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Abstract An analysis has been carried out on the inﬂuence of radiation absorption, variable viscosity, Hall current of a magnetohydrodynamic free-convective ﬂow and heat and mass transfer
over a stretching sheet in the presence of heat generation/absorption. The ﬂuid viscosity is assumed
to vary as an inverse linear function of temperature. The boundary-layer equations governing the
ﬂuid ﬂow, heat and mass transfer under consideration have been reduced to a system of nonlinear
ordinary differential equations by employing a similarity transformation. Using the ﬁnite difference
scheme, numerical solutions to the transform ordinary differential equations have been obtained
and the results are presented graphically. The numerical results obtained are in good agreement
with the existing scientiﬁc literature.
Ó 2016 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction
Industries based on engineering disciplines, preferably chemical engineering sectors encounter ﬂuid, heat, and mass ﬂow
induced by continuous stretching heated surfaces. Some examples are the extrusion process, wire and ﬁber coating, polymer
processing, foodstuff processing, and design of various heat
exchangers. As stretching brings a unidirectional orientation
* Corresponding author.
Peer review under responsibility of Ain Shams University.
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to the extrudate, the quality of the ﬁnal product considerably
depends on the ﬂow and heat and mass transfer mechanism.
Steady heat ﬂow on a moving continuous ﬂat surface was ﬁrst
considered by Sakiadis [1] who developed a numerical solution
using a similarity transformation. Crane [2] motivated by the
processes of polymer extrusion, in which the extrudate emerges
from a narrow slit, examined semi-inﬁnite ﬂuid ﬂow driven by
a linearly stretching surface. Many researchers and academicians have advanced their studies relating to problems involving MHD in stretching sheet considering various parameters:
Sharidan [3], Carraagher et al. [4], Gupta and Gupta [5], Ishak
et al. [6–8], Aziz et al. [9], Abel et al. [10], Mukhopadhyay and
Mondal [11], Krishnendu [12], Swati Mukhopadhyay et al.
[13], Laha et al. [14], Afzal [15], Prasad et al. [16], Wang [17]
among others. Rashad et al. [18] considered MHD free
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Nomenclature
~
B
Bo
C
Cf
Cs
Cp
D
Dm
~
E
E
G
go
J~
K
Kf
k0
KT
M
m
N
Nr
Nu
ne
Pr
Q1
Sc
Sr
Sh

magnetic induction vector
strength of applied magnetic ﬁeld
dimensionless concentration variable
local skin-friction coefﬁcient
concentration susceptibility factor
speciﬁc heat at constant pressure
thermal molecular diffusivity
solution diffusivity of the medium
intensity vector of the electric ﬁeld
charge of the electron
Grashof number
acceleration due to gravity
electric current density vector
mean absorption coefﬁcient
thermal conductivity
measures the rate of reaction
thermal diffusion ratio
Hartmann number
Hall current parameter
Buoyancy ratio
thermal radiation parameter
local Nusselt number
number of density of the electron
Prandtl number
radiation absorption
Schmidt number
Soret parameter
local Sherwood number

convective heat and mass transfer of a chemically-reacting
ﬂuid from radiate stretching surface embedded in a saturated
porous medium. Theuri et al. [19] studied unsteady double diffusive magnetohydrodynamic boundary layer ﬂow of a chemically reacting ﬂuid over a ﬂat permeable surface.
The inﬂuence of a uniform transverse magnetic ﬁeld on the
motion of an electrically conducting ﬂuid past a stretching
sheet was investigated by Pavlov [20]. The effect of chemical
reaction on free-convective ﬂow and mass transfer of a viscous,
incompressible and electrically conducting ﬂuid over a stretching sheet was investigated by Aﬁfy [21] in the presence of transverse magnetic ﬁeld. Das et al. [22] investigated MHD
Boundary layer slip ﬂow and heat transfer of nanoﬂuid past
a vertical stretching sheet with non-uniform heat generation/
absorption. Ibrahim and Makinde [23] studied the doublediffusive mixed convection and MHD Stagnation point ﬂow
of nanoﬂuid over a stretching sheet. Rudraswamy et al. [24]
considered the effects of magnetic ﬁeld and chemical reaction
on stagnation-point ﬂow and heat transfer of a nanoﬂuid over
an inclined stretching sheet.
In most of the investigations, the electrical conductivity of
the ﬂuid was assumed to be uniform and the magnetic ﬁeld
intensity was assumed to be low. However, in an ionized ﬂuid
where the density is low and thereby magnetic ﬁeld intensity is
very strong, the conductivity normal to the magnetic ﬁeld is
reduced due to the spiraling of electrons and ions about the
magnetic lines of force before collisions take place and a
current induced in a direction normal to both the electric

T
Tw
T1
u,v,w
x,y,z
le
~
V

dimensional temperature variable
ﬂuid temperature at walls
free stream temperature
velocity components
direction components
magnetic permeability
velocity vector

Greek symbols
a
thermal diffusivity
bc
coefﬁcient of species concentration
bT
coefﬁcient of thermal expansion
g
similarity variable
q1
ﬂuid density
l
co-efﬁcient of dynamic viscosity
r
electrical conductivity of the ﬂuid
h
non-dimensional temperature
hr
viscosity parameter
/
non-dimensional concentration
k
Heat generation/absorption parameter
c
non-dimensional chemical reaction parameter
shear stress components
sx, sz
m
kinematic viscosity
Subscripts
c
cold wall
w
warm side wall

