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In this paper, we have presented a numerical solution to the general problem of MHD flow, heat and mass
transfer of viscous incompressible nanofluid past a uniformly stretching sheet through porous media
with heat generation/absorption, thermal radiation, chemical reaction, thermo-diffusion and diffusion-
thermo effects. Many theoretical and experimental studies suggested that the thermal conductivity of
the base fluid increases in the range of 15–40% when nanoparticles are added to the base fluid. This
enhancement in the thermal conductivity of the nanofluid depend on many mechanisms of the added
nanoparticles like particle agglomeration, volume fraction, Brownian motion, thermophoresis, nanopar-
ticle size, etc. Though we have different varieties of nanofluids, we have considered Al2O3–water and
TiO2–water based nanofluids in this problem. The transformed conservation equations for the nanofluid
are solved numerically subject to the boundary conditions using an optimized, extensively validated,
variational finite element method. The numerical code is validated with previous studies. The influence
of important non-dimensional parameters, namely nanoparticles volume fraction (u), Prandtl number
(Pr), magnetic parameter (M), Soret parameter (Sr), Dufour parameter (Du), space-dependent (A1) and
temperature-dependent (B1) heat source/sink parameters on the velocity, temperature and nanoparticle
concentration fields as well as the skin-friction coefficient, Nusselt number and Sherwood number are
examined in detail and the results are shown in graphically and in tabular form to illustrate the physical
importance of the problem.
� 2016 The Society of Powder Technology Japan. Published by Elsevier B.V. and The Society of Powder

Technology Japan. All rights reserved.
1. Introduction

A nanofluid is a fluid containing small volumetric quantities of
nanometer-sized (1–100 nm) particles called nanoparticles. These
fluids are engineered in a suspension of nanometer size solid par-
ticles or nanofibers in conventional base fluids like water, ethylene
glycol, toluene, and engine oil. The nanoparticles used in nanoflu-
ids are typically made of metals (Al, Cu), oxides (Al2O3, CuO, TiO2,
SiO2), carbides (SiC), nitrides (AlN, SiN), or nonmetals (graphite,
carbon nanotubes). Nanofluids are commonly contained up to 5%
volume fraction of nanoparticles for the effective heat transfer
enhancements. In recent years, the concept of a nanofluid has been
proposed as route for enhancing the performance of the heat
transfer rates in liquids. The materials which are in nanometer size
possess unique physical and chemical properties. They can flow
smoothly through micro-channels without clogging because they
are sufficiently small to behave similar to liquid molecules. This
fact has attracted much research into the investigation of the heat
transfer characteristics in nanofluids. It has been found that the
presence of nanoparticles increases the thermal conductivity of
the base fluid in the range of 15–40%. Increases in the thermal
conductivity of this magnitude cannot be solely attributed to the
higher thermal conductivity of the added nanoparticles. There
must be other mechanisms which include particle agglomeration,
nanoparticle size, volume fraction, Brownian motion, ther-
mophoresis, particle shape, surface area, temperature and liquid
layering on the nanoparticle-liquid interface, etc., attributed to
increase the performance of the nanofluid. Effective cooling tech-
niques are much needed in many industries such as manufactur-
ing, power, transportation, electronic devices and in particular
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Nomenclature

A1 coefficient of space-dependent heat source/sink
B1 coefficient of temperature-dependent heat source/sink
Cp specific heat at constant pressure
Cw uniform constant concentration
K permeability parameter
D2 mass diffusion coefficient
Nux Nusselt number
Sc Schmidt number
q000 non-uniform heat source/sink
qr radiative heat flux
Tw uniform constant temperature
k0 rate of chemical reaction
v velocity in the y-direction
Cf skin-friction coefficient
K� Mean absorption coefficient
Jw Wall mass flux
sw Shear stress
Ec Eckert number
C concentration of the species
D1 temperature diffusion coefficient
ks thermal conductivity of nanoparticle
C1 free stream concentration
M magnetic parameter
Du Dufour number
Pr Prandtl number
Shx Sherwood number
Sr Soret number
T temperature of the fluid

T1 free stream temperature
u velocity in the x-direction
Rex local Reynolds number
a Stretching rate (constant)
(x, y) Cartesian coordinates
qw wall heat flux
An radiation parameter
Dm species diffusivity

Greek symbols
h non-dimensional temperature
lð Þnf dynamic viscosity of the nanofluid
mf kinematic viscosity of the base fluid
qnf density of the nanofluid
qcp
� �

nf heat capacitance of the nanofluid
w stream function
r� Stephan–Boltzmann constant
lf dynamic viscosity of the base fluid
g dimensionless similarity variable
qf density of the base fluid
jf thermal conductivity of base fluid
u non-dimensional concentration
r electrical conductivity

Sub scripts
f base fluid
nf nanofluid
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the next generation of thin-film solar energy collector devices. Low
thermal conductivity is a primary limitation in the development of
energy-efficient heat transfer fluids. Conventional heat transfer flu-
ids such as water, ethylene glycol, and engine oil have limited heat
transfer capabilities due to their low heat transfer properties. In
contrast, metals have thermal conductivities up to three times
higher than these fluids, so it is naturally desirable to combine
the two substances to produce a heat transfer medium that
behaves like a fluid, but has the thermal properties of a metal.

