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Abstract
Purpose – The purpose of this paper is to investigate the effect of exponential viscosity-temperature
relation, exponential thermal conductivity-temperature relation and the combined effects of variable
viscosity and variable thermal conductivity on steady free convection flow of viscous incompressible
fluid in a vertical channel.
Design/methodology/approach – The governing equations are solved analytically using regular
perturbation method. The analytical solutions are valid for small variations of buoyancy parameter
and the solutions are found up to first order for variable viscosity. Since the analytical solutions have a
restriction on the values of perturbation parameter and also on the higher order solutions, the authors
resort to numerical method which is Runge-Kutta fourth order method.
Findings – The skin friction coefficient and the Nusselt number at both the plates are derived,
discussed and their numerical values for various values of physical parameters are presented in tables.
It is found that an increase in the variable viscosity enhances the flow and heat transfer, whereas an
increase in the variable thermal conductivity suppresses the flow and heat transfer for variable
viscosity, variable thermal conductivity and their combined effect.
Originality/value – This research is relatively original as, to the best of the authors’ knowledge, not
much work is done on the considered problem with variable properties.
Keywords Free convection, Variable thermal conductivity, Variable viscosity, Viscous dissipation,
Viscosity-temperature relation, Vertical channel
Paper type Research paper

List of symbols

International Journal of Numerical
Methods for Heat & Fluid Flow
Vol. 26 No. 1, 2016
pp. 18-39
© Emerald Group Publishing Limited
0961-5539
DOI 10.1108/HFF-12-2014-0385

Roman symbols
empirical constant
a,b1
b
width of the
channel
bv
viscosity variation parameter
thermal conductivity variation
bk
parameter

N
!
g
K0
m
T0

buoyancy parameter
acceleration due to
gravity
thermal conductivity of
the fluid
wall temperature ratio
reference temperature

T
U
u
Y
y
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ΔT

fluid temperature
velocity
dimensionless velocity
co-ordinate axis
dimensionless co-ordinate
axis
difference in temperature

Greek symbols
β
coefficient of thermal expansion
θ
dimensionless temperature
μ
viscosity
μ0
viscosity at temperature T0
υ
kinematic viscosity
density of the fluid
ρ0