and magnetic ﬁelds. This phenomenon is known as Hall Effect.
Hall currents are important and they have a marked effect on
the magnitude and direction of the current density and consequently on the magnetic force term. The problem of MHD free
convection ﬂow with Hall currents has many important engineering applications such as in power generators, MHD accelerators, refrigeration coils, transmission lines, electric
transformers, and heating elements, and Watanabe and Pop
[25], Abo-Eldahab and Salem [26], Rana et al. [27], Singh
and Gorla [28], and Shit [29] among others have advanced
studies on Hall effect on MHD past stretching sheet. Shateyi
and Motsa [30] considered boundary layer ﬂow and double diffusion over an unsteady stretching surface with Hall effect.
Chamkha et al. [31] analyzed the unsteady MHD free convective heat and mass transfer from a vertical porous plate with
Hall current, thermal radiation and chemical reaction effects.
The effect of radiation on MHD ﬂow and heat transfer
problem has become more important industrially. At high
operating temperature, radiation effect can be quite signiﬁcant.
Many processes in engineering areas occur at high temperature
and knowledge of radiation heat transfer becomes very important for the design of the pertinent equipment. Nuclear power
plants, gas turbines and the various propulsion devices for aircraft, missiles, satellites and space vehicles are examples of
such engineering areas. Several authors [32–38] are among various names who studied the problems relating to MHD with
radiation effect. Makinde [39] analyzed chemically reacting
hydromagnetic unsteady ﬂow of a radiating ﬂuid past a

MHD double-diffusive free convective ﬂow
vertical plate with constant heat ﬂux. Chamkha et al. [40] further analyzed the unsteady coupled heat and mass transfer by
mixed convection ﬂow of a micropolar ﬂuid near the stagnation point on a vertical surface in the presence of radiation
and chemical reaction.
To accurately predict the ﬂow and heat transfer rates, it is
necessary to take into account the temperature-dependent
viscosity of the ﬂuid. The effect of temperature-dependent viscosity on heat and mass transfer laminar boundary layer ﬂow
has been discussed by many authors [41–46] in various situations. They showed that when this effect was included, the ﬂow
characteristics might change substantially compared with the
constant viscosity assumption. Salem [47] investigated variable
viscosity and thermal conductivity effects on MHD ﬂow and
heat transfer in viscoelastic ﬂuid over a stretching sheet. Devi
and Ganga [48] have considered the viscous dissipation effects
on MHD ﬂows past stretching porous surfaces in porous
media. Recently, Mohamed El-Aziz [49] analyzed unsteady
mixed convection heat transfer along a vertical stretching surface with variable viscosity and viscous dissipation. Tian et al.
[50] investigated the 2D boundary layer ﬂow and heat transfer
in variable viscosity MHD ﬂow over a stretching plate.
Studies related to double diffusive hydromagnetic boundary layer ﬂow with heat and mass transfer over ﬂat surfaces
are extremely important and have many applications in engineering and industrial processes [51,52]. For instance, heat
and mass transfer occur in processes, such as drying, evaporation at the surface of a water body, and energy transfer in a wet
cooling tower, cooling of nuclear reactors, MHD power generators, MHD pump, chemical vapor deposition on surfaces,
formation and dispersion of fog, and distribution of temperature and moisture over agriculture ﬁelds. Moreover, when heat
and mass transfer occur simultaneously between the ﬂuxes, the
driving potentials are of more intricate nature [53–55]. An
energy ﬂux can be generated not only by temperature gradients
but by composition gradients. The energy ﬂux caused by a
composition is called Dufour or diffusion-thermo effect. Temperature gradients can also create mass ﬂuxes, and this is the
Soret or thermal-diffusion effect. The concept of Soret and
Dufour effects on heat and mass transfer has been developed
from the kinetic theory of gases by Chapman and Cowling
[56] and Hirshfelder et al. [57]. They explained the phenomena
and derived the necessary formulae to calculate the thermal
diffusion coefﬁcient and the thermal-diffusion factor for
monatomic gases or for polyatomic gas mixtures. The
thermal-diffusion effect, for instance, has been utilized for isotope separation and in mixture between gases with very light
molecular weight (Hydrogen–Helium) and of medium molecular weight (Nitrogen–air) and the diffusion-thermo effect was
found to be of a magnitude such that it cannot be neglected
Kafoussias and Williams [58]. Alam et al. [59] studied Dufour
and Soret effects on steady free convection and mass transfer
ﬂow past a semi-inﬁnite vertical porous plate in a porous medium. Makinde [60] studied numerically the inﬂuence of a magnetic ﬁeld on heat and mass transfer by mixed convection from
vertical surfaces in porous media considering Soret and
Dufour effects. Makinde and Olanrewaju [61] have investigated the Dufour and Soret effects on unsteady mixed convection ﬂow past a porous plate moving through a binary mixture
of chemically reacting ﬂuid. The thermal diffusion and diffusion thermo effects on chemically reacting hydromagnetic
boundary layer ﬂow of heat and mass transfer past a moving
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vertical plate with suction/injection have been addressed by
Olanrewaju and Makinde [62]. Zhang et al. [63] 2013 considered the unsteady heat and mass transfer in MHD over an
oscillatory stretching surface with Soret and Dufour effects.
Recently, Rashidi et al. [64] analyzed heat and mass transfer
for MHD viscoelastic ﬂuid ﬂow over a vertical stretching sheet
considering Soret and Dufour effects.
Motivated by the above-mentioned researchers, this paper
aims at studying the combined inﬂuence of radiation absorption, variable viscosity effect, thermo-diffusion and Hall current on the hydromagnetic free-convective ﬂow, heat and
mass transfer ﬂow past a stretching surface in the presence
of heat generation/absorption source. Since the governing
differential equations are highly nonlinear, the governing
equations have been solved by employing ﬁfth-order
Runge–Kutta–Fehlberg method along with shooting
technique. The effects of various parameters on the velocity,
temperature and concentration as well as on the local skinfriction coefﬁcient, local Nusselt number and local Sherwood
number are presented graphically and discussed quantitatively.
2. Problem formulation
We consider the steady free-convective ﬂow, heat and mass
transfer of an incompressible, viscous and electrically conducting ﬂuid past a stretching sheet and the sheet is stretched with a
velocity proportional to the distance from a ﬁxed origin O
(cf. Fig. 1).
A uniform strong magnetic ﬁeld of strength B0 is imposed
along the y-axis and the effect of Hall current is taken into
account. Taking Hall effects into account the generalized
Ohm’s law provided by Cowling [65] may be put in the following form