The heat and mass transfer flow problems over a stretching
sheet through a porous medium is one of the important research
areas in recent years because it is an important type of flow which
occurs in many engineering and industrial disciplines. A class of
flow problems with obvious relevance to polymer extrusion in
which the extrudate emerges from a narrow slit. For example, in
a melt spinning process, the extrudate from the die is generally
drawn and simultaneously stretched into a sheet or filament,
which is thereafter solidified through rapid quenching or gradual
cooling by direct contact with water or chilled metal rolls. In fact,
stretching will bring in a unidirectional orientation to the extru-
date, thereby improving the quality of the final product consider-
ably depends on the flow, heat and mass transfer mechanism.
The same situations arrive during the manufacture of plastic and
rubber sheets where it is often necessary to blow a gaseous
medium through the not-yet solidified material, and where the
stretching force may be varying with time. Glass blowing, extru-
sion, melt-spinning, hot rolling, wire drawing, glass-fiber produc-
tion, manufacture of plastic and rubber sheets, cooling of a large
metallic plate in a bath and continuous casting involve the flow
due to stretching surface. In industry, polymer sheets and fila-
ments are manufactured by continuous extrusion of the polymer
from a die. The thin polymer sheet constitutes a continuously mov-
ing surface with a non-uniform velocity through an ambient fluid.
The problem of heat and mass transfer flow due to stretching sheet
has been implemented on many flow situations. The problem of
steady two-dimensional viscous incompressible fluid caused by a
stretching sheet was first examined by Crane [1]. A comprehensive
analysis on boundary layer flow caused by stretching of an elastic
flat sheet moving in its own plane has provided by McCormack and
Crane [2]. Dutta et al. [3] determined the temperature distribution
in the flow over a stretching surface subject to uniform heat flux.
Chen and Char [4] investigated the heat transfer characteristics
over a continuous stretching sheet with variable surface tempera-
ture. Ali [5] has investigated flow and heat transfer characteristics
on a stretching surface using power-law velocity and temperature
distributions. Grubka and Bobba [6] studied the heat transfer
characteristics over a continuous stretching surface with variable
temperature. Ishak et al. [7] analyzed mixed convection stagnation
point flow of a micropolar fluid towards a stretching sheet.

It is a well-known fact that magnetic field has specific applica-
tions in polymer processing technology, physics, chemistry and
engineering. In the polymer industry, the stretching of plastic
sheets and in metallurgy the cooling of continuous strips or
filaments by drawing through an electrically-conducting fluid is
subjected to the characteristics of the magnetic field. Thermal
radiation plays very significant role in the surface heat transfer
when convection heat transfer is very small. It has applications
in manufacturing industries for the design of reliable equipment’s,
nuclear plants, gas turbines and various propulsion devices for
aircraft, missiles, satellites and space vehicles. Also, the effects of
thermal radiation on forced and free convection flow are important
in the content of space technology and process involving high
temperature. Soret and Dufour effects are very significant for the
fluids which have higher temperature and concentration gradients
and these are also important in macroscopically physical
phenomenon in fluid mechanics. The thermo-diffusion (Soret)
effect corresponds to species differentiation developing in an initial
homogeneous mixture submitted to a thermal gradient and the



Fig. 1. Physical model and coordinate system.
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diffusion-thermo (Dufour) effect corresponds to the heat flux
produced by a concentration gradient. Usually, in heat and mass
transfer problems, the variation of density with temperature and
concentration give rises to a combined buoyancy force under nat-
ural convection and hence, the temperature and concentration will
influence the diffusion and energy of the species. The applications
of Soret and Dufour effects can be found in the area of reactor
safety, combustion flames and solar collectors as well as building
energy conservation. Viscous dissipation changes the temperature
distributions in the fluid regime and it leads to change the heat
transfer rates of the fluid. The influence of viscous dissipation
effect depends on whether the sheet is being cooled or heated.
Viscous dissipation effects have applications in geophysical flows.
Ramachandra Prasad et al. [8] have studied thermo-diffusion and
diffusion-thermo effects for flow over a vertical plate embedded
in non-Darcian porous medium by taking a magnetic field effect
into account. Pal et al. [9] have studied viscous non-Darcian
MHD mixed convection heat and mass transfer over a non-linear
stretching sheet with Soret and Dufour effects and thermal radia-
tion. MHD mixed convection flow with Soret and Dufour effects
past a vertical plate embedded in porous medium was studied by
Makinde [10]. Reddy and Rao [11] has presented finite element
solution to the heat and mass transfer flow past a cylindrical annu-
lus with Soret and Dufour effects. Chamkha and Rashad [12] has
studied the influence of Soret and Dufour effects on unsteady heat
and mass transfer flow over a rotating vertical cone and they
suggested that temperature and concentration fields are more
influenced with the values of Soret and Dufour parameter.
Recently, Pal and Mondal [13] have analyzed MHD boundary layer
heat and mass transfer through porous media over a stretching
sheet by considering Soret effect, Dufour effect, viscous dissipation,
thermal radiation and first-order chemical reaction.

The working fluid heat generation or absorption effects are very
crucial in monitoring the heat transfer in the regions, heat removal
from nuclear fuel debris, underground disposal of radioactive
waste material, storage of food stuffs, exothermic chemical reac-
tions and dissociating fluids in packed-bed reactors. This heat
source can occurs in the form of a coil or battery. Chemical reac-
tions can be codified as either heterogeneous or homogeneous pro-
cesses. This depends on whether they occur at an interface or as a
single phase volume reaction. In well-mixed systems, the reaction
is heterogeneous, if it takes place at an interface and homogeneous,
if it takes place in solution. In most cases of chemical reactions, the
reaction rate depends on the concentration of the species itself. A
reaction is said to be of first order, if the rate of reaction is directly
proportional to the concentration itself. In many chemical engi-
neering processes, a chemical reaction between a foreign mass
and the fluid does occur. However, the diffusion process, combined
with homogeneous and/or heterogeneous chemical reactions of a
particle in a porous medium, is also important in chemical engi-
neering processes. In view of above applications, Chamkha [14]
has analyzed MHD steady state heat and mass transfer flow over
uniformly moving vertical surface with first-order chemical reac-
tion and heat generation/absorbtion. Chamkha [15], Vajravelu
and Rollins [16], Sudarsan Reddy et al. [17] have studied heat
transfer change by taking temperature dependent heat source/sink
and first order chemical reaction under different configurations.
Abo-Eldahab and El-Aziz [18], Pal and Mondal [19], Pal [20] have
analyzed natural convection boundary layer heat transfer with
the influence of non-uniform space-dependent and temperature-
dependent heat source/sink under different geometries.

