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Abstract An analysis is carried out to study the coupled heat and mass transfer by mixed
convection flow of a Newtonian fluid past a rotating vertical cone embedded in a porous
medium in the presence of a magnetic field and chemical reaction effects. The cone sur-
face is maintained at variable temperature and concentration. Similarity transformation is
employed to transform the governing partial differential equations into a set of nonlinear
ordinary differential equations, which are then solved numerically using shooting method
that uses Runge-Kutta and Newton’s method. Comparisons with previously published work
are performed and results are found to be in excellent agreement. Numerical Results for
the velocities, temperature, concentration profiles, as well as local tangential and azimuthal
skin friction coefficients, local Nusselt and Sherwood numbers are presented graphically and
discussed for different values of the governing parameters to show interesting features of
the solutions. This type of study finds significant applications in cooling of electric circuits,
packed-bed chemical reactors, solar porous wafer absorber systems, synthesis materials and
hygroscopic materials.
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1 Introduction

Simultaneous heat and mass transfer from different geometries embedded in porous media
has many engineering and geophysical applications such as the extraction of geothermal
energy, drying of porous solids, food processing and storage, thermal insulation of buildings,
enhanced oil recovery, nuclear power plants, and cooling system of electronic devices. A
comprehensive account of the fundamental theoretical and experimental works is provided
in the recent books Bejan [1], Bejan and Khair [2], Neild and Bejan [3], Pop and Ingham
[4] and Ingham and Pop [5]. Also, the investigation of heat and mass transfer over rotating
bodies is of considerable importance due to its application in various areas of geophysical,
technological and engineering applications Such an investigation is important in the design
of turbines and turbo-machines, in estimating the flight path of rotating wheels and spin-
stabilized missiles and in the modeling of many geophysical vortices. Sparrow and Gregg [6]
analyzed theoretically the problem of laminar heat transfer from a rotating disk with suction
effect. Hering and Grosh [7] analyzed the problem of laminar natural convection from a non-
isothermal cone. Kreith [8] presented the problem of convective heat transfer systems from
various types of axisymmetric bodies. The buoyancy-induced flow and temperature fields
around a vertical rotating cone are studied analytically by Himasekhar et al. [9]. Wang [10]
studied the boundary layer flow and heat transfer on rotating cones, disks and axi-symmetric
bodies with concentrated heat sources. Chamkha [11] considered the hydromagnetic com-
bined convection of power-law fluid along an isothermal rotating cone or disks embedded in
porous medium. Takhar et al. [12] studied the unsteady mixed convection flow over a vertical
cone rotating in an ambient fluid with a time-dependent angular velocity. Roy and Anilkumar
[13] considered the heat and mass transfer by unsteady mixed convection from a rotating
cone in a rotating fluid. Chamkha and co-authors [14,15] have also studied the unsteady heat
and mass transfer by MHD mixed convection flow from a rotating vertical cone. Recently,
Mabood et al. [16,17] presented approximate analytical and numerical solutions to inves-
tigate the convective heat and mass transfer in a MHD flow of a viscous/ nanofluid over a
stretching surface with heat generation/absorption, transpiration.

However, the effect of chemical reactions in chemical and hydro-metallurgical industries
is also one of the important aspects that have to be considered in the study of heat and mass
transfer. There are many transport processes that are governed by the combined action of
buoyancy forces due to both thermal and mass diffusion in the presence of the chemical
reaction effect. This has great importance in many engineering processes, metallurgical and
chemical engineering, for applications such as solidification of binary alloys and crystal
growth dispersion of dissolvedmaterials or particulate water in flows, drying and dehydration
operations in chemical and food processing plants, and combustion of atomized liquid fuels.

Das et al. [18] studied the effect of first order chemical reaction on the flow past an
impulsively started infinite vertical plate with constant heat flux and mass transfer. Muthu-
cumarswamy and Ganesan [19] have studied the first-order chemical reaction on flow past
an impulsively started vertical plate with uniform heat and mass flux. The problem of heat
and mass transfer by natural convection about a vertical surface embedded in a saturated
porous medium subjected to a chemical reaction was investigated numerically by Postelnicu
[20]. The effects of chemical reaction and Non-Darcian on mixed convective heat and mass
transfer past a porous wedge have been analyzed by Kandasamy et al. [21]. Patil et al. [22]
studied the heat and mass transfer by mixed convection flow over a moving vertical plate in
the presence of order chemical reaction. Rashad and EL-Kabeir [23] have investigated the
effect of chemical reaction on heat and mass transfer by unsteady mixed convection past a
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vertical stretching sheet embedded in a fluid-saturated porous medium. Rashad et al. [24]
considered the effect of chemical reaction on heat and mass transfer by mixed convection
flow about a solid sphere in a saturated porous media. Chamkha et al. [25] have investigated
the heat and mass transfer from truncated cones with variable wall temperature and con-
centration in the presence of chemical reaction effects. Mabood et al. [26] studied chemical
reaction and transpiration effects on MHD stagnation point flow and heat transfer impinging
on stretching sheet.

