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a b s t r a c t

In this study, mixed convection of CuO–water nanofluid filled lid driven cavity having its upper and lower
triangular domains under the influence of inclined magnetic fields is numerically investigated. The top
horizontal wall of the cavity is moving with constant speed of uw with þx direction while no-slip
boundary conditions are imposed on the other walls of the cavity. The top wall of the cavity is main-
tained at constant cold temperature of Tc while the bottom wall is at hot temperature of Th and on the
other walls of the cavity are assumed to be adiabatic. The governing equations are solved by using Ga-
lerkin weighted residual finite element formulation. Entropy generation is produced by using formula-
tion and integrated with calculated velocities and temperatures. The numerical investigation is per-
formed for a range of parameters: Richardson number (between 0.01 and 100), Hartmann number
(between 0 and 50), inclination angle of magnetic field (between 0° and 90°) and solid volume fraction of
the nanofluid (between 0 and 0.05). Different combinations of Hartmann numbers and inclination angles
of the magnetic fields are imposed in the upper and lower triangular domains of the square cavity. It is
observed that the local and averaged heat transfer deteriorates when the Richardson number, Hartmann
number of the triangular domains increase. When the Hartmann number and magnetic angle of the
upper triangle are increased, more deterioration of the averaged transfer is obtained when compared to
lower triangular domain. Local and averaged heat transfer increase as the solid volume fraction of the
nanoparticles increases and adding nanoparticles is more effective for the local enhancement of the heat
transfer when the heat transfer rate is high and convection is not damped with lowering the Hartmann
number. Second law analysis of the system for different combinations of flow parameters is also per-
formed.

& 2016 Elsevier B.V. All rights reserved.

1. Introduction

Convection in a lid-driven cavity has great importance in many
engineering applications such as MEMs, coating, solidification,
food processing, cooling of nuclear reactors, solar power and many
others. The shear driven flow and buoyancy interaction is quite
complex and has important influence on the effective flow mixing
and heat transfer process. The convection in partially active cav-
ities may be encountered in buildings or cooling of electronic
devices. The natural convection heat transfer in partially heated
cavities was investigated in numerous studies [1–5]. Oztop [6]

numerically investigated the mixed convection in a partially he-
ated porous lid-driven enclosure. The effects of Richardson num-
ber, Darcy number, center of heater and heater length on the fluid
flow and heat transfer are studied. Sivakumar et al. [7] presented a
numerical study on mixed convection in an inclined square cavity
with different sizes and locations of the heater. They performed
numerical simulations on different Richardson numbers, different
sizes and locations of the heater and the cavity inclination angles.

An external magnetic field can be used to control the convec-
tion within cavities as studied by many researchers [8–15] and
magnetic field effect of electrically conducting fluid on the heat
transfer and fluid flow may be encountered in many engineering
applications such as coolers of nuclear reactors, MEMs, purifica-
tion of molten metals and many other systems [16]. Sheikho-
leslami and Ganji [17] numerically studied the effects of an ex-
ternal magnetic field on ferrofluid flow and heat transfer in a

Contents lists available at ScienceDirect

journal homepage: www.elsevier.com/locate/jmmm

Journal of Magnetism and Magnetic Materials

http://dx.doi.org/10.1016/j.jmmm.2016.01.039
0304-8853/& 2016 Elsevier B.V. All rights reserved.

n Corresponding author.
E-mail addresses: fatih.selimefendigil@cbu.edu.tr (F. Selimefendigil),

hfoztop1@gmail.com (H.F. Öztop), achamkha@pmu.edu.sa (A.J. Chamkha).

Journal of Magnetism and Magnetic Materials 406 (2016) 266–281

www.sciencedirect.com/science/journal/03048853
www.elsevier.com/locate/jmmm
http://dx.doi.org/10.1016/j.jmmm.2016.01.039
http://dx.doi.org/10.1016/j.jmmm.2016.01.039
http://dx.doi.org/10.1016/j.jmmm.2016.01.039
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmmm.2016.01.039&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmmm.2016.01.039&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmmm.2016.01.039&domain=pdf
mailto:fatih.selimefendigil@cbu.edu.tr
mailto:hfoztop1@gmail.com
mailto:achamkha@pmu.edu.sa
http://dx.doi.org/10.1016/j.jmmm.2016.01.039


semi-annulus enclosure with sinusoidal hot wall by using control
volume based finite element method. They showed that for low
Rayleigh number, as the Hartmann number increases and mag-
netic number decreases, heat transfer enhances while opposite
trend was observed for high Rayleigh number. Oztop et al. [18]
investigated the mixed convection with a magnetic field in a top
sided lid-driven cavity heated by a corner heater. They showed
that heat transfer decreases with increasing the Hartmann number
and magnetic field plays an important role to control heat transfer
and fluid flow. Nanofluids are composed of a base fluid such as
water and added nano-sized particles of different shapes (sphe-
rical, cylindrical, blade, etc.) such as Cu, CuO, Al O2 3 and SiO2 whose
average size is less than 100 nm. The thermal conductivity of the
nanofluid enhances compared to base fluid and it has many heat
transfer applications [19–26].