1. Introduction
The natural convection process is present in various physical phenomena such as fire
engineering, combustion modeling, nuclear energy, heat exchangers, petroleum
reservoir, etc. Ostrach (1952) presented the similarity solution of natural convection
along vertical isothermal plate. Gebhart (1962) used perturbation technique to
analyze the effect of dissipation. Aung and Worku (1986a, b) discussed the theory of
combined free and forced convection in a vertical channel with flow reversal
condition for both developing and fully developed flows. A number of researchers
studied heat transfer in forced and free convection in a vertical channel in the
presence of dissipation with or without heat sources (Bejan, 1984; Arpaci and Larsen,
1984; Barletta, 1998). Significant efforts have been devoted to this topic due to its
practical importance in various engineering systems. A comprehensive review of
the literature on this subject can be found in the paper by Aung (1987). Umavathi et al.
(2005, 2006) studied mixed convection flow in a vertical porous channel. Umavathi
and Malashetty (1999) studied Oberbeck convection flow of couple-stress fluid in a
vertical channel. Kumar et al. (2010) analyzed fully developed free convective flow
of micropolar and viscous fluids in a vertical channel. Chamkha (2000) studied flow of
two-immiscible fluids in porous and nonporous channels. Odelu and Naresh Kumar
(2014) found the numerical solutions using quasi-linearization method for the
unsteady heat and mass transfer of a chemically reacting micropolar fluid in a porous
channel with Hall and ion slip currents. Mathematical modeling of oscillatory
magneto-convection of a couple-stress biofluid in an inclined rotating channel
was studied by Anwar Beg et al. (2012). Umavathi and Liu (2013) studied
magneto-convection in a vertical channel with a heat source or sink. Recently, using
the numerical network method, Zueco et al. (2014) analyzed magneto-convection
flow over a stretching surface embedded in a Darcian porous medium.
Most of the existing studies for the flow through channel are based on the constant
physical properties of the fluid. It is worth noting that viscosity of most fluids
encountered in the above mentioned applications is strongly dependent on
temperature. For example, the fluidity (1/μ) of Poly Alpha-Olefin, PAO, a synthetic
lubricant that is used in cooling electronics in radar equipment, changes almost linearly
with the temperature (Nield and Kuznetsov, 2003). Similarly, the viscosity of glycerin
has a threefold decrease in magnitude for a 10oC rise in temperature, while the viscosity
of water decreases by 240 percent when the temperature increases from 10 to 50oC.
In a typical operating situation, lubricants can be subject to extreme conditions, such as
high temperatures, pressure and shear rate. External heating and high shear rates can lead
to high temperatures being generated within the fluid. This may have a significant
effect on the fluid properties. It is well known that the most sensitive property to
temperature rise is the viscosity, hence, in this paper we focus on the effect of temperature
on the fluid viscosity. In particular, the model used is the viscosity variation by Reynolds
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law (Tanner, 1985), which assumes that the viscosity decreases exponentially with
temperature. This is a special case of more general viscosity variation loss (see Yasutomi
et al., 1984, for example). Mehrabian and Khoramabadi (2007) investigated numerically the
influence of variable fluid viscosity on the thermal characteristics of plate heat exchangers
for counter-flow and steady-state conditions. Natural convection of nanofluids flow with
“nanofluid-oriented” models of thermal conductivity and dynamic viscosity in the presence
of a heat source was studied by Bourantas et al. (2013).
Liquid metals have high-thermal conductivity and are used as coolants in addition to
it they have high electrical conductivity and hence are susceptible to transverse magnetic
field. The Prandtl number of liquid metals is low generally of order 0.01~0.1, e.g. Bismuth
(Pr ¼ 0.011), Mercury (Pr ¼ 0.023), PbBi (Pr ¼ 0.18), etc. Kay (1966) reported that thermal
conductivity of liquids with low Prandtl number varies linearly with temperature in the
range of 0-4001F. Soundalgekar (1976) studied natural convection flow along vertical
porous plate with suction and viscous dissipation. Arunachalam and Rajappa (1978)
considered forced convection in liquid metals (fluid with low Prandtl number) with
variable thermal conductivity in potential flow and derived explicit closed form of
analytical solution. Chaim (1998) studied heat transfer in fluid flow of low Prandtl
number with variable thermal conductivity, induced due to stretching sheet and
compared the numerical results with the results obtained by perturbation technique.
In this paper we focus on the effect of temperature on the fluid conductivity.
For the fluids, which are important in the theory of lubrication, the heat generated by
the internal friction and the corresponding rise in temperature do affect the viscosity and
thermal conductivity of the fluid and they can no longer be regarded as constant. The
physical properties of fluids such as viscosity and thermal conductivity may change
significantly with temperature (Schlichting, 1979). The temperature dependent property
problem is further complicated by the fact that the properties of different fluids behave
differently with temperature. Different relations between the physical properties of fluids
and temperature were given by Kays and Crawford (1980). Ockendon and Ockendon
(1977) presented an analysis for suddenly heated or cooled channel flow of a Newtonian
fluid with the viscosity either algebraically or exponentially dependent on temperature.
Elbashbeshy and Ibrahim (1993) analyzed the flow of viscous incompressible fluids along
a heated vertical plate, taking into account the variation of the viscosity and thermal
diffusivity with temperature. Mahmoud (2007) studied the flow and heat transfer of an
incompressible viscous electrically conducting fluid over a continuously moving vertical
infinite plate with uniform suction and heat flux in the presence of radiation taking into
account the effects of variable viscosity. From the preceding investigations, it is found
that the variation of viscosity and thermal conductivity with temperature is an
interesting macroscopic physical phenomenon in fluid mechanics.
Hence, the problem of free convection flow in a vertical plate by taking into account of
variable viscosity and thermal conductivity is studied in this paper. It is assumed that the
viscosity of the fluid and thermal conductivity of the fluid is an exponential function of
the temperature. In the process of solving fluid flow problem, various mathematical tools
have been developed and applied among which is the perturbation method and
Runge-Kutta method. The non-dimensional governing equations are solved analytically
using perturbation method and numerically by Runge-Kutta shooting method (RKSM).
The effect of viscosity variation, thermal conductivity variation and the combined effect
of viscosity and thermal conductivity variation on the flow variables such as velocity,
temperature, shear stress and Nusselt number is studied. The solutions obtained by
RKSM is justified by comparing the solutions obtained by perturbation method.

2. Mathematical formulation
Consider a steady laminar, fully developed flow of an incompressible viscous
fluid between two parallel plates. The distance between the plates is 2b and the origin of
co-ordinate axis is located in the mid-plane of the channel. The two plates are kept at
two constant temperatures T1 for the left plate and T2 for the right plate. The channel is
assumed to occupy the region of space −b ⩽ Y ⩽ b. A fluid rises in the channel driven
by buoyancy forces. The no-slip boundary condition is imposed on the parallel plates
for the velocity, and since the plates are infinite in the X-direction, the physical
variables are invariant in these directions and the problem is essentially onedimensional with velocity component U(Y) along the X-axis. The physical properties
characterizing the fluid except density, viscosity and thermal conductivity are assumed
to be constant. As customary, the Boussinesq approximation and the equation of state:
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r ¼ r0 ½1bðTT 0 Þ:
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(1)

will be adopted. The flow and heat transfer of viscous fluid is examined considering the
following three cases.
In Case 1 we consider only variation of viscosity with constant thermal conductivity,
in Case 2 keeping viscosity constant vary the thermal conductivity and in Case 3 we
study the combination of both variable viscosity and thermal conductivity (Figure 1).
2.1 Case 1: effect of variable viscosity
The governing equations of motion for variable viscosity become:


d
dU
m
þ r0 gbðTT 0 Þ ¼ 0
dY dY
K0

d2 T
dY

þm
2



dU
dY

(2)