r
~
~þ V
~  þB
~ 1 ~
J~ ¼
f

B
E
1 þ m2
ene
o
is deﬁned as the Hall current parameter. A very
where m ¼ rB
enc
interesting fact that the effect of Hall current gives rise to a
force in the z-direction which in turn produces a cross-ﬂow
velocity in this direction and then the ﬂow becomes threedimensional. The temperature and the species concentration
are maintained at prescribed constant values Tw, Cw at the

Fig. 1

Physical Sketch of the Problem.
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sheet and T1 and C1 are the ﬁxed values far away from the
sheet.
Following Lai and Kulacki [66], the ﬂuid viscosity l is
assumed to vary as a reciprocal of a linear function of temperature given by
1
1
¼
½1 þ c0 ðT  T1 Þ
ð1Þ
l l1

and concentration respectively. Clearly, the continuity Eq.
(3) is satisﬁed by u and v deﬁned in Eq. (9). Substituting Eq.
(10) the Eqs. (4)–(7) reduce to




h  hr
h0
f 00 
ðf 0  ff 00 Þ þ f 000 
hr
h  hr
ð11Þ


 0
 0

h  hr
h  hr
f þ mg
Gðh þ N/Þ þ M2
¼
0
hr
hr
1 þ m2

1
¼ aðT  T1 Þ
l1





h  hr
h0
0
0
00
g0
ðf g  fg Þ þ g 
hr
h  hr

 0

h  hr
mf þ g
¼0
 M2
hr
1 þ m2

ð2Þ

where a ¼ lc10 and Tr ¼ T1  c10 .
In the above equation both a and Tr are constants, and
their values depend on the thermal property of the ﬂuid, i.e.,
g0. In general a > 0 represent for liquids, whereas for gases
a < 0.
Owing to the above-mentioned assumptions, the boundary
layer free-convection ﬂow with mass transfer and generalized
Ohm’s law with Hall current effect are governed by the following system of equations:
@u @v
þ
¼0
ð3Þ
@x @y

qm

@u
u @x

þ

v @u
@y



¼

@
@y



þqm g0 bc ðC  C1 Þ 



l @u
@y

rB20
1þm2

9
þ qm g0 bs ðT  T1 Þ =
;

ðu þ mwÞ





@w
@w
@
@w
rB20
þv
¼
l
þ
ðmu  wÞ
qm u
@x
@y
@y
@y
1 þ m2

@C
@C
@ C
Dm KT @ T
þv
¼ Dm 2  k0 ðC  C1 Þ þ
@x
@y
@y
Tm @y2

u ! 0; w ! 0; T ! T1 ; C ! C1

at

y¼0
y ! 1

Similarly, the transformed boundary conditions are given by
f 0 ðgÞ ¼ 1; fðgÞ ¼ 0; gðgÞ ¼ 0; hðgÞ ¼ 1; /ðgÞ ¼ 1 at g ¼ 0

ð15Þ

f 0 ðgÞ ! 0; gðgÞ ! 0; hðgÞ ! 0; /ðgÞ ! 0 at g ! 1

ð16Þ

Pr ¼

qCp v
k

rB2

M ¼ P10b the magnetic parameter,

the Prandtl number, c ¼ kb0 ðCw  C1 Þ the non-

dimensional chemical reaction parameter, G ¼ g0 bT ðTb2wxT1 Þ the
w C1 Þ
local Grashof number, N ¼ bbCT ðC
the Buoyancy ratio,
ðTw T1 Þ

ð7Þ

ð8Þ
ð9Þ

where bð> 0Þ being stretching rate of the sheet. The boundary
conditions on velocity in Eq. (8) are the no-slip condition at
the surface y = 0, while the boundary conditions on velocity
at y ! 1 follow from the fact that there is no ﬂow far away
from the stretching surface.
To examine the ﬂow regime adjacent to the sheet, the following transformations are invoked
pﬃﬃﬃﬃﬃ
u ¼ bxf 0 ðgÞ; v ¼  bvfðgÞ; w ¼ bxgðgÞ;
rﬃﬃﬃ
b
T  T1
C  C1
g¼
;/ ¼
y; hðgÞ ¼
Tw  T1
Cw  C1
v

ð14Þ

viscosity parameter,

2

at

/00  Scðf/ 0  c/Þ ¼ ScSrh00

ð5Þ

where (u; v; w) are the velocity components along the (x; y; z)
directions respectively. Dm is the solution diffusivity of the
medium, KT is the thermal diffusion ratio, Cs is the concentration susceptibility, Cp is the speciﬁc heat at constant pressure
and Tm is the mean ﬂuid temperature.
The boundary conditions for the present problem can be
written as
u ¼ bx; v ¼ w ¼ 0; T ¼ Tw ; C ¼ Cw

ð13Þ

where a prime denotes the differentiation with respect to g only
and the dimensionless parameters appearing in the Eqs. (11)–
h
i
1
(16) are respectively deﬁned as hr ¼ TTwr T
¼  c0 ðTw1T1 Þ the
T1

ð6Þ
u



4Nrr 00
h þ Prkh  Q/ ¼ 0
1þ
3

ð4Þ



@T
@T
@2T
þv
¼ kf 2  QðT  T1 Þ þ Q10 ðC  C1 Þ
qm Cp u
@x
@y
@y

2

ð12Þ

ð10Þ

where f is a dimensionless stream function, h is the similarity
space variable, h and / are the dimensionless temperature