MHD with nanofluids offers a good possibility to control the
convection as it has been studied by many researchers [27–34].
Ghasemi et al. [27] studied the MHD natural convection in an
enclosure filled with water–Al O2 3 nanofluid. Their results showed
that an enhancement or deterioration of the heat transfer may be
obtained with an increase of the nanoparticle volume fraction
depending on the value of Hartmann and Rayleigh numbers. Ha-
tami et al. [35] analytically investigated the MHD) Jeffery-Hamel
nanofluid flow in non-parallel walls by using different base fluids
and nanoparticles. They found that the skin friction coefficient is
an increasing function of nanoparticle volume fraction but a de-
creasing function of Hartmann number. Sheikholeslami et al. [30]
studied the magnetic field effect on natural convection heat
transfer in cavity filled with CuO–water nanofluid using Lattice
Boltzmann method. The effect of Brownian motion on the effective
thermal conductivity was considered. Mahmoudi et al. [36] nu-
merically simulated the MHD natural convection in a triangular
enclosure filled with nanofluid. The impact of the Rayleigh num-
ber, Hartmann number and nanoparticle volume fraction on the
heat transfer and fluid flow is numerically investigated.

Second law analysis with entropy generation is important for
system performance and several studies have been conducted to
investigate the entropy generation within cavities [37–41]. The

performance of the system can be increased by using the entropy
generation minimization concept. The available energy destruc-
tion can be quantified by the measurement of irreversibly during a
process which is called entropy generation rate. The fundamentals
of entropy generation were presented by [42]. A review of entropy
generation in natural and mixed convection for energy systems
may be found in [43]. Second law analysis of natural convection
with nanofluids and MHD flow can be found in refs. [44–46]. Cho
[47] numerically studied the heat transfer characteristics and en-
tropy generation for free convection of nanofluids filled square
cavity with a partial heater and wavy wall. They showed that as
the volume fraction of the nanoparticles increases and the am-
plitude and wavelength decrease the total entropy generation
decreases. Esmaeilpour and Abdollahzadeh [48] investigated the
effects of Grashof number and nanoparticle volume fraction inside
a wavy enclosure by using finite volume method. They observed
that with the addition of nanoparticles and with decreasing sur-
face waviness, the entropy generation decreases. Other relevant
studies can be found in refs. [49–51].

The main originality of this work is to investigate the effects of
application of inclined magnetic field from upper and lower walls
of the lid-driven cavity. Thus, magnetic fields with various
strengths and inclination angles are imposed on the upper and
lower diagonal triangular domains. Based on the above literature
survey and to the best of authors' knowledge, such a configuration
has never been reported in the literature. Such a situation may be
encountered in some practical situations such as radar or complex
electronical devices or may be used to control the convection heat
transfer and mixing inside the cavity. This numerical study aims at
investigating the effects of Richardson number, solid nanoparticle
volume fraction and various Hartmann number and magnetic in-
clination angle combinations of the upper and lower diagonal
triangular domains on the fluid flow and heat transfer character-
istics in a lid-driven square cavity. Second law analysis of the
system for various flow parameters is also performed.

Nomenclature

B0 magnetic field strength

Gr Grashof number,
β

ν

( − )g T T Hf h c

f

3

2
h

local heat transfer coefficient (W/m2 K)
Ha

Hartmann number, σ

ρ ν
B H0 nf

nf fk

thermal conductivity (W/m K)
H height of the enclosure (m)
n unit normal vector
Nux local Nusselt number
Num averaged Nusselt number
p pressure (Pa)
Pr Prandtl number, ν

α
f

fRe Reynolds number,
ν

u H

f

0

Ri Richardson number, Re/Gr2

S entropy generation per unit volume (W/m3 K)

T temperature (K)
u, v x–y velocity components (m/s)
x, y Cartesian coordinates (m)

Greek Characters

α thermal diffusivity (m2/s)
β expansion coefficient (1/K)
γ inclination angle
ϕ solid volume fraction
ν kinematic viscosity (m2/s)
θ non-dimensional temperature −

−
T T
T T

c

h cρ density of the fluid (kg/m3)
s electrical conductivity (S/m)