2
¼0

(3)

b

T1

T2
g
x
y
(0, 0)

Flow direction

Figure 1.
Physical
configuration
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where U is the velocity of the fluid, T the temperature of the fluid, ρ0 the static density,
β the coefficient of thermal expansion, g the acceleration due to gravity, μ the viscosity
and K0 the thermal conductivity of the fluid.
The boundary conditions on the velocity and temperature fields are given as:
U ¼ 0 at Y ¼ 7 b

(4)

T ¼ T 1 at Y ¼ b; T ¼ T 2 at Y ¼ b

(5)

22
where b is the characteristic length.
The fluid viscosity μ is assumed to vary with temperature (Attia, 2006):
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m ¼ m0 ea ðTT 0 Þ

(6)

where the subscript 0 denotes the reference state and a an empirical constant.
In Equation (6) the viscosity μ is assumed to depend on temperature exponentially.
The parameter a may take positive values for liquids such as water, benzene or
crude oil. In some gases like air, helium or methane a may be negative, i.e., the
coefficient of viscosity increases with temperature (Sutton and Sherman, 1965;
Schlichting, 1968). This type of model can find applications in many processes where
preheating of the fuel is used as a means to enhance heat transfer effects.
In addition, for many fluids such as lubricants, polymers and coal slurries where
viscous dissipation is substantial, an appropriate constitutive relation where viscosity
is a function of temperature should be used.
Equations (2)-(5) determine the velocity and temperature distribution, and they can be
written in a dimensionless form by means of the following dimensionless parameters:
u¼

m0
r0 gbb2 DT

U; y ¼

TT 0
Y
r 2 b4 g 2 b2 DT
; y¼ ; N ¼ 0
b
m0 K 0
DT

(7)

Using Equations (6) and (7) the dimensionless governing Equations (2)-(5) reduces to:
d2 u
dy du
þ yþ bv y2 ¼ 0
bv
2
dy
dy dy

(8)

 2
 2
d2 y
du
du
þN
bv N y
¼0
dy2
dy
dy

(9)

and the non-dimensional boundary conditions reduces to:
u ¼ 0 at y ¼ 7 1

(10)

y ¼ 1 þ m at y ¼ 1; y ¼ 1 at y ¼ 1:

(11)

where bv ¼ aΔT is the variable viscosity parameter, m ¼ T 1 T 2 =DT is the wall
temperature ratio and N is the buoyancy parameter.
The Equation (6) can be approximated by expanding μ in terms of a truncated
Taylor’s series about x ¼ 0 and consider only first two terms in the series.

2.2 Case 2: effect of variable conductivity
In this case we consider the steady laminar fully developed flow of a viscous fluid
(constant viscosity) with variable conductivity and the effect of viscous dissipation.
The governing equations of this motion are:
m0

d2 U
dY 2

þ r0 gbðTT 0 Þ ¼ 0



 2
d
dT
dU
K
¼0
þ m0
dY
dY
dY

(12)

(13)
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The boundary conditions are same as in Equations (4) and (5).
The thermal conductivity of the fluid is assumed as (Attia, 2006):
K ¼ K 0 eb1

ðTT 0 Þ

¼ K 0 ð1 þ b1 ðTT 0 ÞÞ

(14)

The thermal conductivity of the fluid is assumed to vary with temperature as can be
seen in Equation (14) where the parameter b may be positive for some fluids such as air
or water vapor or negative for others like liquid water or benzene (Schlichting, 1968;
White, 1991). The thermal conductivity changes approximately linearly with
temperature in the range from 0 to 400°F (Kay, 1966).
The above governing Equations (12) and (13) are written in dimensionless form by
using Equations (7) and (14) as:
d2 u
þy ¼ 0
dy2

(15)

 2
 2
 2
d2 y
dy
du
du
b
þ
N
þ
b
N
y
¼0
k
k
dy2
dy
dy
dy

(16)

The corresponding boundary conditions are same as in Equations (10) and (11) where
bk ¼ b1ΔT is the variable conductivity parameter.
2.3 Case 3: combined effect of variable viscosity and thermal conductivity
The momentum equations governing the motion of an incompressible fluid in the
presence of viscous dissipation with the variable viscosity and variable thermal
conductivity are given by:


d
dU
m
(17)
þ r0 gbðTT 0 Þ ¼ 0
dY dY


 2
d
dT
dU
K
¼0
þm
dY dY
dY

(18)

The expressions for viscosity μ and thermal conductivity K are given in Equations (6)
and (14).
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In terms of the non-dimensional variables as in Equation (7), Equations (17) and (18)
takes the form:
d2 u
dy du
þ yþ bv y2 ¼ 0
bv
dy2
dy dy

(19)