All the above studies are concentrated on the commonly used
base fluids. Due to several physical applications of nanofluids, Choi
[21] was the first who proposed the term nanofluid to indicate
engineered colloids composed of nanoparticles dispersed in a base
fluid. After the pioneering investigation of Choi [21], excellent
experimental and theoretical researches were under taken to
discover and understand the mechanisms of heat transfer in
nanofluids and these works suggested that nanofluids have higher
thermo-physical properties such as the thermal conductivity, ther-
mal diffusivity, viscosity and convective heat transfer coefficients
compared to those of base fluids. The thermo-physical properties
of nanofluids have been studied by Rudyak et al. [22], Chamkha
and Abu-Nada [23], Rana and Bhargava [24], Kuznetsov and Nield
[25], under different configurations like a stretching sheet, a square
cavity, an inclined plate, and a vertical plate, respectively, by taking
Brownian motion and thermophoresis are the important parame-
ters. Recently, RamReddy et al. [26], Makinde and Aziz [27] have
studied heat and mass transfer characteristics of nanofluids
through a porous medium with convective boundary conditions
over a vertical plate.

The knowledge of physical mechanisms of heat transfer in
nanofluids has received great importance in recent years, because,
it will enable the exploitation of their full heat transfer potential.
The characteristic feature of nanofluid is the thermal conductivity
enhancement of the base fluid and is observed by Masuda et al.
[28]. Buongiorno [29] has given a comprehensive survey on con-
vective transport in nanofluids. Very few publications are noticed
in the literature to discuss heat and mass transfer characteristics
of nanofluids based on nanoparticle volume fraction. Hamad [30]
has presented an analytical solution of natural convection flow of
nanofluids over a stretching sheet by taking nanoparticle volume
fraction as the important parameter. Recently, Haile and Shankar
[31] have discussed heat and mass transfer characteristics of
Cu–water and Al2O3–water based nanofluids flow through a
porous medium over a stretching sheet with thermal radiation
and chemical reaction effects.

To the best of the author’s knowledge, no studies have been
found in the literature to study flow, heat and mass transfer
characteristics of Al2O3–water and TiO2–water based nanofluids
over a stretching sheet through porous medium in the presence
of thermo-diffusion and diffusion-thermo effects, magnetic field,
chemical reaction, radiation and heat generation/absorption.
Hence, this problem is addressed in this article. The problem pre-
sented here has many applications in industrial, transportation,
electronics, and biomedical applications.

2. Mathematical formulation

Consider the steady, two dimensional, viscous incompressible,
laminar, MHD boundary layer flow of a nanofluid over a stretching
sheet through nanofluid-saturated porous medium as depicted in



1210 P.S. Reddy, A.J. Chamkha / Advanced Powder Technology 27 (2016) 1207–1218
Fig. 1. The coordinate system is such that x-axis is taken along the
stretching surface in the direction of the motion and y-axis is
normal to the surface of the stretching sheet. A constant magnetic
field of strength B0 is applied normally to the plate. The surface of
the plate is maintained at uniform temperature and concentration
Tw and Cw and these values are assumed to be greater than the
ambient temperature and concentration T1 and C1, respectively.
The flow is assumed to be confined in a region y > 0. We consider
a non-uniform internal heat generation/absorption in the flow to
get the temperature and concentration differences between the
surface and ambient fluid. In the present problem, the fluid is a
water-based nanofluid containing two different types of nanopar-
ticles Al2O3 and TiO2. It is assumed that the fluid and nanoparticles
are in thermal equilibrium and no slip occurs between them. The
thermo-physical properties of the nanofluid are given in Table 1
[30]. Under the above assumptions, the governing equations
describing the momentum, energy and concentration in the
presence of thermal radiation, chemical reaction, Soret and Dufour
effects take the following form:
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The associated boundary conditions are

u ¼ Uw xð Þ ¼ ax; v ¼ 0; T ¼ Tw; C ¼ Cw at y ¼ 0 ð5Þ

u ! 0; T ! T1; C ! C1; as y ! 1: ð6Þ
where u and v are the components of velocity along x and y direc-
tions, respectively, T is temperature and C is concentration of the
nanofluid, lnf is dynamic viscosity of the nanofluid, qnf is density

of the nanofluid, anf is thermal diffusivity of the nanofluid, qcp
� �

nf

is heat capacitance of the nanofluid, Dm is species diffusivity, D1 is
mass flux through the temperature gradient, D2 is heat flux through
the concentration gradient, K is permeability of the porous medium,
k0 is the rate of chemical reaction, r is the electrical conductivity.

The flow is caused by the stretching of the sheet whichmoves in
its own plane with the surface velocity Uw xð Þ ¼ ax, where a
(stretching rate) is positive constant. The dynamic viscosity lnf ,
density qnf , thermal diffusivity anf , thermal conductivity knf heat

capacitance qcp
� �

nf of the nanofluid and kinematic viscosity mf of

the base fluid are defined as follows:
Table 1
Thermo-physical properties of water and nanoparticles [30].

Fluid q ðkg=m3Þ Cp J=kg Kð Þ k W=mKð Þ b� 105 K�1
	 


Pure water 997.1 4179 0.613 21
Copper (Cu) 8933 385 401 1.67
Silver (Ag) 10,500 235 429 1.89
Alumina (Al2O3Þ 3970 765 40 0.85
Titanium Oxide

(TiO2Þ
4250 686.2 8.9538 0.9
anf ¼ knf
qcp
� �

nf

; lnf ¼
lf

1�uð Þ2:5
; qnf ¼ 1�uð Þqf þuqs;

ðqcpÞnf ¼ 1�uð ÞðqcpÞf þuðqcpÞs

knf ¼ kf
ks þ 2kf � 2u kf � ks

� �
ks þ 2kf þ 2u kf � ks

� �
 !