Motivated by the investigations mentioned above, the purpose of the present work is to
study the effect of chemical reaction on coupled heat and mass transfer by MHD mixed
convection flow of a Newtonian fluid past a rotating vertical cone embedded in a porous
medium considering Darcy model. The order of chemical reaction in this work is taken as
a first-order reaction. The system of nonlinear ordinary differential equations governing the
flow and heat andmass transfer problem has been solved numerically using shootingmethod.
Numerical results are presented in the form of velocities, temperature and concentration
profiles within the boundary layer for different parameters entering into the analysis. Also
the effects of the pertinent parameters on the local skin friction coefficients the local Nusselt
and Sherwood numbers are also discussed.

2 Formulation of the problem

We consider the steady two dimensional laminar, incompressible electrically-conducting
boundary layer mixed convective flow of a viscous fluid induced by a rotating vertical cone
with an angular velocity � embedded in a variable porosity medium. Figure 1 shows the
configuration of the system. A uniform magnetic field is applied in z-direction normal to
the cone surface. The cone surface is maintained at variable temperature Tw and variable
concentration Cwwhich are higher than the free stream temperature T∞ and free stream
concentration C∞ respectively. We assume that the fluid properties are to be isotropic and
constant except the density variation in the buoyancy force term of the momentum equations.
We also assume that the fluid and the porousmedium are in local thermal equilibrium and that
the cone is made of non-electrically conducting material. We neglect the induced magnetic
field due to the magnetic Reynolds number is so small. In addition, we assume that first
order homogeneous chemical reaction with a constant rate between the fluid and diffusing
species.Under these conditions andBoussinesq approximations the governingboundary layer
equations are as follows (See Chamkha and Rashad [15], Chamkha [27] and Bhuvanavijaya
and Mallikarjuna [28]):
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Fig. 1 Physical configuration

u
∂C

∂x
+ w

∂C

∂z
= D

∂2C

∂z2
− Kr (C − C∞) (5)

The corresponding boundary conditions are

u = 0, v = r�, w = 0, T = Tw(x), C = Cw(x)
u = 0, v = 0, T = T∞, C = C∞

(6)

where x-axis is along a meridional section, y-axis is along a circular section and the z-axis is
normal to the cone surface, u, v and w are the velocity components along the tangential (x),
circumferential or azimuthal (y) and normal (z) directions respectively, r is radius of the cone,
� is the angular velocity of the rotation. ε is the porosity parameter, ρis the fluid density, μ
is the dynamic viscosity, cp specific heat at constant pressure, g is the acceleration due to
gravity, βT and βC are the thermal and concentration coefficients, α is the cone apex half
angle, K is the permeability of the porous medium, ke is the effective thermal conductivity,
Kr is the chemical reaction parameter and D is the molecular diffusivity.

In order to obtain non-dimensional equations,we introduce the following non-dimensional
transformations

η = (
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μ
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υ
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υ2 , N = βC (Cw−C∞)
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,

(7)

where L being the cone slant height and TL being the cone surface temperature and CL being
the cone surface concentration at the base(x=L)

123



Chemical reaction effects on MHD... 649

By substituting Eq. (7) in the Eqs. (1)–(5), we get

F = −1

2
H ′ (8)

−ε−1H ′′′ + ε−2HH ′′ + (
M2 + Da−1) H ′

+ε−2
(

−1

2
H ′2 + 2G2

)
+ 2gs (θ + Nφ) = 0 (9)

− ε−1G ′′ − ε−2 (
HG ′ − H ′G

) − (
M2 + Da−1)G = 0 (10)

θ ′′ − Pr

(
Hθ ′ − 1

2
H ′θ

)
= 0 (11)

φ′′ − ScHφ′ + 1

2
ScH ′φ − Scγφ = 0 (12)

The corresponding boundary conditions are

H ′ = 0, G = 1, θ = 1, φ = 1 at η = 0
H ′ = 0, G = 0, θ = 0, φ = 0 as η → ∞ (13)

where a prime denotes ordinary differentiation with respect to η. Here η is the transformed
coordinate; H ′, G and H are the dimensionless velocity components along the tangential,
azimuthal and normal directions, respectively; θ is the dimensionless temperature; C is the
dimensionless concentration;Da−1 is the inverse ofDarcynumber,GrLis theGrashof number;
ReL is the Reynolds number; gs is the dimensionless buoyancy parameter; N is the buoyancy
ratio such that N < 0 corresponds to opposing flow while N > 0 corresponds to aiding
flow; M is the dimensionless magnetic parameter; Ha2 is the Hartmann number; γ is the
dimensionless chemical reaction parameter; Sc is the Schmidt number; μ is the coefficient
of viscosity; and a prime denotes a derivative with respect to η.