Subscripts

c cold
h hot
m average
nf nanofluid
p solid particle
st static

F. Selimefendigil et al. / Journal of Magnetism and Magnetic Materials 406 (2016) 266–281 267



2. Mathematical formulation

The computational domain of the square enclosure along with
the boundary conditions is shown in Fig. 1(a). The height of the
cavity is H and the cavity is imaginary partitioned into two tri-
angular sub-domains. In each of these triangular domains, inclined
magnetic fields with different strengths and inclination angles
were imposed. The top horizontal wall of the cavity is moving with
constant speed of uw while no-slip boundary conditions are im-
posed on the other walls of the cavity. The top wall of the cavity is
maintained at constant cold temperature of Tc while the bottom
wall is at hot temperature of Th and on the other walls of the cavity
adiabatic boundary condition is assumed. The gravity acts in �y

direction. The cavity is filled with Cu–water nanofluid (different
solid volume fraction of ϕ). Thermal equilibrium between the fluid
phase and nanoparticles and no slip between them are assumed.
Thermo-physical properties of water and copper at the reference
temperature were given in ref. [36]. The effects of joule heating,
displacement currents and induced magnetic field are assumed to
be negligible. The buoyancy force in the momentum equation is
approximated by using the Boussinesq approximation.

Conservation equation of mass, momentum and energy and
entropy generation in a two dimensional Cartesian coordinate
system can be written in dimensional form for each of the sub-
domains as follows:

∂
∂
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where α =
ρ( )nf
k

C
nf

p nf
is the thermal diffusivity of the nanofluid
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The entropy generation due to heat transfer, viscous dissipation
and MHD flow is represented by the first term, second term in the
square brackets and the third terms of Eq. (5) [52–54].

The effective density, specific heat, thermal expansion coeffi-
cient and electrical conductivity of nanofluid are given by using
the following formulas [27]:

ρ ϕ ρ ϕρ= ( − ) + ( )1 6nf f p

ρ ϕ ρ ϕ ρ( ) = ( − )( ) + ( ) ( )c c c1 7p nf p f p p

ρβ ϕ ρβ ϕ ρβ( ) = ( − )( ) + ( ) ( )1 8nf f p

σ ϕ σ ϕσ= ( − ) + ( )1 9nf f p

where the subscripts f nf, and p denote the base fluid, nanofluid
and solid particle, respectively.

The effective thermal conductivity of the nanofluid includes the
effect of Brownian motion. In this model, the effects of particle

Fig. 1. Schematic diagram of the physical model with boundary conditions and grid
distribution of the computational domain.

Table 1
Grid independence test for the highest values of the parameters of interest
( =Ri 100, ( ) = ( )Ha , Ha 50, 501 2 , γ γ( ) = ( ° °), 90 , 901 2 , ϕ = 0.05).

Grid type Number of elements Averaged Nusselt number

G1 596 1.1584
G2 1088 1.1603
G3 4352 1.1668
G4 17 408 1.1701
G5 69 632 1.1718
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size, particle volume fraction and temperature dependence are
taken into account and it is given by the following formula [55]:

= + ( )k k k 10nf st Brownian

where kst is the static thermal conductivity as given by [56]

⎡
⎣⎢

⎤
⎦⎥

ϕ
ϕ

=
( + ) − ( − )
( + ) + ( − ) ( )

k k
k k k k
k k k k

2 2
2 11

st f
p f f p

p f f p

The interaction between the nanoparticles and the effect of tem-
perature is included in the models as

ϕρ κ
ρ

ϕ= × ′( )
( )

k c
T
d

f T d5 10 , ,
12

Brownian f p f
b

p p
p

4
,

where the function ′f for CuO–water nanofluid is given in [55].
The effective viscosity of the nanofluid due to micro mixing in

the suspension was given by [55]

μ μ μ μ ϕ
μ

= + = ( − ) + ×
( )

k
k Pr

/ 1
13nf st Brownian f

Brownian

f

f

f

0.25

where the first term on the right-hand side of equation is the
viscosity of the nanofluid given in ref. [57].

Non-Newtonian behavior of the nanofluid may be observed for
high volume fractions of the nanoparticles [58,59]. The viscosity of
Al O2 3–water nanofluids having dispersants for volume concentra-
tion of 1–5% was experimentally studied by Duan et al. [60]. They

observed that after performing ultrasonic agitation treatment na-
nofluids behave as Newtonian. In this study, we assumed that the
nanofluid behaves Newtonian for the considered range of nano-
particle volume fraction.