 2
 2
 2
 2
d2 y
dy
du
du
du 2
bk
þN
þ ðbk bv ÞN
ybv bk N
y ¼0
dy2
dy
dy
dy
dy

(20)
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and the corresponding boundary conditions are given in Equations (10) and (11).
Equations (19) and (20) show that the dimensionless velocity and temperature fields
depend on four parameters: the viscosity parameter bv, the conductivity parameter
bk, the buoyancy parameter N and the wall temperature ratio m.
3. Method of solutions
The solutions of the governing equations of motion are found using perturbation
method for all the three cases.
3.1 Perturbation method
3.1.1 Case 1: effect of variable viscosity. Equations (8) and (9) are coupled non-linear
equations because of variable viscosity and viscous dissipation and it is difficult, in
general, to solve analytically. When neglecting the viscous dissipative heating (N ¼ 0),
Equations (8) and (9) become linear and solutions can easily be obtained. In many
practical applications cited above, N cannot be zero (N ≠ 0), but in many situations it
can take small values. For example, for mercury in a channel of half-width 2 cm, and
with T1−T0 ¼ 20°C, N takes the value of 0.128. Small values of N (o 1) facilitate finding
analytical solutions of Equations (8) and (9) in the form:
y ¼ y0 þ N y1 þ . . .

(21)

u ¼ u0 þ N u1 þ . . .

(22)

where the second and higher order terms on the right-hand side give a correction to θ0,
u0 accounting for the dissipative effects. Substituting Equations (21) and (22) into
Equations (8)-(11) and equating like powers of N to zero, we obtain.
Zeroth order equations:
d 2 y0
¼0
dy2

(23)

d 2 u0
dy0 du0
þ y0 þ b v y0 2 ¼ 0
bv
dy2
dy dy

(24)

The corresponding boundary conditions are:
y0 ¼ 1 þ m at y ¼ 1; y0 ¼ 1 at y ¼ 1

(25)

u0 ¼ 0 at y ¼ 7 1

(26)

First order equations:
 2
 2
d y1
du0
du0
þ
b
y
¼0
v 0
dy2
dy
dy

(27)

d 2 u1
dy0 du1
dy1 du0
bv
þ y1 þ 2bv y0 y1 ¼ 0
bv
2
dy
dy dy
dy dy

(28)

2
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The corresponding boundary conditions are:
y1 ¼ 0 at y ¼ 7 1

(29)

u1 ¼ 0 at y ¼ 7 1

(30)

The solutions of Equations (23) and (24) can be obtained directly and hence, not
presented. However, the solutions of Equations (27) and (28) are not found due to the
occurrence of very large expressions for the particular integrals.
The results for Case 1 are presented in graphs and tabular form.
3.1.2 Case 2: effect of variable conductivity. The method of solution is similar to the
Case 1. Substituting Equations (21) and (22) into Equations (15) and (16) and equating
like powers of N to zero, we obtain.
Zeroth order equations using N as the perturbation parameter:
 2
d 2 y0
dy0
bk
¼0
(31)
2
dy
dy
d 2 u0
þ y0 ¼ 0
dy2

(32)

The corresponding boundary conditions are same as in Equations (25) and (26).
First order equations using N as the perturbation parameter:

  2
 2
d 2 y1
dy0 dy1
du0
du0
2b
þ
b
y
¼0
(33)
þ
0
k
k
2
dy
dy dy
dy
dy
d 2 u1
þ y1 ¼ 0
dy2

(34)

The corresponding boundary conditions are same as in Equations (29) and (30).
Since the Equations (31)-(34) are still coupled and non-linear, we shall further perform
a perturbation analysis for the second time to the Equations (31)-(34) considering variable
conductivity parameter as a perturbation parameter. The solutions of Equations (31)-(34)
are assumed as follows:
y0 ¼ y00 þ bk y01

(35)

u0 ¼ u00 þ bk u01

(36)
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y1 ¼ y10 þ bk y11

(37)

u1 ¼ u10 þ bk u11

(38)

Using Equations (35)-(38) into Equations (31)-(34) and equating like powers of bk, we
obtain the following boundary value problems.
Zeroth order equations for θ0 and u0 using bk as the perturbation parameter:
d2 y00
¼0
dy2

(39)

d2 u00
þ y00 ¼ 0
dy2

(40)

First order equations for θ0 and u0 using bk as the perturbation parameter:


d 2 y01
dy00 2

¼0
dy2
dy
d2 u01
þ y01 ¼ 0
dy2
Zeroth order equations for θ1 and u1 using bk as the perturbation parameter:


d2 y10
du00 2
þ
¼0
dy2
dy
d2 u10
þ y10 ¼ 0
dy2
First order equations for θ1 and u1 using bk as the perturbation parameter:

 



d2 y11
dy00 dy10
du00 du01
du00 2
2
¼0
þ2
þ y00
dy2
dy dy
dy dy
dy
d2 u11
þ y11 ¼ 0
dy2

(41)

(42)

(43)

(44)

(45)

(46)

The corresponding boundary conditions are:
y00 ¼ 1 þ m at y ¼ 1; y00 ¼ 1 at y ¼ 1; u00 ¼ 0 at y ¼ 7 1
y01 ¼ 0 at y ¼ 7 1; u01 ¼ 0 at y ¼ 7 1; y10 ¼ 0 at y ¼ 7 1; u10 ¼ 0 at y ¼ 7 1
y11 ¼ 0 at y ¼ 7 1; u11 ¼ 0 at y ¼ 7 1