Nr ¼ 4Tkk3 0r the thermal radiation parameter, Sr ¼ DCms CKpT the
1

Q 0 ðC C Þ

Soret parameter, Q1 ¼ k b12 ðTw T1 Þ the radiation absorption
f

w

1

parameter, Sc ¼ q1lD the Schmidt number and k ¼ q1QCp b is
deﬁned as the heat generation/absorption parameter.
3. Numerical procedure
The coupled ordinary differential Eqs. (11)–(14) are of thirdorder in f, and second-order in g, h and / which have been
reduced to a system of nine simultaneous equations of
ﬁrst-order for nine unknowns. In order to solve this system
of equations numerically we require nine initial conditions
but two initial conditions on f and one initial condition each
on g, h and / are known. However the values of f1, g, h and
/ are known at g ! 1. These four end conditions are utilized
to produce four unknown initial conditions at g = 0 by using
shooting technique. The most crucial factor of this scheme is to
choose the appropriate ﬁnite value of g1 . In order to estimate
the value of g1 , we start with some initial guess value and solve
the boundary value problem consisting of Eqs. (11)–(14) to
obtain f11 (0), g1(0), h1 (0) and /1 (0). The solution process is
repeated with another large value of g1 until two successive
values of f11 (0), g1(0), h1 (0) and /1 (0) differ only after desired
signiﬁcant digit. The last value of g1 is taken as the ﬁnal value
of g1 for a particular set of physical parameters for determining velocity components f1 ðgÞ, g(gÞ, temperature hðgÞ and
concentration /ðgÞ in the boundary layer. After knowing all
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the nine initial conditions, we solve this system of simultaneous
equations using ﬁfth-order Runge–Kutta–Fehlberg integration
scheme with automatic grid generation scheme which ensures
convergence at a faster rate. The value of g1 greatly depends
also on the set of the physical parameters such as Magnetic
parameter, Hall parameter, buoyancy ratio, Heat source
parameter, Prandtl number, thermal radiation parameter, porous parameter, Schmidt number, Soret number and chemical
reaction parameter so that no numerical oscillations would
occur. During the computation, the shooting error was controlled by keeping it to be less than 106. Thus, the coupled
nonlinear boundary value problem of third-order in f,
second-order in g, h and / has been reduced to a system of
nine simultaneous equations of ﬁrst-order for nine unknowns
as follows:
f1 ¼ f;f11 ¼ f2 ;f21 ¼ f3 ;







f7
f  hr  2
f  hr
f31 ¼
f3  6
f2  f1 f3 þ 6
Gðf6 þ f8 Þ
f6  hr
hr
hr



f  hr
f2 þ mf4
f4 ¼ g;f41 ¼ f5;
M2 6
hr
1 þ m2




f7
f6  hr
1
f 
f5 ¼
ðf 2 f 4  f 1 f 5 Þ
f6  hr 5
hr



f  hr
mf2  f4
f6 ¼ h; f61 ¼ f7 ;
þM2 6
hr
1 þ m2
f71 ¼ ½3Pr kf6 =ð3 þ 4Nr Þ þ 3Qf8 =ð3 þ 4Nr Þf8 ¼ /; f80 ¼ f9 ;
h
i
f90 ¼ Scðcf8  f1 f9 Þ  3ScSr ðPr kf6 þ Q1 f8 =ð3 þ 4Nr Þ

The important characteristics of the present investigation are
the local skin-friction coefﬁcient Cf , the local Nusselt number
Nu and the local Sherwood number Sh deﬁned by
sw
qﬃﬃ ¼ f 00 ð0Þ
ð20Þ
Cf ¼
lbx bv
where

rﬃﬃﬃ
 
@T
b 00
q_ w
¼ lbx
f ð0Þ; Nu ¼ qﬃﬃ
sw ¼ l
@y y¼0
v
b
k vðTw  T1 Þ

ð18Þ

Sh ¼

and a prime denotes differentiation with respect to g. The
boundary conditions now become
ð19Þ

Since f3(0), f5(0), f7(0) and f9(0) are not prescribed so we
have to start with the initial approximations as f3(0) = s10,
f5(0) = s20, f7(0) = s30 and f9(0) = s40. Let c1 ; c2 ; c3 and c4
be the correct values of f3(0), f5(0) and f7(0) respectively. The
resultant system of nine ordinary differential equations is integrated using ﬁfth-order Runge–Kutta–Fehlberg method and
denotes the values of f3, f5, f7 and f9 at g ¼ g1 by f3(s10, s20,
s30, s40; g1 ), f5(s10, s20, s30, s40; g1 ), f7(s10, s20, s30, s40 ; g1 ) and
f9(s10, s20, s30, s40 ; g1 ) respectively. Since f3, f5, f7 and f9 at
g ¼ g1 are clearly function of c1 ; c2 ; c3 and c4 , they are
expanded in Taylor series around c1  s10 ; c2  s20 ; c3  s30
and c4  s40 respectively by retaining only the linear terms.
The use of difference quotients is made for the derivatives
appeared in these Taylor series expansions.
Thus, after solving the system of Taylor series expansions
for dc1 ¼ c1  s10 ; dc2 ¼ c2  s20 ; dc3 ¼ c3  s30 , and dc4 ¼
c4  s40 we obtain the new estimates s11 ¼ s10 þ ds10 ,
s21 = s20 þ ds20 , s31 ¼ s30 þ ds30 and s41 ¼ s40 þ ds40 . Thereafter
the entire process is repeated starting with f1(0), f2(0), s11 , f4(0),
s21 , s31 and s41 as initial conditions. Iteration of the whole