Eqs. (1)–(4) can be converted to the dimensionless form by
using the following dimensionless parameters:

ρ
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=
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Re 14
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0 2

After substitution of the above variables non-dimensional form of
the equations can be written as
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∂
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f
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f
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Fig. 2. Code verification with the results of Pirmohammadi and Ghassemi [63] and Sarris et al. [64]. Comparison of streamlines and isotherms: (a) results of Pirmohammadi
and Ghassemi [63], (b) results of Sarris et al. [64], (c) Ha¼25, Ra¼ 7�103, (d) Ha¼100, Ra¼ 7�105, (e) Ha¼25, Ra¼ 7�103, (f) Ha¼100, Ra¼ 7�105.
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The non-dimensional boundary conditions are described as
follows:

� On the vertical walls:
= = =θ∂

∂U V 0, 0
Y

Fig. 3. Effects of varying Richardson number on the streamlines within the cavity for various Hartmann number combinations of the triangular domains ( γ γ( ) = ( ° °), 45 , 451 2 ,
ϕ = 0.02).
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� On the bottom wall:
θ= = =U V 0, 1

� On the top wall:
θ= = =U V1, 0, 0

� Along the interface of the triangular domains (continuity
condition):

(a) ( ) ( ) θ θ= =θ θ∂
∂

∂
∂ ,

n n1 2
1 2

(b) = =U U V V,1 2 1 2

Local Nusselt number on the hot wall of the cavity is calculated
as

⎜ ⎟⎛
⎝

⎞
⎠

θ= − ∂
∂ ( )=

k
k n

Nu ,
19

x
nf

f n 0

where θ represents the non-dimensional temperature and n

Fig. 4. Effects of varying Richardson number on the isotherms within the cavity for various Hartmann number combinations of the triangular domains ( γ γ( ) = ( ° °), 45 , 451 2 ,
ϕ = 0.02).
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denotes the coordinate direction normal to the surface. Averaged
Nusselt number is obtained after integrating the local Nusselt
number along the hot wall of the cavity as

∫= ( )H
dxNu

1
Nu . 20m

H

x
0

3. Solution methodology and code validation

The governing equations along with the boundary conditions
are solved with Galerkin weighted residual finite element method
[61,62]. The computational domain is divided into non-over-
lapping triangular elements. Each of the flow variables within the
computational domains is approximated by using the triangular
Lagrange finite elements of different order. Residuals for each of
the conservation equation are obtained by substituting the ap-
proximations into the governing equations. The pressure was

eliminated by a consistent penalty parameter and using the in-
compressibility condition as a constraint [61,62]. To simplify the
nonlinear terms in the momentum equations, Newton–Raphson
iteration algorithmwas utilized. The convergence of the solution is
assumed when the relative error for each of the variables satisfies
the following convergence criteria:

Γ Γ
Γ

− ≤
( )

+

+
−10

21

n n

n

1

1
5

Grid independence study was conducted to obtain an optimal grid
distribution with accurate results and minimal computational
time. Table 1 demonstrates the averaged Nusselt number results
for various grid sizes for the highest values of parameters of in-
terest ( =Ri 100, (Ha1, ) = ( )Ha 50, 502 , γ( 1, γ ) = ( ° °)90 , 902 , ϕ = 0.05).
Grid type G4 with 17 408 was chosen for the subsequent com-
putations. The present solver is validated against the existing
numerical results of Pirmohammadi and Ghassemi [63] and Sarris

Fig. 5. Local and averaged Nusselt number along the heated wall for various Richardson numbers and different Hartmann number combinations of the triangular domains
( γ γ( ) = ( ° °), 45 , 451 2 , ϕ = 0.02): (a) (Ha1, Ha2)¼(0, 30), (b) (Ha1, Ha2)¼(30, 0), (c) (Ha1, Ha2)¼(30, 30), (d) averaged Nusselt number.
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et al. [64]. Fig. 2 shows the comparison results of streamlines and
isotherms for ( = ×Ra 7 103, =Ha 25) and ( = ×Ra 7 105,

=Ha 100).

4. Results and discussion

Numerical simulation results are presented in terms of
streamlines, isotherms and Nusselt number distributions for

various values of Richardson number (between 0.01 and 100),
Hartmann number (between 0 and 50), inclination angle of mag-
netic field (between 0° and 90°) and solid volume fraction of the
nanofluid (between 0 and 0.05). Different combinations of Hart-
mann numbers and inclination angles of the magnetic fields were
imposed in the upper and lower triangular domains of the parti-
tioned cavity. The enclosure is filled with CuO–water nanofluid.
Second law analysis of the system is also performed.

The influence of Richardson number on the streamlines and

Fig. 6. Streamlines for various Richardson numbers and different combinations of inclination angles of the magnetic field within the triangular domains
(( ) = ( )Ha , Ha 30, 301 2 , ϕ = 0.02).
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isotherms is demonstrated in Figs. 3 and 4 for various combina-
tions of Hartmann numbers ( γ( 1, γ ) = ( ° °)45 , 452 , ϕ = 0.02) and in
Figs. 5 and 6 for different combinations of inclination angle of the
magnetic field ( γ γ( ) = ( ° °), 45 , 451 2 , ϕ = 0.02). Richardson number
denotes the ratio of the natural convection to the forced convec-
tion due to the upper moving wall ( =Ri Gr