(47)
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The solutions of Equations (39)-(42) using the boundary conditions (47) can be found
easily and hence not presented. However, the solutions of Equations (43)-(46) are not
found due to the occurrence of very large expressions for the particular integrals.
The results for Case 2 are presented in graphs and tabular form.
3.1.3 Case 3: effect of variable viscosity and thermal conductivity. The method
of solutions of Equations (19)-(20) is similar to as in Case 2 and we obtain the
following equations.
Zeroth order equations using N as the perturbation parameter:
d 2 u0
dy0 du0
þ y0 þ bv y20 ¼ 0
bv
dy2
dy dy

(48)

 2
d 2 y0
dy0
bk
¼0
dy2
dy

(49)

First order equations using N as the perturbation parameter:
d2 u1
dy0 du1
dy1 du0
 bv
þ y1 þ 2bv y0 y1 ¼ 0
bv
dy2
dy dy
dy dy

  2
 2
 2
d 2 y1
dy0 dy1
du0
du0
2 du0
2bk
þ ðbk bv Þy0
bv bk y0
¼0
þ
dy2
dy dy
dy
dy
dy

(50)

(51)

Using Equations (35)-(38) into Equations (48)-(51) and equating like powers of bk, we
obtain the following boundary value problems.
Zeroth order equations for θ0 and u0 using bk as the perturbation parameter:
d2 y00
¼0
dy2

(52)

d2 u00
dy00 du00
þ y00 þ bv y200 ¼ 0
bv
2
dy
dy dy

(53)

First order equations for θ0 and u0 using bk as the perturbation parameter:


d2 y01
dy00 2

¼0
dy2
dy
d2 u01
dy01 du00
dy00 du01
bv
þ y01 þ 2bv y00 y01 ¼ 0
bv
dy2
dy dy
dy dy

(54)

(55)

Using the boundary conditions (47), the solutions of Equations (52)-(55) can be obtained
easily and hence not presented. Since the analytical solutions become very tedious for
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Equations (54)-(55) and the zeroth and first order equations for θ1 and u1 using bk as the
perturbation parameter, the solutions are not found.
The results for Case 3 are presented in graphs and tabular form.
3.2 Numerical solutions
The analytical solutions obtained in the above section are valid for small values of
perturbation parameters. Further it is seen in the above section that it is not possible to
find solutions of even the first order in all the cases. Hence we resort to solve the
governing equations by numerical method using RKSM. The validity of RKSM is
justified by comparing the solutions with the results obtained by the perturbation
method and the values are displayed in tables. The perturbation method and RKSM
solutions agree very well in the absence of perturbation parameter.
3.3 Skin friction and Nusselt number
In addition to the velocity and temperature fields, the following physical quantities can
be defined.
The dimensionless skin friction at each boundary can be defined as:
t1 ¼

du
dy

and t2 ¼
y¼1

du
dy

(56)
y¼1

The dimensionless Nusselt number at each boundary can be defined as follows:
N u1 ¼

dy
dy

and N u2 ¼
y¼1

dy
dy

(57)
y¼1

4. Results and discussion
The problem of flow and heat transfer in a vertical channel with temperature
dependent viscosity, temperature dependent thermal conductivity and the combined
effect of temperature dependent viscosity and thermal conductivity is analyzed. The
governing equations which are highly non-linear and coupled are solved analytically
using perturbation method and numerically using RKSM. For temperature dependent
viscosity, the buoyancy parameter N is used as the perturbation parameter. The
solutions are found up to first order. For temperature dependent thermal conductivity,
buoyancy parameter N is used as the first perturbation parameter and the thermal
conductivity parameter bk is used as the second perturbation parameter to find the
first order solutions. For combined effect the buoyancy parameter N is used as the first
perturbation parameter and bk is used as the second perturbation parameter. It is
well-known fact that the values for the perturbation parameters should be small. For
large values of the perturbation parameter the solutions cannot be used and hence we
relax these restrictions by finding the solutions numerically. RKSM is used to find the
numerical solutions. The results are drawn and presented graphically for governing
parameters such as viscosity variation parameter bv, conductivity variation parameter
bk, wall temperature ratio m and buoyancy parameter N. Figures 2-7 show the effect of
variable viscosity for constant thermal conductivity. Figures 8-9 show the effect
of variable thermal conductivity for constant viscosity. Figures 10-13 display the
combined effects of variable viscosity and variable thermal conductivity.
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N = 0.5
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For fixed values of buoyancy parameter N ¼ 0.5, wall temperature ration m ¼ −1, the
effect of viscosity variation parameter bv on the velocity and temperature is displayed
in Figures 1-2, respectively. For negative values of bv the velocity profiles show
symmetry, for positive values of bv the velocity profiles tend toward the hot wall (right
wall). It is seen from Figures 2-3 that as the viscosity variation parameter bv increases
both the velocity and temperature increases. However, the effect of bv on temperature is
not much influential. One can also observe that the velocity and temperature profile for
constant viscosity (bv ¼ 0) lies above bv o 0 and below bv W 0. The effect of viscosity
variation parameter bv on the flow was the similar result observed by Attia (2001) on
the MHD channel flow of dusty fluid.