It should be mentioned that the Eqs. (8)–(12) in the absence of all of the magnetic field
(M = 0), buoyancy ratio (N = 0) and permability of porous medium (Da−1 = 0) are identical
to those of Hering and Grosh (24).

The main objective of the study is to find the parameters of physical interest in fluid
flow, heat and mass transport problems are local surface skin friction coefficients in x and y
directions, local Nusselt number and local Sherwood number. These parameters are given in
non-dimensional form as follows:

C f x Re
1/2 = −H ′′(0) (14)

2−1 Re1/2C f y = −G ′(0) (15)

Re−1/2 Nux = −θ ′(0) (16)

Re−1/2 Shx = −φ′(0)
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3 Method of solution

The set of Eqs. (8)–(11) with boundary conditions (12) are solved by using shooting
method that uses Runge-kutta method and Newton’s method. In this first the Eqs. (8)–
(11) are converted into a system of differential equations of first order, by assuming
H = X1, G = X4, θ = X6, φ = X8,we get

H ′ = X2, H ′′ = X3, G ′ = X5, θ ′ = X7, φ′ = X9 (17)

H ′′′ = ε

[
ε−2

(
X1X3 − 1

2
X2
2 + 2X2

4

)
+ Da−1X2 + 2gs (X6 + N X8)

]
(18)

G ′′ = ε
[
ε−2 (X1X5 − X2X4) + Da−2X4

]
(19)

θ ′′ = 1

1 + βX6

[
Pr

(
X1X7 − 1

2
X2X6

)
− βX2

7

]
(20)

φ′′ = Sc

(
X1X9 − 1

2
X2X8

)
(21)

Boundary conditions:

X1(0) = 0, X2(0) = 0, X4(0) = 1, X6(0) = 1, X8(0) = 1
X2(∞) = 0, X4(∞) = 0, X6(∞) = 0, X8(∞) = 0

(22)

We assume the values for X3(0), X5(0), X7(0)which are not specified at initial position and
then the Eqs. (17)–(21) are integrated using fourth order Runge-Kutta method from η = 0 to
ηmaxover successive step lengths 0.01, where ηmaxis η at ∞and chosen large enough so that
the solution shows little further change for ηlarger than ηmax. For this we used ODE45 solver
in MATLAB to solve these nine first ordered coupled differential equations. The accuracy of
the assumed values for X3(0), X5(0), X7(0) are then checked by comparing the calculated
values of X2, X4, X6, X8 at η = ηmax with their given value at η = ηmax. If a difference
exists, another set of initial values for X3(0), X5(0), X7(0) are assumed and the process is
repeated. In principle, a trial and error-method can be used to determine these initial values,
but it is tedious.

Alternatively, we used Newton-Raphson method to accurately find the initial values of
X3(0), X5(0), X7(0) and then integrateEqs. (17)–(21) byusing fourthRunge-Kuttamethod.
This process is continued until the agreement between the calculated and the given condition
at η = ηmax is within the specified degree of accuracy 10−5.

In order to assess the accuracy of the present numerical method, we compared our results
with those of Hering and Grosh [29] in the absence of inverse Darcy parameter and concen-
tration equation (N = 0). The comparison in this case is found to be in good agreement, as
shown in Table 1.
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Fig. 2 Velocity profile (F) for different values of variable porosity regime (ε)

4 Results and discussion

In order to get a clear insight of the physical problem, numerical results for the dimensionless
velocity components in the tangential, circumferential and normal directions, respectively,
the temperature, the concentration profiles, as well as the local skin friction coefficients in the
tangential and azimuthal directions, local Nusselt number and local Sherwood number are
presented with the help of graphical illustrations. The results are given through a parametric
study showing the effects of various dimensionless parameters, namely, the porosity ε, mag-
netic parameter M, the dimensionless chemical reaction parameter γ . These conditions are
intended for the value of Prandtl number (Pr) is taken to be 0.71 which corresponds to air
and the value of Schmidt number (Sc) is chosen to represent hydrogen at 25 ◦C and 1 atm.
an electrically-conducting fluid such as metal ammonia suspensions (Pr = 0.78) polluted by
water vapor (Sc = 0.6). The value of the Schmidt number (Sc) is chosen to represent the
most common diffusing chemical species which are of interest. The dimensionless buoyancy
parameter gs takes the value 100, which corresponds to the free convection problem entire
mixed convection regime, and the corresponding parameter N takes the value for low con-
centration in the presence of a porous medium Da−1 = 0.5. The results of this parametric
study are shown in Figs. 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21,
22, 23, 24.