Re2
). At low Richardson

number, the cavity is filled with a primary recirculating zone
whose center is located near the moving wall in the upper triangle

and other small vortices are seen near the bottom corner of the
cavity. As the value of the Richardson number increases, less flow
is induced to the interior of the cavity due to the upper moving
wall and the vortices near the bottom corner diminish in size and
strength. The center of the primary vortex moves toward the
bottom wall with increasing Richardson number. At Ri¼0.01, in-
creasing the Hartmann number of the first domain the vortex in
the left bottom corner of the enclosure disappears (Fig. 3(a)–(c))

Fig. 7. Isotherms for various Richardson numbers and different combinations of inclination angles of the magnetic field within the triangular domains (( ) = ( )Ha , Ha 30, 301 2 ,
ϕ = 0.02).
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and at Ri¼100, the effect of dampening of the flow motion due to
the increased magnetic strength is more effective (Fig. 3(g)–(i)). As
the Ri number and Hartmann number of the lower triangle en-
hance, isotherms become parallel to the horizontal wall indicating
the dominance of the conduction heat transfer mode (Fig. 4(i)). At
Ri¼0.01, steep temperature gradients are seen in the mid of the
cavity for Hartmann number combination of (Ha1, Ha2)¼(0, 30).
Isotherms become more clustered towards the left end of the
bottom hot wall for other Hartmann number combinations and
heat transfer process is less effective as the value of Hartmann
number increases for upper and lower triangular domains at Ri¼1
and Ri¼100. Local and averaged heat transfer plots are demon-
strated in Fig. 5 for various values of Richardson numbers and
different Hartmann number combinations of the triangular do-
mains. The local and averaged Nusselt number decreases as the
Richardson number increases, but for only (Ha1, Ha2)¼(0, 30) at
Ri¼0.01, the local heat transfer is not effective from left end until

=x H0.2 due to the presence of the recirculating zone near the left
bottom corner of the cavity for this flow condition. The averaged
heat transfer deteriorates by 57.85% and 70.76% increasing the
Richardson number from 0.01 to 100 at (Ha1, Ha2)¼(30, 0) and
(Ha1, Ha2)¼(30, 30), respectively.

The combined effects of varying the Richardson number and
inclination angle combination of the triangular domains on the
flow and thermal patterns are demonstrated in Figs. 6 and 7. For
all Richardson numbers, a vortex is seen near the right bottom
corner of the cavity at γ γ( ) = ( ° °), 45 , 451 2 . The flow topology within
the cavity remains similar but the center of the primary re-
circulation zone and extent of the vortex in the right bottom
corner changes when the value of Ri changes and angle combi-
nation of the triangular domains remains the same. At Ri¼0.01,
steep temperature gradients are seen in the large portion of the
bottom wall for γ γ( ) = ( ° °), 0 , 901 2 . Isotherms become less clustered
along the right part bottom wall at Ri¼1 and at Ri¼100, they

Fig. 8. Local and averaged Nusselt number along the heated wall for various Richardson numbers and different combinations of inclination angles of the magnetic field
within the triangular domains (( ) = ( )Ha , Ha 30, 301 2 , ϕ = 0.02): (a) γ γ( ) = ( ° °), 0 , 901 2 , (b) γ γ( ) = ( ° °), 45 , 451 2 , (c) γ γ( ) = ( ° °), 90 , 01 2 , (d) averaged Nusselt number.
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Fig. 9. Influence of varying Hartmann numbers of the triangular domains on the flow and thermal patterns within the cavity ( γ γ( ) = ( ° °), 45 , 451 2 , =Ri 1, ϕ = 0.02): (a)
(Ha1,Ha2)¼(0, 0), (b) (Ha1,Ha2)¼(0, 50), (c) (Ha1,Ha2)¼(50, 0), (d) (Ha1,Ha2)¼(20, 20), (e) (Ha1, Ha2)¼(50, 50), (f) (Ha1, Ha2)¼(0, 0), (g) (Ha1,Ha2)¼(0, 50), (h) (Ha1,
Ha2)¼(50, 0), (i) (Ha1, Ha2)¼(20, 20), (j) (Ha1, Ha2)¼(50, 50).
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become parallel to the horizontal walls of the cavity and there is
negligible influence of the inclination angles of the magnetic field
of the triangular domains. Local heat and averaged heat transfer
deteriorates with Richardson number and different combinations
of magnetic angles of the triangular domains as shown in Fig. 8.
The local Nusselt number achieves higher values for the large
portion of the bottom wall at γ γ( ) = ( ° °), 0 , 901 2 and local heat
transfer is ineffective for the right portion of the bottom wall. The
effect of the inclination angle on the averaged heat transfer is
pronounced for low Richardson number and it is negligible at
Ri¼100. The averaged Nusselt number decreases by 80.14% and
70.39% increasing the Richardson number from 0.01 to 100 at
γ γ( ) = ( ° °), 90 , 01 2 and γ γ( ) = ( ° °), 45 , 451 2 , respectively.