Figure 9.
Temperature profiles
of variable
conductivity for
different values of bk
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The profiles for the effects of wall temperature ratio m on the flow field for variable
viscosity with constant thermal conductivity are displayed in Figures 4-5. As the wall
temperature ratio m increases both the velocity and temperature fields are enhanced.
It is quite natural that physically increase in m for values of m W 1 means that the wall
temperature at the left wall is higher than the wall temperature at the right wall which
will enhance the temperature gradient.
The effect of buoyancy parameter N on the flow field is shown in Figures 6-7 for
variable viscosity with constant temperature. It is evident from these figures that as the
buoyancy parameter N increases the flow is promoted. Since the buoyancy parameter
N is the ratio of buoyancy force to the viscosity force, increase in N results in increase
of dissipation which increases the temperature and as a result velocity also increases.
The effect of N on the flow for constant viscosity and thermal conductivity was the
similar result observed by Umavathi (1999).
The values of skin friction and Nusselt number on the variation of variable viscosity
parameter bv, wall temperature ratio m and buoyancy parameter N are tabulated in
Table I. One can view that as bv increases skin friction and Nusselt number increases at
the left wall (hot wall) and decreases at the right wall. For increase in wall temperature
ratio m, skin friction increases at the left wall and decreases at the right wall whereas
the Nusselt number decreases at both the walls. The buoyancy parameter N increases
the skin friction and Nusselt number at the left wall and decreases at the right wall.
The effect of variable thermal conductivity for constant viscosity shows that as bk
increases both the velocity and temperature profiles are suppressed. Here also the profile
for constant thermal conductivity (bk ¼ 0) lies below for bk o0 and above for bk W0 (which
contradicts for variable viscosity Figures 2-3). The effect of bk is the similar result observed
by Attia (1999) and Palani and Kim (2010). Keeping the value for bk fixed, the variations of
wall temperature ratio m, buoyancy parameter N on the flow was observed to be the
similar nature obtained for variable viscosity and hence not shown pictorially.
Table II displays the effects of variable thermal conductivity, wall temperature ratio
and buoyancy parameter on skin friction and Nusselt number. It is seen that as the
variable thermal conductivity parameter bk increases, skin friction and Nusselt number
decreases at the left wall and increases at the right wall, which is in contrast with the
effects of variable viscosity parameter with constant thermal conductivity. The effect

Figure 13.
Temperature profiles
of combined effect
for different values
of bk
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Table I.
Computations
showing the effect of
parameter variations
on skin friction and
Nusselt number by
fixing bv ¼ 0.5,
m ¼ −1, N ¼ 0.5

du
dy
bv
−0.9
−0.5
0
0.5
0.9

du
dy

y¼1

dy
dy

y¼1

dy
dy

y¼1

0.21895089
0.28380524
0.34243841
0.37528525
0.38376724

−0.18253883
−0.39030149
−0.67631187
−0.98475090
−1.24197578

0.51115535
0.52134013
0.53491249
0.54490554
0.54731163

0.48607853
0.46643555
0.44238240
0.43860902
0.46528556

m
−2
−1
0
1
2

−0.26619996
0.35867693
1.24918013
2.43068627
3.91074995

−0.40479081
−0.79751133
−1.24918013
−1.75449162
−2.29367054

1.00970746
0.53961648
0.21136696
0.03693608
−0.07803908

0.98780294
0.43714045
−0.21136696
−0.99478534
−1.92808253

N
0.1
0.5
1.0
1.5
2.0

0.36597509
0.37528525
0.38804437
0.40230743
0.41844802

−0.97249918
−0.98475090
−1.00149048
−1.02013912
−1.04116858

0.50858723
0.54490554
0.59536466
0.65268071
0.71865944

0.48812697
0.43860902
0.37155797
0.29762544
0.21513952

du
dy
bk
−0.5
−0.2
0
0.2
0.5

Table II.
Computations
showing the effect of
parameter variations
on skin friction and
Nusselt number by
fixing bk ¼ 0.5,
m ¼ −1, N ¼ 0.5