; mf ¼
lf

qf
:

ð7Þ

The stream function w can be defined as follows,

u ¼ @w
@y

; v ¼ � @w
@x

The following similarity transformations are introduced to sim-
plify the mathematical analysis of the problem

w ¼ ffiffiffiffiffiffiffi
amf

p
xf ðgÞ; u ¼ axf 0ðgÞ; v ¼ � ffiffiffiffiffiffiffi

amf
p

f ðgÞ;

g ¼
ffiffiffiffiffi
a
mf

s
y; h gð Þ ¼ T � T1

Tw � T1
; / gð Þ ¼ C � C1

Cw � C1

ð8Þ

The non-uniform heat source/sink, q000, is defined as

q000 ¼ knf a
mf

½AðTw � T1Þf 0 þ BðT � T1Þ� ð9Þ

where A and B are the coefficients of space and temperature-
dependent heat source/sink, respectively. The case A > 0; B > 0
corresponds to internal heat source and the case A < 0; B < 0
corresponds to internal heat sink.

By using Rosseland approximation for radiation, the radiative
heat flux qr is defined as

qr ¼ �4r�

3K�
@T4

@y
ð10Þ

where r� is the Stephan–Boltzman constant, K� is the mean
absorption coefficient. We assume that the temperature differences
within the flow are such that the term T4 may be expressed as a
linear function of temperature. This is accomplished by expanding
T4 in a Taylor series about the free stream temperature T1 as
follows:

T4 ¼ T4
1 þ 4T3

1 T � T1ð Þ þ 6T2
1 T � T1ð Þ2 þ . . . ð11Þ

Neglecting higher-order terms in the above Eq. (11) beyond the
first degree in T � T1ð Þ, we get

T4 ffi 4T3
1T � 3T4

1: ð12Þ
Thus, substituting Eq. (12) into Eq. (10), we get

qr ¼ �16T3
1r�

3K�
@T
@y

: ð13Þ

Using Eqs. (8), (9) and (13), the governing non-linear partial dif-
ferential (1)–(4) together with the boundary conditions (5) and (6)
reduce to

Momentum boundary layer equation:

f 000 þ A1 � A2 f f 00 � ðf 0Þ2 � M
A2

f 0
� �

� k1 f 0 ¼ 0 ð14Þ

Thermal boundary layer equation:

1þ 4
3
An

� �
h00 þ Pr

A3

A5
f h0 � 2f 0hþ Ec

A4
ðf 00Þ2

�

þ 1
A3

A1 f 0 þ B1hþ Du u00� �� ¼ 0 ð15Þ

Concentration (species diffusion) boundary layer equation:

u00 þ Sc fh0 � C1uþ Sr h00 ¼ 0 ð16Þ
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The transformed boundary conditions are

g ¼ 0; f ¼ 0; f 0 ¼ 1; h ¼ 1; u ¼ 1

g ! 1; f 0 ¼ 0; h ¼ 0; u ¼ 0:
ð17Þ

where prime indicates ordinary differentiation with respect to g. In

usual notations, Pr ¼ mf
af

(Prandtl number), M ¼ rB20
qf a

(magnetic

parameter), k1 ¼ mf
Ka (porous medium parameter), Sc ¼ mf

Dm
(Schmidt

number), Sr ¼ D1
mf

ðTw�T1Þ
Cw�C1ð Þ (Soret number), A1 ¼ A

aðqcpÞf
(Space depen-

dent heat source/sink), B1 ¼ B
aðqcpÞf

(Temperature dependent heat

source/sink) Du ¼ D2
mf ðqcpÞf

Cw�C1ð Þ
ðTw�T1Þ (Dufour number), Ec ¼ U2

w
ðcpÞf

1
ðTw�T1Þ

(Eckert number), C1 ¼ k0
a (Chemical reaction parameter), An ¼ 4T31r�

3K�kf

(Radiation parameter).

A1 ¼ 1�uð Þ2:5; A2 ¼ 1�uð Þ þu
qs

qf

 !
;

A3 ¼ 1�uð Þ þu
ðqCpÞs
ðqCpÞf

 !
;

A4 ¼ 1�uð Þ2:5 1�uð Þ þu
ðqCpÞs
ðqCpÞf

 !( )
; A5 ¼ knf

kf
:

Quantities of practical interest in this problem are the local
skin-friction coefficient Cf , the local Nusselt number Nux, and the
local Sherwood number Shx. These are defined, respectively, as

Cf ¼ sw
qU2

w=2
; Nux ¼ xqw

j Tw � T1ð Þ ; Shx ¼ xJw
Dm Cw � C1ð Þ :

Here sw; qw and Jw are the wall shear stress, surface heat flux and the
mass flux, respectively. Using Eq. (8), we obtain the dimensionless
versions of these key design quantities:

Cf ¼ �2f 00 0ð Þ
1�uð Þ2:5Re1

2
x

; Nux ¼ � 1þ 4
3
An

� �
knf
kf

h0 0ð Þ Re1
2
x;

Shx ¼ �u0 0ð Þ Re1
2
x:

Since the highly non-linear nature of ordinary differential Eqs.
(14)–(16) together with boundary conditions (17), they cannot be
solved analytically. So the variational finite-element method [32–
34] has been implemented.

3. Numerical method of solution

3.1. The finite-element method

The finite-element method (FEM) is such a powerful method for
solving ordinary differential equations and partial differential
equations. The basic idea of this method is dividing the whole
domain into smaller elements of finite dimensions called finite ele-
ments. This method is such a good numerical method in modern
engineering analysis, and it can be applied for solving integral
equations including heat transfer, fluid mechanics, chemical pro-
cessing, electrical systems, and many other fields. The steps
involved in the finite-element are as follows.