Streamlines and isotherms are demonstrated in Fig. 9 for var-
ious Hartmann numbers of the triangular domains at fixed values
of γ γ( ) = ( ° °), 45 , 451 2 , Ri¼1, ϕ¼0.02. In the absence of the mag-
netic field, the cavity is field with a single recirculation region
whose center lies in the upper triangular domain and the effect of
forced convection due to moving wall is comparable to that of the
natural convection due to temperature gradient. As the Hartmann
number of the upper (lower) triangular domain is increased to 50,
the streamlines adjacent to the upper wall distorts in shape and a
small vortex is seen near the right bottom corner (Fig. 9(b), (c)). At
(Ha1, Ha2)¼(50, 50), two vortices are seen in the right bottom
corner and the center of the primary recirculating cell moves
upward. In the absence of the magnetic field, the isotherms spread
into the cavity toward the right due to the forced convection of the
moving wall. Isotherms are more clustered from the mid of the
cavity toward the left end. As the strength of the magnetic field
enhances, less clustering of the isotherms on the bottom wall is
seen. Configurations at (Ha1, Ha2)¼(50, 0) and (Ha1, Ha2)¼(50, 50)
correspond to least effective cases for heat transfer process due to
the appearance of the right bottom corner vortex and its interac-
tion with the primary recirculation zone. The averaged Nusselt
numbers along the bottomwall are tabulated in Table 2 for various
values of the Hartmann numbers. As it seen from the table, in-
creasing the Hartmann number of the upper triangle gives rise to
more deterioration of the averaged heat transfer compared to in-
creasing the Hartmann number of the lower triangle by the same
amount.

The influence of varying magnetic inclination angle combina-
tions of the triangular domains on the flow and thermal patterns
are shown in Fig. 10 for fixed values of (( ) = ( )Ha , Ha 25, 251 2 , =Ri 1,
ϕ = 0.02). At γ γ( ) = ( ° °), 0 , 901 2 , the upper and lower half of the
cavity is filled with a recirculating zone. As the angle of the lower
and upper triangular domains increases, the cavity is filled with a
single primary vortex and the center of this vortex changes
slightly. A small vortex is seen near the right bottom corner of the
cavity at γ γ( ) = ( ° °), 45 , 451 2 and γ γ( ) = ( ° °), 90 , 01 2 . For horizontal
alignment of the magnetic field, isotherms are parallel to the
bottomwall and isotherms are less clustered. As the magnetic field

Table 2
Averaged Nusselt number along the heated wall for various
combinations of Hartmann numbers ( γ γ( ) = ( ° °), 45 , 451 2 ,

=Ri 1, ϕ = 0.02).

Ha1 Ha2 Num

0 0 3.566
0 20 2.919
0 50 2.162
20 0 2.480
20 20 2.513
50 0 1.626
50 20 1.6513
50 50 1.614

Fig. 10. Influence of varying inclination angle of the magnetic field of the triangular
domains on the flow and thermal patterns within the cavity (( ) = ( )Ha , Ha 25, 251 2 ,

=Ri 1, ϕ = 0.02): (a) (γ1, γ2)¼(0°,0°), (b) (γ1, γ2)¼(0°, 90°), (c) (γ1, γ2)¼(45°, 45°), (d)
(γ1, γ2)¼(90°, 0°), (e) (γ1, γ2)¼(0°, 0°), (f) (γ1, γ2)¼(0°, 90°), (g) (γ1, γ2)¼(45°, 45°), (h)
(γ1, γ2)¼(90°, 0°).
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inclination angle changes, steep temperature gradients are seen
toward the left end of the bottom wall and local enhancement of
the heat transfer is seen in those locations. At γ γ( ) = ( ° °), 0 , 901 2 , on
the large portion of the heated wall isotherms become more
clustered and this is an effective situation for heat transfer en-
hancement. The averaged Nusselt numbers along the bottom wall
are demonstrated in Table 3 for various values of the inclination
angles. The averaged heat transfer enhancement is more effective
when increasing the magnetic inclination angle of the upper tri-
angular domain compared to the lower triangular domain. The
averaged Nusselt number increases by 81.75 % and 55.95% at
γ γ( ) = ( ° °), 0 , 901 2 and γ γ( ) = ( ° °), 90 , 01 2 when compared to case at
γ γ( ) = ( ° °), 0 , 01 2 .

