int J Thermal Sci 2011;50:1326–1332.

9. Chamkha AJ, Rashad AM, Al-Meshaiei E. Melting effect on unsteady hydromagnetic flow of a
nanofluid past a stretching sheet. Int J Chem Reactor Eng 2011;9:1–23.

10. Chamkha AJ, Rashad AM. Natural convection from a vertical permeable cone in nanofluid
saturated porous media for uniform heat and nanoparticles volume fraction fluxes. Int J Numer
Methods Heat Fluid Flow 2012;22(8):1073–1085.

513



11. Anbuchezhian N, Srinivasan K, Chandrasekaran K, Kanasamy R. Thermoporesis and Brownian
motion effects on boundary layer flow of nanofluid in presence of thermal stratification due to
solar energy. Appl Math Mech (Eng. Ed.) 2012;33(6):765–780.

12. Mahdy A, Ahmed SE. Laminar free convection over a vertical wavy surface embedded in a
porous medium saturated with a nanofluid. Transp Porous Med 2012;91:423–435.

13. Chamkha AJ, Abbasbandy S, Rashad AM, Vajravelu K. Radiation effects on mixed convection
about a cone embedded in a porous medium filled with a nanofluid. Meccanica 2013;48:275–
285.

14. Chamkha AJ, Rashad AM, Aly AM. Transient natural convection flow of a nanofluid over a
vertical cylinder. Meccanica 2013;48:71–81.

15. RamReddy Ch, Murthy PVSN, Chamkha AJ, Rashad AM. Soret effect on mixed convection
flow in a nanofluid under convective boundary condition. Int J HeatMass Transfer 2013;64:384–
392.

16. Ibrahim W, Shankar B, Nandeppanavar MM. MHD stagnation point flow and heat transfer due
to nanofluid towards a stretching sheet. Int J Heat Mass Transfer 2013;56:1–9.

17. Murthy PVSN, RamReddy Ch, Chamkha AJ, Rashad AM. Magnetic effect on thermally strat-
ified nanofluid saturated non-Darcy porous medium under convective boundary condition. Int.
Comm. Heat Mass Transfer 2013;47:41–48.

18. Kuznetsov AV, Nield DA. The Cheng-Minkowycz problem for natural convective boundary
layer flow in a porous medium saturated by a nanofluid: A revised model. Int J Heat Mass
Transfer 2013;65:682–685.

19. Rashad AM, Abbasbandy S, Chamkha AJ. Non-Darcy natural convection from a vertical cylin-
der embedded in a thermally stratified and nanofluid-saturated porous media. ASME J Heat
Transfer 2014;136(2).

20. Rees DAS. The effect of steady streamwise surface temperature variations on vertical free con-
vection. Int J Heat Mass Transfer 1999;42:2455–2464.

21. Blottner FG. Finite-difference methods of solution of the boundary-layer equations. AIAA J
1970;8:193–205.

22. Chamkha AJ, EL-Kabeir SMM, Rashad AM. Coupled heat and mass transfer by MHD free
convection flow along a vertical plate with streamwise temperature and species concentration
variations. Heat Transfer-Asian Res 2013;42(2):100–110.

□▴▾ ▴▾ ▴▾□

514