(i) Finite-element discretization
The whole domain is divided into a finite number of subdo-
mains, which is called the discretization of the domain. Each
subdomain is called an element. The collection of elements
is called the finite-element mesh.

(ii) Generation of the element equations
a. From the mesh, a typical element is isolated and the
variational formulation of the given problem over the
typical element is constructed.

b. An approximate solution of the variational problem is
assumed, and the element equations are made by substi-
tuting this solution in the above system.

c. The element matrix, which is called stiffness matrix,
is constructed by using the element interpolation
functions.

(iii) Assembly of element equations
The algebraic equations so obtained are assembled by impos-
ing the interelement continuity conditions. This yields a
large number of algebraic equations known as the global
finite-element model, which governs the whole domain.

(iv) Imposition of boundary conditions
The essential and natural boundary conditions are imposed
on the assembled equations.

(v) Solution of assembled equations
The assembled equations so obtained can be solved by any of
the numerical techniques, namely, the Gauss elimination
method, LU decomposition method, etc. An important con-
sideration is that of the shape functions which are employed
to approximate actual functions.
For the solution of system non-linear ordinary differential
Eqs. (14)–(16) together with boundary conditions (17), first
we assume that.

df
dg

¼ h ð18Þ

Eqs. (16)–(18) then reduce to

h00 þ A1 � A2 fh0 � h2 � M
A2

h
� �

� k1 h ¼ 0 ð19Þ
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� �
h00 þ Pr

A3

A5
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A4
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�

þ 1
A3

A1 hþ B1 hþ Du u00ð Þ
�
¼ 0 ð20Þ

u00 þ Sc f h0 � C1 uþ Sr h00 ¼ 0 ð21Þ
The boundary conditions take the form

f ¼ 0; h ¼ 1; h ¼ 1; u ¼ 1; at g ¼ 0;
h ¼ 0; h ¼ 0; u ¼ 0; at g ! 1:

ð22Þ

It has been observed that for large values of g(>10), there is no
appreciable effect on the results, so, for computational purpose
infinity has been fixed 5 for velocity distributions, 10 for tempera-
ture and 8 for concentration profiles.

3.2. Variational formulation

The variational form associated with Eqs. (18)–(21) over a typ-
ical linear element ge;geþ1

� �
is given byZ geþ1

ge
w1

df
dg

� h
� �

dg ¼ 0 ð23Þ

Z geþ1

ge
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A2
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� �
� k1 h

� �
dg ¼ 0 ð24Þ

Z geþ1

ge
w3 1þ 4
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A3

A5
f h0 þ Ec

A4
ðh0Þ2

��

þ 1
A3

A1 hþ B1 hþ Du u00ð Þ
�
¼ 0

�
dg ¼ 0 ð25Þ
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Z geþ1

ge
w4ðu00 þ Sc fh0 � C1uþ Srh00 ¼ 0Þdg ¼ 0 ð26Þ

where w1;w2;w3 and w4 are arbitrary test functions and may be
viewed as the variations in f, h, h, and /, respectively.

3.3. Finite-element formulation

The finite-element model may be obtained from above equa-
tions by substituting finite-element approximations of the form

f ¼
X2
j¼0

f jWj; h ¼
X2
j¼0

hjWj; h ¼
X2
j¼0

hjWj;/ ¼
X2
j¼0

/jWj ð27Þ

With w1 ¼ w2 ¼ w3 ¼ w4 ¼ Wi; i ¼ 1;2ð Þ.
whereWi are the shape functions for a typical element ge;geþ1

� �
and are defined as

We
1 ¼ geþ1 � g

� �
ðgeþ1 � geÞ

; We
2 ¼ g� geð Þ

ðgeþ1 � geÞ
; ge 6 g 6 geþ1: ð28Þ

The finite element model of the equations thus formed is given
by

K11
h i

K12
h i

K13
h i

K14
h i

K21
h i

K22
h i

K23
h i

K24
h i

K31
h i

K32
h i

K33
h i

K34
h i

K41
h i

K42
h i

K43
h i

K44
h i

2
666666664

3
777777775

f

h

h

/

2
6664

3
7775 ¼

r1
� �
r2
� �
r3
� �
r4
� �

2
6664

3
7775

where Kmn½ � and rm½ � (m, n = 1, 2, 3, 4) are defined as

K11
ij ¼

Z geþ1

ge
Wi

@Wj

@g
dg; K12

ij ¼ �
Z geþ1

ge
WiWjdg; K13

ij ¼ K14
ij ¼ 0:

K21
ij ¼ A1

Z geþ1

ge
Wi

@Wj

@g
dg;

K22
ij ¼

Z geþ1

ge
� @Wi

@g
@Wj

@g
� A1Wi

�hWj �Wi
M
A2

WWj

 �
dg

�
Z geþ1

ge
Wi K1ð ÞWjdg; K23

ij ¼ 0; K24
ij ¼ 0;
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Fig. 2. Effect of u on velocity profiles.
K31
ij ¼ Pr

A3

A5

Z geþ1

ge
Wi

@Wj

@g
dg;

K32
ij ¼ Pr

A3

A5

Z geþ1

ge
Wi Wj þ Ec

A4
Wi

�h0 @Wj

@g
dgþ A1

Z geþ1

ge
Wi Wjdg;

K33
ij ¼ � 1þ 4

3
An

� �Z geþ1

ge

@Wi

@g
@Wj

@g
dgþ Pra

Z geþ1

ge
WiB1Wjdg;

K34
ij ¼ Du

Z geþ1

ge

@Wi

@g
@Wj

@g
dg:

K41
ij ¼ Sc

Z geþ1

ge
Wi

@Wj

@g
dg; K42

ij ¼ 2Sc
Z geþ1

ge
WiWjdg;