Effects of varying solid volume fraction of nanoparticles on the
local heat transfer are depicted for various solid volume fractions
of the nanoparticles and various combinations of Hartmann
numbers ( γ γ( ) = ( ° °), 45 , 451 2 , =Ri 1) in Fig. 11 and various com-
binations of inclination angles ( ( ) = ( )Ha , Ha 25, 251 2 , =Ri 1) in
Fig. 12. Adding nanoparticles is effective for the local enhancement
of the heat transfer when the heat transfer is high and convection
is not damped with lowering the Hartmann number especially for

Table 3
Averaged Nusselt number along the heated wall for various combinations of in-
clination angles of the magnetic field (( ) = ( )Ha , Ha 30, 301 2 , ϕ = 0.02).

γ ( )deg1 γ ( )deg2 Num

0 0 1.436
0 30 1.652
0 45 1.900
0 60 2.208
0 90 2.610
30 0 1.477
30 30 1.795
45 0 1.594
45 45 2.266
60 0 1.825
60 60 2.605
90 0 2.224
90 90 2.728

Fig. 11. Local Nusselt number distributions along the heated wall for various
combinations of Hartmann numbers and nanoparticle volume fractions
( γ γ( ) = ( ° °), 45 , 451 2 , =Ri 1): (a) ( ) = ( )Ha , Ha 0, 301 2 , (b) ( ) = ( )Ha , Ha 30, 01 2 , (c)
( ) = ( )Ha , Ha 30, 301 2 .

Fig. 12. Local Nusselt number distributions along the heated wall for various
combinations of inclination angles of the magnetic field and nanoparticle volume
fractions ( ( ) = ( )Ha , Ha 25, 251 2 , =Ri 1, ϕ = 0.02): (a) γ γ( ) = ( ° °), 0 , 901 2 , (b)
γ γ( ) = ( ° °), 45 , 451 2 , (c) γ γ( ) = ( ° °), 90 , 01 2 .
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the lower triangular domain. At γ γ( ) = ( ° °), 0 , 901 2 , until mid of the
bottom wall starting from the left end, heat transfer is high and
adding nanoparticles is effective for the thermal transport. For this
flow condition and for other inclination angle combination sets,
the heat transfer process is not effective and the influence of na-
noparticles on the Nusselt number enhancement is not significant.
The averaged Nusselt number versus nanoparticle volume frac-
tions for various Hartmann number and magnetic inclination an-
gle combinations are shown in Fig. 13(a), (b). The averaged heat
transfer enhancements are 11.6% and 6.59% for ( ) = ( )Ha , Ha 0, 01 2

and ( ) = ( )Ha , Ha 0, 301 2 . There is almost a linear relation between
the averaged Nusselt numbers and ϕ values for various Hartmann
number and different angle combinations (Fig. 13(b)). The slope of
the lines is higher in the absence of the magnetic field in the lower
triangular domain (Fig. 13(a)) and when the magnetic field is ap-
plied horizontally in the lower triangular domain (Fig. 13(b)).

The total entropy generations versus Richardson number
(( ) = ( )Ha , Ha 30, 301 2 , γ γ ϕ) = ( ° °) = )), 45 , 45 , 0.021 2 and versus na-
noparticle volume fractions (( ) = ( )Ha , Ha 25, 251 2 , γ γ( ) = ( ° °), 45 , 451 2 ,

= )Ri 1 are demonstrated in Fig. 14(a), (b) for the upper (D2) and lower
(D1) triangular domains. The entropy generation decreases with in-
creasing values of Richardson numbers and the effect is more pro-
nounced in the lower triangular domain. This is due to the increased
steep temperature gradients along the bottom wall with increasing
Richardson number which is in the domain of the lower triangular
part. The entropy generation decreases as the solid volume fraction
(ϕ) increases. The total entropy generation of the triangular domains is
tabulated in Table 4 for various combinations of Hartmann number for
fixed values of ( γ γ( ) = ( ° °), 45 , 451 2 , =Ri 1, ϕ = 0.02) and for various
combinations of inclination angles for fixed values of
( ( ) = ( )Ha , Ha 30, 301 2 , ϕ = 0.02) (Table 5). As the value of the mag-
netic field strength increases, the total entropy generation reduces due
to the suppression of the flow inside the cavity for both lower and
upper triangular domains. The total entropy generation is attained for
the lower and upper triangular domains when the magnetic field is

Fig. 13. Averaged Nusselt numbers along the heated wall for various combinations
of Hartmann numbers and inclination angles of the magnetic field considering
different solid volume fractions of the nanoparticle ( =Ri 1): (a) γ γ( ) = ( ° °), 45 , 451 2 ,
(b) ( ) = ( )Ha , Ha 25, 251 2 .

Fig. 14. Total entropy generation of the triangular domains for various Richardson
numbers and various solid volume fractions of the nanoparticles: (a)
( γ γ( ) = ( ) ( ) = ( ° °)Ha , Ha 30, 30 , , 45 , 451 2 1 2 , ϕ = 0.02), (b) ( ( ) = ( )Ha , Ha 25, 251 2 ,
γ γ( ) = ( ° °), 45 , 451 2 , =Ri 1).