y¼1

y¼1

du
dy

y¼1

dy
dy

y¼1

dy
dy

y¼1

0.38448283
0.35918541
0.34243841
0.32592264
0.30181663

−0.71433189
−0.69211799
−0.67631187
−0.65980904
−0.63397206

0.69021828
0.59131762
0.53491249
0.48508479
0.42097806

0.35834632
0.40383081
0.44238240
0.48853401
0.57428274

m
−2
−1
0
1
2

−0.39533295
0.32592264
1.04451049
1.76767951
2.50404650

−0.26789240
−0.65980904
−1.04451049
−1.42782707
−1.81635699

0.83626735
0.48508479
0.22063966
0.11093201
0.23816248

1.21874478
0.48853401
−0.22063966
−0.92626969
−1.64606661

N
0.1
0.5
1.0
1.5
2.0

0.29487047
0.30181663
0.31133781
0.32198889
0.33406112

−0.62575549
−0.63397206
−0.64521095
−0.65775334
−0.67193350

0.39875294
0.42097806
0.45154736
0.48586676
0.52489173

0.63430398
0.57428274
0.49328444
0.40432950
0.30549548

of wall temperature ratio m and buoyancy parameter N on skin friction and Nusselt
number are the similar result observed for variable viscosity (Table I).
The combined effects of variable viscosity and variable conductivity on free
convection flow in vertical channel including the effect of viscous dissipation are

Downloaded by EKB Data Center At 11:53 22 March 2016 (PT)

displayed in Figures 10-13. The influence of variable viscosity parameter bv on the
velocity was the similar nature observed for variable viscosity with constant
temperature. The effect of variable thermal conductivity on the flow field also show the
similar effect as observed for variable thermal conductivity with constant viscosity.
The effects of wall temperature ratio m and buoyancy parameter N for the flow for the
combined effects, was the similar result observed for variable viscosity with constant
thermal conductivity and hence not shown graphically. The effect of bk and bv on the
flow was the similar result observed by Attia (2006) for hydro magnetic channel flow of
dusty fluid.
The effect of variable viscosity bv, variable thermal conductivity bk, wall
temperature ratio m and buoyancy parameter N on skin friction and Nusselt number
is shown in Table III. Fixing bv ¼ 0.5, increasing the values of bk decreases the skin
friction and Nusselt number at the left wall and increases at the right wall. Fixing
bk ¼ 0.5 and increasing values of bv shows that skin friction and Nusselt number
increases at the left wall and decreases at the right wall. The effects of m and N on the
skin friction and Nusselt number are the similar results as observed for variable
viscosity with constant temperature as seen in Table I.
The analytical solutions obtained by regular perturbation methods are valid only for
small values of perturbation parameter. To overcome this restriction the governing
equations are solved using RKSM. The validity of RKSM is justified by comparing the
results obtained by perturbation method and RKSM in the absence of buoyancy
parameter N and displayed in Tables IV-VI for variable viscosity (constant thermal
conductivity), variable thermal conductivity (constant viscosity) and combined effect of
du
dy
bk
−0.5
−0.2
0
0.2
0.5
bv
−0.5
−0.2
0
0.2
0.5
m
−2
−1
0
1
2
N
0.1
0.5
1.0
1.5
2.0

y¼1

0.41667630
0.39194181
0.37528525
0.35863563
0.33393131
0.25078442
0.28356326
0.30181663
0.31702710
0.33393131
−0.39851036
0.31702710
1.27875478
2.49778508
3.94903516
0.32485117
0.33393131
0.34659978
0.36111598
0.37808205

du
dy

y¼1

dy
dy

y¼1

bv ¼ 0.5, m ¼ −1, N ¼ 0.5
−1.03642106
0.70177221
−1.00615640
0.60198337
−0.98475090
0.54490554
−0.96247774
0.49437404
−0.92769602
0.42919806
bk ¼ 0.5, m ¼ −1, N ¼ 0.5
−0.36768992
0.41065864
−0.52374685
0.41690942
−0.63397206
0.42097806
−0.74861667
0.42471304
−0.92769602
0.42919806
bv ¼ 0.2, bk ¼ 0.5, N ¼ 0.5
−0.20721857
0.64293325
−0.74861667
0.42471304
−1.27875480
0.33252774
−1.80566561
0.51640285
−2.31284136
0.78573326
bv ¼ 0.5, bk ¼ 0.5, m ¼ −1
−0.91472483
0.40027046
−0.92769602
0.42919806
−0.94570579
0.46988465
−0.96622385
0.51693649
−0.99005427
0.57245884

dy
dy
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y¼1

0.35607815
0.40070631
0.43860902
0.48404813
0.56861546
0.60419156
0.58490149
0.57428274
0.56749111
0.56861546
1.70508984
0.56749111
−0.33252774
−1.13973723
−1.89575301
Table III.
0.63328100
Computations
0.56861546 showing the effect of
0.48024899 parameter variations
0.38148225 on skin friction and
0.26916679
Nusselt number
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Table IV.
Comparison of
velocity and
temperature for
various values of
bv ¼ 0.5, m ¼ −1
with Runge-Kutta
shooting method
for Case 1

Table V.
Comparison of
velocity and
temperature for
various values of
bk ¼ 0.5, m ¼ −1
with Runge-Kutta
shooting method
for Case 2