K43
ij ¼ Sc Sr

Z geþ1

ge

@Wi

@g
@Wj

@g
dg� C1

Z geþ1

ge
Wi

�/
@Wj

@g
dg

� s
Z geþ1

ge

@Wi

@g
@Wj

@g
dg
Fig. 3. Effect of u on temperature profiles.
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K44
ij ¼

Z geþ1

ge

@Wi

@g
@Wj

@g
dg:
r2i ¼ 0; r2i ¼ � Wi
dWi

dg

� �geþ1

ge

; r3i ¼ � Wi
dWi

dg

� �geþ1

ge

;

r4i ¼ � Wi
dWi

dg

� �geþ1

ge

where

�f ¼
X2
j¼0

f i
@Wi

@g
; �h ¼

X2
j¼0

hi
@Wi

@g
�h ¼

X2
j¼0

hi
@Wi

@g
�/ ¼

X2
j¼0

/i
@Wi

@g
:

After the assembly of the element equations, we get the system
of strongly non-linear equations and are solved using a robust
iterative scheme. The system is linearized by incorporating the
functions �f ; �h; �h and /, which are assumed to be known. After
imposing the boundary conditions, we get the less number of
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Fig. 5. Effect of Pr on temperature profiles.

2 4 6 8

0.2

0.4

0.6

0.8

1.0

Pr  4.2, 5.2, 6.2, 7.2.

B1 0.1, C1 0.1, k1 0.5, M 0.5, 

An 0.2, Sr 1.0, Du 0.2, 0.01,     

Sc 1.0, A1 0.1, Ec 0.1

SolidLine:Al2O3 water

Dashed Line:Ti O2 water

Fig. 6. Effect of Pr on concentration profiles.
non-linear equations and are solved using Gauss elimination
method by maintaining an accuracy of 0.00001. The computer pro-
gram of the algorithmwas executed in Mathematica 10.0 software.

4. Results and discussion

Comprehensive numerical computations are conducted for dif-
ferent values of the parameters that describe the flow characteris-
tics and the results are illustrated graphically. A representative set
of computational results are presented in Figs. 2–18. The Compar-
ison of the skin-friction coefficient �f 00 0ð Þ� �

and the Nusselt num-
ber ð�h0 0ð ÞÞ with the results reported by Hamad [30] for various
values ofM andu is made and is shown in Table 2. It is clearly seen
from Table 2 that the numerical results are in close agreement with
those reported by Hamad [30].

The effect of nanoparticle volume fraction (u) on the velocity,
temperature and concentration profiles are depicted in Figs. 2–4
for the both Al2O3–water and TiO2–water based nanofluids. It is
noticed from Fig. 2 that the velocity profiles are enhanced and
are similar in both nanofluids as the nanoparticle volume fraction
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Fig. 7. Effect of M on velocity profiles.
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increases. This is due to the fact that increasing the nanoparticle
volume fraction enhances the momentum boundary layer thick-
ness in the flow regime. The temperature and concentration pro-
files depreciate with increase in the values of nanoparticle
volume fraction in both Al2O3–water and TiO2–water nanofluids
as shown in Figs. 3 and 4. This is because of the fact that the ther-
mal boundary layer and the solutal boundary layer thickness
decelerate with higher values of (u). The deceleration in the tem-
perature profiles is higher in the TiO2–water based nanofluid than
the Al2O3–water nanofluid, while this trend is reversed in the con-
centration profiles, i.e., the decreasing nature of the concentration
profiles is higher in the Al2O3–water nanofluid than the TiO2–wa-
ter nanofluid.

The temperature and concentration distributions for various
values of the Prandtl number (Pr) are shown in Figs. 5 and 6,
respectively. The temperature profiles decrease with increase in
the values of Prandtl number in both nanofluids. By definition,
the Prandtl number is defined as the ratio of the momentum diffu-
sivity to the thermal diffusivity and therefore, increasing the values
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Fig. 9. Effect of M on concentration profiles.
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Fig. 11. Effect of An on concentration profiles.
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of (Pr) means higher momentum diffusivity or lesser thermal diffu-
sivity which causes the reduction in the thermal boundary layer
thickness and this deceleration in the temperature profiles is
higher in the TiO2–water nanofluid than the Al2O3–water nanofluid
(Fig. 5). We observe from Fig. 6 that increasing the values of the
Prandtl number leads to an increase in the concentration profiles
in both Al2O3–water and TiO2–water based nanofluids. This is
due to the fact that the solutal boundary layer thickness is
increased with the enhancement in the values of Pr.

Figs. 7–9 depict the velocity (f 0Þ, temperature (hÞ and the con-
centration (/) distributions for different values of the magnetic
parameter (MÞ. The velocity profiles reduce throughout the bound-
ary layer as the strength of magnetic parameter increases in both
Al2O3–water and TiO2–water based nanofluids. This is due to the
fact that the presence of magnetic field in the flow creates a force
known as the Lorentz force which acts as a retarding force and con-
sequently, the momentum boundary layer thickness decelerates
throughout the flow region. The deceleration in the momentum
boundary-layer thickness is similar for both nanofluids (Fig. 7).
We define the thermal energy as the additional force which drags
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Fig. 15. Effect of A1 on concentration profiles.
the nanofluid from the influence of magnetic field. This additional
force increases the thickness of the thermal boundary layer, so that
the temperature profile enhances with the rise in M and this rise is
more in the Al2O3–water nanofluid than the TiO2–water nanofluids
(Fig. 8). From Fig. 9, we notice that as the values of M increases the
concentration distributions are increased in the flow regime for
both nanofluids.