Table 4
Total entropy generation of the triangular domains for various combinations of
Hartmann numbers ( γ γ( ) = ( ° °), 45 , 451 2 , =Ri 1, ϕ = 0.02).

Ha1 Ha2 Sgen, D1 Sgen, D2

0 0 0.0464 0.0211
0 20 0.0383 0.0171
0 50 0.0277 0.0134
20 0 0.0318 0.0153
20 20 0.0326 0.0151
50 0 0.0198 0.0113
50 20 0.0201 0.0115
50 50 0.0196 0.0112

Table 5
Total entropy generation of the triangular domains for various combinations of
inclination angles of the magnetic field (( ) = ( )Ha , Ha 30, 301 2 , ϕ = 0.02).

γ ( )deg1 γ2 (deg) Sgen, D1 Sgen, D2

0 0 0.0179 0.0096
0 30 0.0211 0.0104
0 45 0.0243 0.0119
0 60 0.0280 0.0140
0 90 0.0318 0.0978
30 0 0.0182 0.0100
30 30 0.0229 0.0113
45 0 0.0198 0.0106
45 45 0.0293 0.0138
60 0 0.0231 0.0117
60 60 0.0334 0.0161
90 0 0.0287 0.0136
90 90 0.0336 0.0181

F. Selimefendigil et al. / Journal of Magnetism and Magnetic Materials 406 (2016) 266–281 279



applied horizontally for both domains. The highest entropy generation
values are obtained for γ γ( ) = ( ° °), 90 , 901 2 and ( ) = ( )Ha , Ha 0, 01 2 due
to the steepest temperature gradients along the bottom wall and in-
creased strength of the convection which results in steep velocity
gradients inside the cavity (Table 5).

5. Conclusions

Mixed convection and entropy generation of nanofluid filled lid
driven cavity under the influence of inclined magnetic fields im-
posed to its upper and lower triangular domains are numerically
simulated for a range of flow parameters.

Some important conclusions obtained from the numerical si-
mulation results can be stated as:

� The local and averaged heat transfer generally deteriorates as
the value of the Richardson number enhances, but only for the
flow condition at (Ha1, Ha2)¼(0, 30) for Ri¼0.01, due to the
presence of the recirculating zone near the left bottom corner of
the cavity, the local Nusselt number deteriorates from left end
until =x H0.2 along the bottom wall.

� The effect of magnetic inclination angle on the averaged Nusselt
number is more pronounced for low values of the Richardson
number and at Richardson number of 100, it is negligible. The
averaged Nusselt number decreases by 80.14% when increasing
the Richardson number from 0.01 to 100 at γ γ( ) = ( ° °), 90 , 01 2 .

� Flow conditions at (Ha1, Ha2)¼(50, 0) and (Ha1, Ha2)¼(50, 50)
correspond to least effective cases for heat transfer process due
to the appearance of vortex near the right bottom corner and its
interaction with the primary recirculation zone. When the
Hartmann number of the upper triangle is increased, more
deterioration of the averaged Nusselt number is obtained when
compared to increasing the Hartmann number of the lower
triangle by the same amount.

� As the magnetic field inclination angle changes, steep tem-
perature gradients are seen toward the left end of the bottom
wall and local enhancement of the heat transfer is seen in those
locations. The averaged heat transfer enhancement is more ef-
fective when increasing the magnetic inclination angle of the
upper triangular domain compared to the lower triangular do-
main. The averaged Nusselt number increases by 81.75% at
γ γ( ) = ( ° °), 0 , 901 2 when compared to flow condition
γ γ( ) = ( ° °), 0 , 01 2 .

� Addition of nanoparticle becomes an effective way to enhance
the heat transfer when the heat transfer is high and convection
is not damped with lowering the Hartmann number especially
for the lower triangular domain. The averaged heat transfer
enhancements are 11.6% for ( ) = ( )Ha , Ha 0, 01 2 . There is almost a
linear relation between the averaged Nusselt numbers and ϕ
values for various Hartmann number and different angle com-
binations and the slope of the lines is higher in the absence of
the magnetic field in the lower triangular domain and when the
magnetic field is applied horizontally in the lower triangular
domain.

� The entropy generation decreases with increasing values of Ri-
chardson numbers and the effect is more pronounced in the
lower triangular domain which is due to the increased steep
temperature gradients along the bottom. The entropy genera-
tion decreases as the solid volume fraction (ϕ) increases.

� As the value of the Hartmann number increases, due to the
suppression of the fluid motion inside the cavity for both lower
and upper triangular domains, the total entropy generation
decreases. The total entropy generation is attained for the lower
and upper triangular domains when the magnetic field is ap-
plied horizontally for both domains.
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