Figures 2, 3, 4, 5, 6 show the effect of the porosity parameter ε on the tangential veloc-
ity F, and azimuthal (circumferential) velocity G and normal velocity H, temperature θ and
concentration profiles φ, respectively, past a rotating vertical cone. It is indicated that an
increase in the porosity parameter ε causes a significant decrease rise in the peaks of tan-
gential velocity F and circumferential velocity G. temperature and concentration profiles.
This effect produces a rapid increase in the velocity H, temperature θ and concentra-
tion profiles φ. This is due to the fact that the presence of a porous medium in the flow
presents resistance to flow, thus, this resistive force tends to slow the motion of the fluid
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Fig. 3 Circumferential velocity profile (G) for different values of variable porosity regime (ε)

Fig. 4 Normal velocity profile (H) for different values of variable porosity regime (ε)

along the rotating cone and causes increases in its temperature and concentration pro-
files.

Figures 7, 8, 9, 10, 11 display typical profiles of the dimensionless velocity components
along the cone, temperature and concentration for different values of magnetic parameter
M, respectively. Increasing M from 1 (magnetic body force and viscous force are equal)
through to 7 (very strong magnetic body force) causes a reduction in tangential and circum-
ferential velocities as shown in Figs. 7 and 8. The imposition of the radial magnetic field
is therefore, a powerful mechanism for inhibiting flow in the boundary layer region. The
maximum velocity arise close to the cone surface, a short distance from it with further dis-
tance into the boundary layer, where the profile converges i.e., less impact in far field regime
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Fig. 5 Temperature profile θ for different values of variable porosity regime (ε)

Fig. 6 Concentration profile φ for different values of variable porosity regime (ε)

than in the near field regime. However, the normal velocity (velocity in the z-direction),
fluid temperature or concentration profiles have the tendency to increase, due the coupling
between the flow and thermal/solutal problems, as the results of the presence of the magnetic
files. All of these behaviors are clearly depicted by reduction in tangential velocity F and
circumferential velocity G, and the rises in normal velocity H, temperature θ and concen-
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Fig. 7 Velocity profile (F) for different values of magnetic parameter M

Fig. 8 Circumferential velocity profile (G) for different values of magnetic parameter M

tration profiles φ displayed in Figs. 7, 8, 9, 10, 11. The deceleration in the fluid flow leads
to increase thermal and species diffusion in the boundary layer regime and this results an
enhancement in temperature and concentration profiles also increasing thermal and solutal
boundary layer thickness for larger values of magnetic parameter M. For ε = 0, γ = 0 and N
= 0 the governing equations reduces to the equations in the earlier published paper Chamkha
[27]. Our computations correlate well with Chamkha [27] on coupled heat and mass trans-
fer in a fluid saturated porous medium. From Figs. 7, 8, 9, 10, 11 we also observed that
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Fig. 9 Normal velocity profile (H) for different values of magnetic parameter M

Fig. 10 Temperature profile θ for different values of magnetic parameter M

thickness of the velocity, thermal and solutal boundary layer is more pronounced compared
to the earlier study with increasing values of magnetic parameter M for variable porosity
regime ε = 2 and chemical reaction parameter γ = 3 (The new effects of the present
study).

Figures 12, 13, 14, 15, 16 demonstrate the effect of the dimensionless chemical reac-
tion parameter γ on the the dimensionless velocity components F, G and H, temperature
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Fig. 11 Concentration profile φ for different values of magnetic parameter M

Fig. 12 Velocity profile (F) for different values of chemical reaction parameter γ

θ and concentration φ profiles, respectively. Chemical reaction stifles diffusive transport
and therefore retards the fluid flow. This causes to reduce tangential velocity with a rise
in chemical reaction parameter. It is also observed that a rise in of destructive reaction
(γ >0) of chemical reaction clearly induces a marked decrease in the tangential velocity F
and the fluid concentration profiles, while an insignificant boost in both the circumferential
velocity G, normal velocity H and the temperature profiles occurs. The presence of chem-
ical reaction is therefore assistive to momentum, heat and mass transfer processes in the
regime.