The effect of radiation parameter (An) on temperature and con-
centration profiles is shown in Figs. 10 and 11 for both Al2O3 and
TiO2–water nanofluids. It is seen that as the values of thermal radi-
ation parameter increases, the thermal boundary layer thickness is
enhanced in both nanofluids. This is due to the fact that the pres-
ence of thermal radiation effect increases the temperature of the
fluid in the entire flow region. In general, this is true because
increasing the Rosseland diffusion approximation for radiation
enhances the temperature of the fluid and this increase is higher
in the Al2O3–water nanofluid than the TiO2–water nanofluids
(Fig. 10). The concentration profiles of both nanofluids retards with
B1 0.2, 0.1, 0.01, 0.05.
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Fig. 16. Effect of B1 on temperature profiles.
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increment in the thermal radiation parameter (An) and is shown in
Fig. 11. From this, we conclude that the thickness of the solutal
boundary layer decelerates when the value of (An) increases and
this deceleration is more in the Al2O3–water nanofluid than the
TiO2–water nanofluid.

The combined influence of thermo-diffusion (Soret) and
diffusion-thermo (Dufour) parameters on the temperature and
concentration profiles for both nanofluids are plotted in Figs. 12
and 13, respectively. The values of Sr and Du have been taken as
Sr = 0.1, 0.4, 0.7, 1.0 and Du = 0.5, 0.4, 0.3, 0.1, i.e. Soret parameter
values are increased and Dufour parameter values are decreased. It
is seen from these figures that the temperature distributions decel-
erate, whereas the concentration profiles enhance with the above
values of Sr and Du. From the definition, Soret number can be
defined as the effect of the ratio of temperature difference to the
concentration difference, and Dufour number can be defined as
the effect of the ratio of concentration difference to the tempera-
ture difference. This shows that, diffusive species with higher Soret
values increases the concentration profiles, whereas temperature
species with decreasing Dufour values have the tendency of
Table 2
Comparison of �f 00 0ð Þ, �h0 0ð Þ with previously published data for Pr = 6.2, k1 = 0, Sr = 0, Du

�f 00 0ð Þ
Parameter Hamad [30] Present study

M u Al2O3 TiO2 Al2O3 Ti

0 0.05 1.00538 1.01150 1.00657 1
0.10 0.99877 1.00952 1.01002 1
0.15 0.98185 0.99603 0.98954 0
0.20 0.95592 0.97259 0.95601 0

0.5 0.05 1.20441 1.20953 1.20481 1
0.10 1.17548 1.18463 1.17592 1
0.15 1.13889 1.15114 1.13924 1
0.20 1.09544 1.11002 1.09601 1

1.0 0.05 1.37493 1.37941 1.37463 1
0.10 1.32890 1.33700 1.32902 1
0.15 1.27677 1.28771 1.27707 1
0.20 1.21910 1.23222 1.22018 1

2.0 0.05 1.66436 1.66806 1.66404 1
0.10 1.59198 1.59875 1.59221 1
0.15 1.51534 1.52457 1.51563 1
0.20 1.43480 1.44596 1.43507 1
decreasing the temperature profiles in the flow region in the both
Al2O3–water and TiO2–water nanofluids.

The temperature and concentration profiles of the Al2O3–water
and TiO2–water nanofluids for different values of the space-
dependent and temperature-dependent coefficients A1 and B1 for
heat a source/sink are depicted in Figs. 14–17. It is observed that
the temperature in the thermal boundary layer increases with
the increasing values of A1 and B1 (positive values), whereas the
thermal boundary layer thickness decelerates with decrease in
the values of heat absorption parameters A1 and B1 (negative val-
ues). This is due to the fact that, with an increase in A1 > 0, B1 > 0
(heat source), the boundary layer creates energy which causes the
rise in the temperature profiles, whereas, with a decrease in A1 < 0,
B1 < 0 (heat absorption), the boundary layer absorbs the energy so
that the thermal boundary layer thickness decreases in the fluid
regime as shown in Figs. 14 and 16. The exact reverse trend is
noticed in the concentration profiles with the space dependent
and temperature-dependent coefficients A1 and B1 for both heat
generation and heat absorption cases; this is plotted in Figs. 15
and 17.

Fig. 18 illustrates the effect of chemical reaction parameter C1
on the concentration distributions for both the Al2O3–water and
TiO2–water nanofluids. We see from this figure that the concentra-
tion profiles are highly influenced and are retards with the higher
values of chemical reaction parameter in the flow region.

The values of the local Nusselt number �h0 0ð Þ, and the local
Sherwood number �/0 0ð Þ for different values of the important
parameters are presented in Table 3. It is evident that the dimen-
sionless heat transfer rates decrease in the Al2O3–water nanofluid
and enhances in the TiO2–water based nanofluid with the increas-
ing values of magnetic field parameterM. However, the dimension-
less mass transfer rates decelerate in both nanofluids for the
increasing values of M. It is found that the dimensionless heat
transfer rates and the dimensionless mass transfer rates are both
increase in both Al2O3–water and TiO2–water based nanofluids
with the increasing values of nanoparticle volume fraction param-
eter u. It is observed that, with increase in the values of Sr and
decrease in the values of Du, the dimensionless heat transfer rates
enhance whereas the mass transfer rates decelerate in both the
nanofluids. It is also evident from Table 3 that A1;B1 and An has
the similar influence on the dimensionless heat transfer rates
and mass transfer rates for the Al2O3–water and the TiO2–water
= 0, Sc = 0, A1 = 0, B1 = 0, C1 ¼ 0.

�h0 0ð Þ
Hamad [30] Present study

O2 Al2O3 TiO2 Al2O3 TiO2

.01167 1.62246 1.63791 1.62258 1.63832

.01032 1.49170 1.51959 1.49187 1.51984

.99666 1.37543 1.41359 1.37561 1.41386

.97294 1.27118 1.31805 1.27153 1.31856

.20961 1.57888 1.59455 1.57892 1.59484

.18502 1.45299 1.48124 1.45312 1.48162

.15183 1.34103 1.37962 1.34128 1.37981

.10857 1.24063 1.28795 1.24152 1.28814

.37982 1.54154 1.55735 1.54179 1.55758

.33721 1.41942 1.44788 1.41991 1.44795

.28793 1.31088 1.34974 1.31092 1.34987

.23235 1.21360 1.26123 1.21385 1.26154

.66814 1.47841 1.49438 1.47865 1.49457

.59880 1.36212 1.39085 1.36265 1.39096

.52459 1.25899 1.29818 1.25913 1.29861

.44605 1.16675 1.21474 1.16693 1.21498



Table 3
Effect of various parameters on local Nusselt number (�h0 0ð Þ) and local Sherwood number (�u0 0ð ÞÞ for fixed Pr = 6.2 (water), Sc = 1.0, C1 = 0.1, Ec = 0.1, k1 = 0.5.