ð21Þ

where

rﬃﬃﬃ
 
@T
b
¼ k ðTw  T1 Þh 0 ð0Þ and
qw ¼ k
@y y¼0
v

f1 ¼ f; f2 ¼ f 1 ; f3 ¼ f 11 ; f4 ¼ h; f5 ¼ g1 ; f6 ¼ h; f7 ¼ h1 ;

f1 ¼ 0; f2 ¼ 1; f4 ¼ 0; f6 ¼ 1; f8 ¼ 1 at g ¼ 0
f2 ! 0; f4 ! 0; f6 ! 0; f8 ! 0 at g ! 1

3.1. Skin friction, Nusselt number and Sherwood number

ð17Þ
Where
f8 ¼ /; f81 ¼ /1 ¼ f9

outlined process is repeated with the latest estimates of
c1 ; c2 ; c3 and c4 until prescribed boundary conditions are
satisﬁed.
Finally,
s1n = s1ðn1Þ þ ds1ðn1Þ ,
s2n ¼ s2ðn1Þ þ ds2ðn1Þ ,
and
s4n = s4ðn1Þ þ ds4ðn1Þ
for
s3n = s3ðn1Þ þ ds3ðn1Þ
n = 1, 2, 3, . . . are obtained which seemed to be the most
desired approximate initial values of f3(0), f5(0), f7(0) and
f9(0). In this way all the six initial conditions are determined.
Now it is possible to solve the resultant system of seven simultaneous equations by ﬁfth-order Runge–Kutta–Fehlberg integration scheme so that velocity, temperature ﬁelds and
concentration for a particular set of physical parameters can
easily be obtained. The results are provided in several tables
and graphs.

qﬃﬃ
D

mw

b
ðCw
v

 C1 Þ

where mw ¼ D

¼ / 0 ð0Þ

 
@C
@y

y¼0

¼ D

ð22Þ

qﬃﬃ

b
ðCw
v

 C1 Þ/ 0 ð0Þ.

If
we
consider
M ¼ m ¼ 0,
hr ! 1
and
Sr ¼ Sc ¼ hr ¼ N ¼ 0, the present ﬂow problem becomes
hydrodynamic boundary-layer ﬂow past a stretching sheet
whose analytical solution was put forwarded by Crane (2) as
follows
fðgÞ ¼ 1  en

i:e:; f 0 ðgÞ ¼ en

ð23Þ

An attempt has been made to validate our result for the axial
velocity f 0 ðgÞ. We compared our results with this analytical
solution and found to be in good agreement.
4. Comparison
In this analysis, it should be mentioned that the results
obtained herein are compared with the results of Shit et al.
[67] and Rahman et al. [68] as shown in Tables 1 and 2 and
the results are found to be in good agreement.
5. Results and discussion
Boundary value problem for momentum, heat and mass transfer in ﬂow of Newtonian ﬂuid over a stretching sheet was
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Table 1

Comparison of Nu and Sh at g = 0 with Shit et al. [67] with Sr = 0, Q1 = 0.
Nr

M

0.5
1.5
0.5
0.5
0.5
0.5
0.5
0.5

1
1
3
1
1
1
1
1

c

k

0.5
0.5
0.5
1.5
0.5
0.5
0.5
0.5

hr
2
2
2
2
2
2
2
4

0.5
0.5
0.5
0.5
0.5
1.5
1.5
1.5

Table 2 Comparison of Nu and Sh at g = 0 with Rahman
et al. [68] with Pr = 0.71, m = Sr = Q1 = 0, Nr = k ¼ c = 0,
for different values of hr.
Diﬀerent values of
hr
2
4
2
4

Rahman et al. [68]
results

Present results

Nu(0)

Sh(0)

Nu(0)

Sh(0)

0.37865
0.30536
0.248266
0.238773

4.805362
4.54266
4.485639
4.33562

0.37756
0.30493
0.24233
0.23877

4.80543
4.54265
4.48562
4.33561

Shit et al. [67] results

Present results

Nu(0)

Sh(0)

Nu(0)

Sh(0)

0.6912
0.6977
12.3751
0.6956
0.6966
0.6968
0.5974
0.6969

0.6265
0.6543
0.9278
1.0959
0.4898
0.4245
0.4071
0.6253

0.69045
0.69452
12.3698
0.6921
0.69345
0.6923
0.5946
0.6956

0.62431
0.65234
0.91998
1.091243
0.4876
0.4143
0.4052
0.6214

In our present study the numerical values of the physical
parameters have been chosen so that M, m, Nr, c, Sr and hr
are varied over a range which is listed in the following ﬁgures
(cf. [25,21,67,69]).
Figs. 2–5 represent the axial velocity f 0 and the g 0 component of velocity (g), which is induced due to the presence of the
Hall effects. All these ﬁgures show that for any particular values of the physical parameters g(gÞ reaches a maximum value
at a certain height g above the sheet and beyond which g(g)
decreases gradually in asymptotic nature for different values
of m, c, Q1, and Sr.
5.1. Velocity profiles

solved numerically using Runge–Kutta–Fehlberg method with
shooting technique. In order to check the accuracy the numerical solution procedure used a comparison of skin friction with
that of Shit et al. [67] for Sr = Q1 = 0 for different values of
M, Nr, c; k; hr and Rahman et al. [68] for m = Sr = Q1 =
Nr = c ¼ k = 0 for different values of hr and the results are
tabulated in Tables 1 and 2. From these Tables 1 and 2 the
comparison in the above case is found to be in good agreement
and thus veriﬁes the accuracy of numerical method used in the
present work. The slight deviation in the value may be due to
the use of Runge–Kutta–Fehlberg method which has ﬁfthorder accuracy; thus, the present results are more accurate.
Hence this conﬁrms that the numerical method adopted in
the present study gives very accurate results. The system of
coupled nonlinear Eqs. (14)–(17) together with the boundary
conditions (18) and (19) has been solved numerically.