Figures 17, 18, 19, 20, 21, 22, 23, 24 illustrate the variations of the tangential skin-friction
coefficient (or −H”(0)) and azimuthal skin-friction coefficient (or −G(0)), local Nusselt
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Fig. 13 Circumferential velocity profile (G) for different values of chemical reaction parameter γ

Fig. 14 Normal velocity profile (H) for different values of chemical reaction parameter γ

number (or −θ ’(0)) and local Sherwood number (or −φ’(0)) with various values of porosity
parameter ε, magnetic parameter M and chemical reaction parameter γ for both aiding and
opposing flows (N > 0 and N < 0), respectively. It can be seen that the increase of both
the porosity parameter ε and magnetic parameter M causes reductions in the tangential
skin-friction coefficient −H”(0), local Nusselt and Sherwood numbers −θ ’(0), −φ’(0) and
significant enhancement in the azimuthal skin-friction coefficient −G(0). This because that
the porosity phenomenon describes additional resistance to the flowwhich causes the fluid to
move at a retarded rate with enhanced temperature throughout the boundary layer adjacent to
the cone surface and the concentration profiles. This flow resistance has the same behavior as
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Fig. 15 Temperature profile θ for different values of chemical reaction parameter γ

Fig. 16 Concentration profile φ for different values of chemical reaction parameter γ

produced by the application of amagnetic field for both aiding and opposing flows.Moreover,
it is also observed that chemical reaction parameter γ is the rate chemical reaction can be
adjusted to meet these circumstances if one takes (i) γ > 0 for destructive reaction, (ii) γ

= 0 for no reaction and (iii) γ < 0 for generative reaction. However, an increasing in the
values of chemical reaction parameter γ are followed by corresponding increases in local
Sherwood number −φ’(0). Moreover, it is mentioned that the governing Eqs. (10)–(12) are
uncoupled. Therefore, changes in the values of γ will cause slight changes in both of skin-
friction coefficient and local Nusselt number. This cause’s unaffected behaviour is found for
the skin-friction coefficient and local Nusselt number. On other hand, Positive values of the
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Fig. 17 Effect of ε on the tangential skin-friction coefficient (−H′′(0))

Fig. 18 Effect of ε on the azimuthal skin-friction coefficient (−G′(0))

buoyancy ratio N indicate aiding flow while negative values of N correspond to opposing
flow. Increases in the values of N have a tendency to increase the buoyancy effects due to
concentration difference. This induces more flow along the cone surface causing the local
skin-friction coefficients to increase as shown in Figs. 17, 18, 21, 22. This increase in the
skin-friction coefficients occurs at the expense of both local Nusselt and Sherwood numbers,
which decrease strongly as N increases as evident from Figs. 19, 20, 23, 24.
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Fig. 19 Effect of ε on the local Nusselt number (−θ ′(0))

Fig. 20 Effect of ε on the local Sherwood number (−φ′(0))

5 Conclusion

The problem of coupled heat and mass transfer by MHD mixed convection of a Newtonian
fluid past a rotating vertical cone embedded in a porous medium velocity in the presence
of a magnetic field and chemical reaction effects was studied. The governing equations
were developed and transformed into a similar form. The similarity equations were solved
numerically shooting method that uses Runge-Kutta method and Newton-Raphson method.
The numerical results are obtained in excellent agreement with the previously published
work available in the literature on a special case of the general problem. The effects of the
various relevant parameters namely the porosity parameter, magnetic parameter, the dimen-
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Fig. 21 Effect of M on the tangential skin-friction coefficient (−H′′(0))

Fig. 22 Effect of M on the azimuthal skin-friction coefficient (−G′(0))

sionless chemical reaction parameter γ the dimensionless velocity components along the
cone, temperature and concentration profiles as well as the local skin friction coefficients in
the tangential and azimuthal directions, local Nusselt number and local Sherwood number are
shown graphically and discussed. From the presented results of the problem, it was observed
that an increasing the values of porosity and magnetic field parameters resulted in increases
in the tangential skin-friction coefficient, local Nusselt and Sherwood numbers whereas the
effects reverse significantlywith the azimuthal skin-friction coefficient.Moreover, local Sher-
wood number increased as the chemical reaction parameter increased, unaffected behavior
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Fig. 23 Effect of M on the local Nusselt number (−θ ′(0))

Fig. 24 Effect of M on the local Sherwood number (−φ′(0))

is seen for the skin-friction coefficients and local Nusselt number. Finally, Increases in the
buoyancy causes an enhancement in all the local skin friction coefficients in the tangential
and azimuthal directions, local Nusselt and Sherwood numbers.
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