Parameter �h0 0ð Þ �u0 0ð Þ
M u Sr Du A1 B1 An Al2O3 TiO2 Al2O3 TiO2

0.1 0.01 1.0 0.2 �0.1 �0.1 0.1 0:753187 1:421669 0:907985 0:402404
0.5 0.01 1.0 0.2 �0.1 �0.1 0.1 0:742286 1:436019 0:874757 0:353572
0.7 0.01 1.0 0.2 �0.1 �0.1 0.1 0:733488 1:445365 0:844558 0:308889
1.0 0.01 1.0 0.2 �0.1 �0.1 0.1 0:728569 1:456058 0:825841 0:281079
0.5 0.01 1.0 0.2 �0.1 �0.1 0.1 0:609851 1:198486 0:980364 0:556511
0.5 0.05 1.0 0.2 �0.1 �0.1 0.1 0:653633 1:273213 0:989743 0:575598
0.5 0.1 1.0 0.2 �0.1 �0.1 0.1 0:699910 1:351147 0:996901 0:580606
0.5 0.15 1.0 0.2 �0.1 �0.1 0.1 0:749634 1:435783 1:000095 0:607648
0.5 0.01 0.1 0.5 �0.1 �0.1 0.1 0:487490 0:888192 1:280215 1:252910
0.5 0.01 0.4 0.4 �0.1 �0.1 0.1 0:532269 1:011215 1:196664 1:062366
0.5 0.01 0.7 0.3 �0.1 �0.1 0.1 0:573683 1:119517 1:095482 0:822528
0.5 0.01 1.0 0.1 �0.1 �0.1 0.1 0:609851 1:198486 0:980364 0:556511
0.5 0.01 1.0 0.2 �0.5 �0.1 0.1 0:751851 1:448622 0:883868 0:375239
0.5 0.01 1.0 0.2 �0.2 �0.1 0.1 0:670137 1:272871 0:941487 0:506629
0.5 0.01 1.0 0.2 0.1 �0.1 0.1 0:608851 1:141116 0:984702 0:605252
0.5 0.01 1.0 0.2 0.5 �0.1 0.1 0:547565 1:009246 1:027916 0:703713
0.5 0.01 1.0 0.2 �0.1 �0.2 0.1 0:670137 1:272871 0:941487 0:506629
0.5 0.01 1.0 0.2 �0.1 �0.1 0.1 0:646482 1:245426 0:954814 0:525423
0.5 0.01 1.0 0.2 �0.1 0.01 0.1 0:614317 1:209169 0:972418 0:549610
0.5 0.01 1.0 0.2 �0.1 0.05 0.1 0:589615 1:182364 0:985532 0:566886
0.5 0.01 1.0 0.2 �0.1 �0.1 0.1 0:609851 1:198486 0:980364 0:556511
0.5 0.01 1.0 0.2 �0.1 �0.1 0.3 0:562447 1:103997 1:012043 0:628231
0.5 0.01 1.0 0.2 �0.1 �0.1 0.5 0:523154 1:025681 1:038032 0:686651
0.5 0.01 1.0 0.2 �0.1 �0.1 0.7 0:490039 0:959464 1:059748 0:735295
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based nanofluids and it is found that �h0 0ð Þ decreases and �/0 0ð Þ
increases.
5. Conclusions

In the present paper, we have analyzed flow, heat and mass
transfer characteristics of Al2O3–water and TiO2–water based
nanofluids over a stretching sheet through porous medium by tak-
ing Soret and Dufour effects, thermal radiation, magnetic field,
time-dependent and temperature-dependent heat source/sink
and chemical reaction effects into the consideration. The conserva-
tion equations of mass, momentum, energy and species equations
together with the boundary conditions are transformed into a set
of highly non-linear ordinary differential equations with the help
of similarity transformations. These transformed equations are
solved numerically using an extensively validated, highly efficient,
most suitable variational Finite Element Method (FEM). A compar-
ison is made with previously published work to ascertain the con-
vergence of the numerical method implemented in this problem
and the results are found to be in good agreement. We have
noticed the remarkable heat transfer enhancement in the flow
region with the presence of nanoparticles from Table 3. In both
Al2O3–water and TiO2–water nanofluids, the velocity decelerates
whereas the temperature and concentration profiles enhance with
the increasing values of the magnetic parameter (MÞ. The thermal
boundary layer thickness retards and the solutal boundary layer
thickness enhances for the different values of the Soret and Dufour
parameters for both nanofluids. The thermal radiation parameter
(An) enhances the temperature of the fluid whereas it retards the
species concentration profile. The rate of heat transfer enhances
while the rate of mass transfer retards in both Al2O3–water and
TiO2–water nanofluids with the increasing values of Soret number
(Sr) and decreasing values of Dufour number (Du). Also, the heat
transfer rate decreases in the Al2O3–water nanofluid and enhances
in the TiO2–water nanofluid while the mass transfer rates deceler-
ate for both nanofluids with increasing values of the magnetic field
parameter (MÞ. Enhancement of heat and mass transfer rates are
predicted in both nanofluids as the nanoparticle volume fraction
(u) increases. It is clearly perceived from Table 3 that, the natural
convection heat transfer rate is enhanced significantly in the both
nanofluids when nanoparticle volume fraction (u) increases.
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