N¼0
Numerical

Analytical

N¼2
Numerical

Analytical

N¼4
Numerical

y

Analytical

Velocity
1
0.6
0.2
−0.2
−0.6
−1

0.00000000
0.26311519
0.33060940
0.27281612
0.14728533
0.00000000

0.00000000
0.26311520
0.33060940
0.27281612
0.14728533
0.00000000

0.00000000
0.28642311
0.36566515
0.30563110
0.16610848
0.00000000

0.00000001
0.29239716
0.37494537
0.31443723
0.17110347
0.00000000

0.00000000
0.30973103
0.40072091
0.33844608
0.18493162
0.00000000

0.00000001
0.34728124
0.45960370
0.39449201
0.21655182
0.00000000

Temperature
1
1.00000000
0.6
0.80000000
0.2
0.60000000
−0.2
0.40000000
−0.6
0.20000000
−1
0.00000000

1.00000000
0.80000000
0.60000000
0.40000000
0.20000000
0.00000000

1.00000000
0.84449996
0.65319228
0.45823722
0.24688655
0.00000000

1.00000000
0.85526133
0.66625216
0.47272676
0.25947034
0.00000000

1.00000000
0.88899992
0.70638455
0.51647444
0.29377310
0.00000000

0.99999999
0.95572922
0.78786552
0.60691373
0.37301554
0.00000000

N¼0
Numerical

Analytical

N¼2
Numerical

Analytical

N¼4
Numerical

y

Analytical

Velocity
1
0.6
0.2
−0.2
−0.6
−1

0.00000000
0.17653333
0.23120000
0.19920000
0.11253333
0.00000000

0.00000000
0.17622459
0.23113375
0.19958514
0.11300406
0.00000000

0.00000000
0.19104905
0.25287748
0.22010103
0.12544027
0.00000000

0.00000000
0.19308171
0.25632094
0.22393897
0.12812158
0.00000000

0.00000000
0.20556477
0.27455495
0.24100206
0.13834721
0.00000000

0.00000000
0.22421166
0.30294872
0.26908154
0.15619640
0.00000000

Temperature
1
1.00000000
0.6
0.76000000
0.2
0.54000000
−0.2
0.34000000
−0.6
0.16000000
−1
0.00000000

1.00000003
0.75601745
0.53858863
0.34249676
0.16392582
0.00000000

1.00000000
0.80950073
0.58976725
0.38592555
0.19232825
0.00000000

1.00000000
0.81345659
0.59596545
0.39587863
0.20277528
0.00000000

1.00000000
0.85900146
0.63953451
0.43185109
0.22465650
0.00000000

1.00000000
0.91908678
0.70237179
0.49475048
0.27563451
0.00000000

variable viscosity and thermal conductivity. It is viewed from Tables IV and V that the
analytical and numerical solutions are exact for N ¼ 0 and the error increases as
buoyancy parameter N increases. The computation to evaluate first order solutions for
the combined effect of variable viscosity and thermal conductivity was very tedious
and hence Table VI gives the comparison for N ¼ 0 only. Numerical solutions were
obtained for the effects of buoyancy parameter N on the flow.
5. Conclusion
The problem of free convective flow in a vertical channel filled with purely viscous fluid
was analyzed for the variation of viscosity (constant thermal conductivity), variation
of thermal conductivity (constant viscosity) and for the variation of both viscosity and
thermal conductivity on the temperature. The analytical solutions were found by
regular perturbation method for small values of perturbation parameter and numerical
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bk ¼ 0

bk ¼ 0.5

y

Analytical

Numerical

Analytical

Numerical

Velocity
1.0
0.6
0.2
−0.2
−0.6
−1.0

0.00000000
0.26311519
0.33060940
0.27281612
0.14728533
0.00000000

0.00000000
0.26311520
0.33060940
0.27281612
0.14728533
0.00000000

0.00000000
0.24061751
0.29562666
0.24051192
0.12928455
0.00000000

0.00000000
0.24021193
0.29582136
0.24132793
0.12989692
0.00000000

Temperature
1.0
0.6
0.2
−0.2
−0.6
−1.0

1.00000000
0.80000000
0.60000000
0.40000000
0.20000000
0.00000000

1.00000000
0.80000000
0.60000000
0.40000000
0.20000000
0.00000000

1.00000000
0.76000000
0.54000000
0.34000000
0.16000000
0.00000000

0.99999999
0.75601743
0.53858861
0.34249675
0.16392581
0.00000000

solutions were found by RKSM valid for any values of governing parameters. The
RKSM and perturbation method show good agreement in the absence of buoyancy
parameter. The following results were drawn:
(1) Increase in the variable viscosity enhances the flow and heat transfer, whereas
increase in the variable thermal conductivity suppresses the flow and heat
transfer for variable viscosity, variable thermal conductivity and their
combined effect.
(2) The wall temperature ratio and buoyancy parameter enhances the flow for
variable viscosity, variable thermal conductivity and their combined effect.
(3) The solutions obtained by RKSM and perturbation method are exact in the
absence of buoyancy parameter and the error increases as the buoyancy
parameter increases.
(4) The results agree with Attia (2001) for variable viscosity, with Attia (1999) and
Palani and Kim (2010) for variable thermal conductivity and with Attia (2006)
for combined effect of variable viscosity and variable thermal conductivity.
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