Fig. 2

Effect of Hall current (m) on axial velocity (f0 Þ.

From Figs. 2 and 3 it is found that the axial velocity f 0 ðgÞ
increases with increase in Hall parameter. This increase is
due to the fact that as m increases the Lorentz force opposes
the ﬂow and leads to the degeneration of the ﬂuid motion.
In this study, in the absence of magnetic ﬁeld parameter
M = 0 there is no transverse velocity g(gÞ = 0 and as magnetic
ﬁeld increases a cross ﬂow velocity in the transverse direction
greatly induces to the Hall effect. With increase in Hall parameter m, the effective conductivity decreases which results in the
reduction of a magnetic damping force on f 0 ðgÞ and the reduction in damping force is coupled with the fact that magnetic
ﬁeld has propelling effect on f 0 ðgÞ. For increase in the Hall
parameter m, we notice an enhancement in a cross ﬂow velocity. Figs. 4 and 5 represent f 0 ðgÞ and g(gÞ with chemical

Fig. 3

Effect of Hall current (m) on cross ﬂow velocity (g).
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Effect of chemical reaction parameter (cÞ on axial velocity

Fig. 6 Effect of radiation absorption parameter (Q1) on axial
velocity (f 0 Þ.

Fig. 5 Effect of chemical reaction parameter (cÞ on cross ﬂow
velocity (g).

Fig. 7 Effect of radiation absorption parameter (Q1) on cross
ﬂow velocity (g).

Fig. 4
(f 0 Þ.

reaction parameter c. It is pertinent to mention that c > 0 corresponds to a destructive chemical reaction while c < 0 indicates a generative chemical reaction. It can be seen from the
proﬁles that the axial velocity reduces in the degenerating
chemical reaction case and enhances in generating chemical
reaction case in the boundary layer. This is due to the fact that
increase in the rate of chemical reaction rate leads to thinning
of a momentum in a boundary layer in degenerating chemical
reaction and thickening of the boundary layer in generating
chemical reaction case. It can be seen from the proﬁles that
the cross ﬂow velocity reduces in the degenerating chemical
reaction case and enhances in the generation chemical reaction
case. The effect of radiation absorption parameter Q1, on f 0 ðgÞ
and g(gÞ is shown in Figs. 6 and 7. It is found that higher the
radiative absorption larger the cross ﬂow velocity and axial
velocity in the ﬂow region. This is due to the fact that when
heat is absorbed the buoyancy forces correct the ﬂow.
Figs. 8 and 9 represent f 0 ðgÞ and g(gÞ with Soret parameter
Sr. It can be observed from the proﬁles that the axial velocity
reduces with increase in Sr in the boundary layer. We notice
depreciation in g with increase in the Soret parameter Sr. It
is due to the fact that an increase in the Soret parameter Sr,
results in the decrease in thermal boundary layer thickness

Fig. 8

Effect of Soret parameter (Sr) on axial velocity (f 0 Þ.

and species boundary layer, which leads to a depreciation.
Figs. 10 and 11 represent the axial velocity f 0 ðgÞ, and cross
ﬂow velocity g(gÞ with viscous parameter hr. The axial velocity
increases with increase hr and the cross ﬂow velocity g(gÞ
reduces with the increase in viscosity parameter. It is also clear
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Fig. 9

Fig. 10
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Effect of Soret parameter (Sr) on cross ﬂow velocity (g).

Effect of variable viscosity (hr) on axial velocity (f 0 Þ.

Fig. 11

Effect of variable viscosity (hr) on cross ﬂow velocity (g).

Fig. 12

Effect of Hall current (m) on temperature (hÞ.

velocity proﬁle occurs near the surface of the plate. This is due
to fact that increase in viscosity parameter hr enhances the
thickness of the momentum boundary layer.
5.2. Temperature profiles
Fig. 12 shows that the transverse ﬂow in the z-direction
decreases gradually with Hall parameter m, reaching maximum values for every proﬁle and then decreases the thickness
of thermal boundary layer. An increase in the Hall parameter
m, results in deprecation in the temperature. The temperature
reduces in the degeneration chemical reaction case and
enhances in the generating case in the boundary layer as shown
in Fig. 13. It can be easily seen that the thermal boundary layer
releases the energy which causes the temperature of ﬂuid to
decrease with increase in degenerating chemical reaction case
c > 0. In the case of generating chemical reaction c < 0 the
thermal boundary layer absorbs the energy which causes the
temperature of the ﬂuid to increase with increase in chemical
reaction parameter. It is due to the fact that the thermal
boundary layer thickness decreases with increase of c > 0
and enhances c < 0. We ﬁnd that an increase in the radiation
absorption Q1 leads to an enhancement in the temperature
as illustrated in Fig. 14. This is because larger the values of

Fig. 13 Effect of chemical reaction parameter (cÞ on temperature (hÞ.

Q1 correspond to an increased dominance of conduction over
absorption radiation thereby increasing buoyancy force (thus,
vertical velocity) and thickness of the thermal and momentum
boundary layers. An increase in the Soret parameter Sr, results
in a depreciation in the temperature. Thus the effect of the

MHD double-diffusive free convective ﬂow

Fig. 14 Effect of radiation absorption parameter (Q1) on
temperature (hÞ.

Fig. 15

Effect of Soret parameter (Sr) on temperature (hÞ.

Fig. 16

Effect of variable viscosity (hr) on temperature (hÞ.

thermo-diffusion is to reduce the temperature of the ﬂuid ﬂow
as shown in Fig. 15. Fig. 16 represents temperature with viscosity parameter hr. It is seen that the effect of hr is to increase
the temperature proﬁle in the ﬂow region. This is due to the
fact that the thickness of the boundary layer increases with
the increase of hr.

391

Fig. 17

Effect of Hall current (m) on concentration (/Þ.

Fig. 18 Effect of chemical reaction parameter (cÞ on concentration (/Þ.

Fig. 19 Effect of radiation absorption parameter (Q1) on
concentration (/Þ.

5.3. Concentration profiles
From Fig. 17 we notice that an increase in the Hall parameter
m, results in the deprecation in concentration. Fig. 18 shows
that we obtain a destructive type chemical reaction because
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Fig. 20

Effect of Soret parameter (Sr) on concentration (/Þ.

Fig. 21

Effect of variable viscosity (hr) on concentration (/Þ.

the concentration decreases for increasing chemical reaction
parameter which indicates that the diffusion rates can be
tremendously changed by chemical reaction. This is due to
the fact that an increase in the chemical reaction c causes the
concentration at the boundary layer to become thinner which
decreases the concentration of the diffusing species. This
decrease in the concentration of the diffusing species diminishes the mass diffusion. The concentration reduces in the
degeneration chemical reaction case and enhances in the generating case in the boundary layer as shown in Fig. 18. It is due
to the fact that the thermal boundary layer and solutal boundary layer thickness decreases with increase of c > 0 and
enhances c < 0. We ﬁnd that an increase in the radiation

Table 3

M

Fig. 22

Variation of Skin friction (sx Þ on m, Q1, and Sr.

Fig. 23

Variation of Skin friction (sx Þ on c.

absorption Q1 leads to an enhancement in the concentration
as illustrated in Fig. 19. This is due to the fact that the thermal
and solutal boundary layer thickness increases with radiation
absorption parameter Q1. An increase in the Soret parameter
Sr, results in depreciation in the concentration. Thus the effect
of the thermo-diffusion is to reduce the concentration as
shown Fig. 20. Fig. 21 represents concentration with viscosity
parameter hr. It is found that an increase in hr, reduces the
concentration in the boundary layer. This is due to the fact
that the increase in hr, results in reducing the thickness of
the solutal boundary layer.
The skin friction component sx at g = 0 is shown in Table 3
and in Figs. 22 and 23. We ﬁnd that sx enhances with increase

Skin friction (sx) at g = 0.

M

I

II

III

IV

V

VI

VII

VIII

IX

X

1
2
3
m
Sr
c
Q1

0.224087
0.81729
1.15584
0.5
0.5
0.5
0.5

0.10169
0.30814
0.51255
1.5
0.5
0.5
0.5

0.2735
0.8761
1.1933
0.5
1.5
0.5
0.5

0.3211
0.9172
1.2286
0.5
2.5
0.5
0.5

0.2119
0.43328
0.57359
0.5
0.5
1.5
0.5

0.4697
0.1668
0.48331
0.5
0.5
2.5
0.5

0.3349
0.49562
0.61406
0.5
0.5
0.5
0.5

0.3386
0.5039
0.61898
0.5
0.5
1.5
0.5

0.2051
0.8084
1.1394
0.5
0.5
0.5
1.5

0.1877
0.7993
1.1245
0.5
0.5
0.5
2.5
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Skin friction (sz) at g = 0.

Table 4
M

I

II

III

IV

V

VI

VII

VIII

IX

X

1
2
3
m
Sr
c
Q1

0.327984
0.479339
0.603959
0.5
0.5
0.5
0.5

0.45713
0.75467
1.01283
1.5
0.5
0.5
0.5

0.32178
0.47617
0.59265
0.5
1.5
0.5
0.5

0.31555
0.46233
0.58189
0.5
2.5
0.5
0.5

0.31193
0.43328
0.57359
0.5
0.5
1.5
0.5

0.349701
0.56688
0.68331
0.5
0.5
2.5
0.5

0.33493
0.49562
0.61406
0.5
0.5
0.5
0.5

0.33863
0.50394
0.61898
0.5
0.5
1.5
0.5

0.32980
0.49875
0.60705
0.5
0.5
0.5
1.5

0.33141
0.50828
0.60980
0.5
0.5
0.5
2.5

Fig. 24

Variation of Skin friction (sZ Þ on m, Q1, and Sr.

Fig. 25

Table 5

Fig. 26

Variation of Skin friction (sZ Þ on c.

Variation of Nusselt number (Nu) on m, Q1, and Sr.

Fig. 27

Variation of Nusselt number (Nu) on c.

Nusselt number (Nu) g = 0.

M

I

II

III

IV

V

VI

VII

VIII

IX

X

1
2
3
m
Sr
c
Q1

0.0440326
0.0298597
0.0138387
0.5
0.5
0.5
0.5

0.04255
0.02911
0.01259
1.5
0.5
0.5
0.5

0.03504
0.02816
0.013134
0.5
1.5
0.5
0.5

0.02651
0.02685
0.01217
0.5
2.5
0.5
0.5

0.02088
0.00849
0.00739
0.5
0.5
1.5
0.5

0.1188
0.1994
0.1539
0.5
0.5
2.5
0.5

0.0546
0.04542
0.03395
0.5
0.5
0.5
0.5

0.06049
0.05385
0.04903
0.5
0.5
1.5
0.5

0.1340
0.08645
0.05374
0.5
0.5
0.5
1.5

0.2195
0.1377
0.0677
0.5
0.5
0.5
2.5
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Table 6

Sherwood Number (Sh) g = 0.

M

I

II

III

IV

V

VI

VII

VIII

IX

X

1
2
3
m
Sr
c
Q1

0.670855
0.973886
0.599217
0.5
0.5
0.5
0.5

0.695265
1.00175
0.639085
1.5
0.5
0.5
0.5

0.839894
1.007028
0.78174
0.5
1.5
0.5
0.5

1.000084
1.073886
0.953674
0.5
2.5
0.5
0.5

1.24235
1.99504
1.14356
0.5
0.5
1.5
0.5

0.113321
0.261495
0.21619
0.5
0.5
2.5
0.5

0.515931
0.711571
0.465302
0.5
0.5
0.5
0.5

0.443561
0.589033
0.405146
0.5
0.5
1.5
0.5

0.70129
1.06146
0.63384
0.5
0.5
0.5
1.5

0.729954
1.14085
0.66154
0.5
0.5
0.5
2.5

Fig. 28

Variation of Sherwood (Sh) number on m, Q1, and Sr.

in the Hartmann number M and reduces with Hall parameter
m. This is due to the fact that the effective conductivity
enhances with increase in M and m, which enhances the magnetic damping force. With respect to chemical reaction parameter c, we ﬁnd that jsxj reduces c in the degenerating chemical
reaction case and enhances in the generating chemical reaction
case. It enhances with increase in Soret parameter Sr and
reduces with Q1.
The skin friction component sz is depicted in Table 4 and in
Figs. 24 and 25 for different parameter values. It is found that
with an increase in M or m sz enhances. With respect to chemical reaction parameter c, we notice a depreciation in jszj with
c 6 1:5 and enhancement with c P 2:5 in degeneration chemical reaction case, while in the generating chemical reaction
case, jszj enhances with c < 0 at g = 0. An increase in Q1
enhances jszj and reduces with Sr.
The rate of heat transfer (Nusselt number) Nu at g = 0 is
shown in Table 5 for different parametric values. It can be seen
from the tabular values that the rate of heat transfer reduces
with increase in Hartmann number M and Hall parameter
m. This is because the applied magnetic ﬁeld tends to implead
the ﬂow motion and thus reduce the surface friction force.
With respect to increase in chemical reaction parameter c, we
found that Nu reduces with increase in c 6 1:5 and enhances
with higher c P 2:5 in the degenerating chemical reaction case,
while in the generating chemical reaction case, jNuj enhances
at g = 0. An increase in radiation absorption parameter Q1
results in an enhancement in jNuj at g = 0, while it reduces
with increase in Sr as shown in Figs. 26 and 27. It is due to
the fact that the thermal boundary layer absorbs energy which
causes the temperature rise considerably with increase in the

Fig. 29

Variation of Sherwood number (Sh) on c.

ﬂow ﬁeld due to the buoyancy effect. Therefore the desired
temperature can be maintained by controlling the heat absorption effect in practical chemical engineering applications.
The rate of mass transfer (Sherwood number) Sh at g = 0 is
exhibited in Table 6 and also in graphical representation in
Figs. 28 and 29 for different parametric values. An increase
in Hall parameter m leads to an enhancement jShj at g = 0.
We observe a reversed effect in the behavior of jShj with M.
With reference to chemical reaction parameter c < 0, we ﬁnd
that the rate of mass transfer enhances with c 6 1:5 and
reduces with higher c P 2:5 in the degenerating chemical reaction case, while in the generating chemical reaction case jShj
reduces with c. An increase in Sr results in an enhancement
in jShj at g = 0. Thus higher the thermo-diffusion effect, larger
the jShj at the sheet. Also jShj experiences an enhancement
with increase in Q1.
6. Conclusions
The problem of combined inﬂuence of radiation absorption,
variable viscosity effect, Hall current of a magneto hydrodynamic free-convective ﬂow and heat and mass transfer over a
stretching sheet in the presence of heat generation/absorption
has been analyzed. The ﬂuid viscosity is assumed to vary as
an inverse linear function of temperature. The numerical
results were obtained and compared with previously reported
cases available in the literature and they were found to be in
good agreement. Graphical results for various parametric conditions were presented and discussed for different values. The
main ﬁndings are summarized below:

MHD double-diffusive free convective ﬂow
 In the presence of Hall current, both axial and cross ﬂow
velocity distribution enhances. Increase in Hall parameter
m results into a depreciation in the temperature and concentration. With increase in skin friction parameter sx, Hall
current reduces at g = 0 and enhances sz at g = 0. The rate
of heat transfer reduces with increase in Hall parameter,
whereas the rate of mass transfer enhances with increase
in Hall parameter.
 The presence of degenerating chemical reaction cases, the
axial velocity and cross ﬂow velocity reduces and both these
velocities enhance in the generating chemical reaction case.
The temperature and concentration reduce in the
degeneration chemical reaction case and enhance in the generation chemical reaction case. The skin friction parameter
reduces with chemical reaction parameter c in the degenerating case and enhances with the generating case. The rate
of heat transfer reduces with lower values of c and enhances
with higher values of c. The rate of mass transfer enhances
with lower values of c and reduces with higher values of c.
 With increase in the radiation absorption the velocity, temperature and concentration increase. An increase in skin
friction parameter sx, radiation absorption reduces at
g = 0, whereas radiation absorption parameter enhances
with skin friction parameter sz at g = 0. The rate of heat
transfer and mass transfer enhances with an increase in
radiation absorption.
 An increase in thermo-diffusion Sr, the axial velocity
reduces and cross ﬂow velocity decreases and reduces the
temperature and concentration. The skin friction parameter
sx increases with increase in Sr at g = 0. The skin friction
parameter sz reduces with increase in Sr at g = 0. The rate
of heat transfer reduces with increase in thermo-diffusion
Sr. Thus higher the thermo-diffusion Sr, larger the rate of
mass transfer at the sheet.
 The axial velocity increases the boundary layer thickness
with the increase in the viscosity parameter hr. The cross
ﬂow velocity g(gÞ thinning the momentum boundary layer
with increase in the viscosity. With increase in the viscosity
parameter the temperature of the ﬂuid ﬂow also increases
and reduces the concentration of the boundary layer.
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