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Flow and convective heat transfer of a ferro-nanofluid in a  
double-sided lid-driven cavity with a wavy wall in the presence of 
a variable magnetic field 
Mohsen Sheikholeslamia and Ali J. Chamkhab 

aDepartment of Mechanical Engineering, Babol University of Technology, Babol, Iran; bMechanical Engineering 
Department, Prince Mohammad Bin Fahd University, Al-Khobar, Kingdom of Saudi Arabia  

ABSTRACT 
In this work, the effect of a variable spatial magnetic field on ferro-nanofluid 
flow and heat transfer in a double-sided lid-driven enclosure with a sinusoidal 
hot wall is investigated. The working fluid is a mixture of iron oxide (Fe3O4) 
nanoparticles and water and is referred to as a ferro-nanofluid. The control 
volume-based finite element method (CVFEM) is used to solve the governing 
equations in the stream function–vorticity formulation. In deriving the 
governing equations for this investigation, the effect of both ferro- 
hydrodynamics and magneto-hydrodynamics is taken into account. The 
numerical calculations are performed for different governing parameters 
namely; the Reynolds number, nanoparticle volume fraction, magnetic number 
(arising from Ferrohydrodynamics (FHD) consideration), and the Hartmann 
number (arising from Magnetohydrodynamics (MHD) consideration). The 
results show that an enhancement in heat transfer has a direct relationship 
with the Reynolds number and the Hartmann number, but it has an inverse 
relationship with the magnetic number. Also, it can be concluded that the 
Nusselt number increases with the increase of the nanoparticle volume fraction, 
magnetic number, and the Reynolds number while the opposite trend is 
observed for the Hartmann number. 
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1. Introduction 

Flow and heat transfer in a lid-driven cavity has wide applications such as electronic device cooling, 
crystal growth, high-performance building insulations, multi-shield structures used for nuclear 
reactors, food processing, float glass production, solar power collectors, furnace, drying technologies, 
etc. Numerous investigations on lid-driven cavity flow and heat transfer involving various combina-
tions of cavity configurations, various fluids, and imposed temperature gradients have been published 
in the literature frequently. For instance, Cheng [1] studied the flow and heat transfer in a two- 
dimensional square cavity where the flow is induced by a shear force resulting from the motion of 
the upper lid combined with the buoyancy force due to heating of the bottom. The fluid flow and 
heat transfer induced by the combined effects of the driven lid and the buoyancy force within 
rectangular enclosures were investigated by Waheed [2]. The effect of magnetic field on mixed 
convection in a two-sided lid-driven cavity filled with a fluid saturated porous medium was studied 
numerically by Muthtamilselvan et al. [3]. They found that the Hartmann number, Richardson 
number, Darcy number, and the direction of the moving walls have strong influence on the fluid flow 
and heat transfer in the enclosure. 
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A magnetic nanofluid (ferro-nanofluid) is a magnetic colloidal suspension consisting of a base liquid 
and magnetic nanoparticles with a size range of 5–15 nm in diameter coated with a surfactant layer. 
Sheikholeslami [4] studied the effect of spatially-variable magnetic field on ferrofluid flow and heat 
transfer considering a constant heat flux boundary condition. He found that the enhancement in heat 
transfer decreases with the increase in the Rayleigh number and the magnetic number, but it increases 
with the increase in the Hartmann number. Numerical analysis of the heat transfer enhancement and 
fluid flow characteristics of a rotating cylinder under the influence of a magnetic dipole in the backward 
facing step geometry was conducted by Selimefendigil and Oztop [5]. They found that the effect of cyl-
inder rotation on the local Nusselt number distribution is more pronounced at low Reynolds numbers. 
Natural convection in a rectangular enclosure containing an oval-shaped heat source and filled with a 
Fe3O4/water nanofluid was investigated by Moraveji and Hejazian [6]. Sheikholeslami and Ellahi [7] 
studied three dimensional mesoscopic simulation of the magnetic field effect on natural convection 
of nanofluids. They found that thermal boundary layer thickness increases with an increase of Lorentz 
forces. Sheikholeslami et al. [8] used the Lattice Boltzmann Method (LBM) in order to simulate nano-
fluid flow and heat transfer in a horizontal cylindrical enclosure with an inner triangular cylinder. They 
found that the effect of adding nanoparticles becomes more obvious with the increase of the Lorentz 
forces. 

The control volume-based finite element method (CVFEM) uses the benefits of both the finite 
volume and the finite element methods for simulation of multi-physics problems in complex geometries 
[9,10]. Sheikholeslami et al. [11] studied the magnetic field effect on CuO–water nanofluid flow and heat 
transfer in an enclosure which is heated from below. They found that the effect of the Hartmann num-
ber and heat source length is more pronounced at high Rayleigh numbers. MHD effects on natural con-
vection heat transfer in an enclosure filled with a nanofluid were studied by Sheikholeslami et al. [12]. 
Their results indicated that the Nusselt number is an increasing function of the buoyancy ratio number, 
but it is a decreasing function of the Lewis number and the Hartmann number. Sheikholeslami and 

Nomenclature 

a dimensionless amplitude of the sinusoidal wall 
B magnetic induction (¼ μ0H) 
Cp specific heat at constant pressure 

Ec Eckert number ð¼ ðqf ULid
2Þ=½ðqCPÞf DT �Þ

En heat transfer enhancement 
Hx, Hy components of the magnetic field intensity 
H the magnetic field strength 
Ha Hartmann number ð¼ m0H0L

ffiffiffiffiffiffiffiffiffiffiffiffi
rf =mf

q
Þ

k thermal conductivity 
K′ constant parameter 
L gap between inner and outer boundaries of the 

enclosure L ¼ rout � rin 
MnF magnetic number arising from FHD  

ð¼ m0H2
0 K 0ðTh � TcÞ=ðqf ULid

2ÞÞ

M magnetization ¼ K 0H Tc
0 � Tð Þ

� �

Nu Nusselt number 
Pr Prandtl number (¼ υf/αf) 
Re Reynolds number (¼ ρfL ULid/μf) 
T fluid temperature 
Tc
0 Curie temperature 

u, v velocity components in the x-direction and  
y-direction 

U, V dimensionless velocity components in the  
x-direction and y-direction 

x, y space coordinates 

X, Y dimensionless space coordinates 
α thermal diffusivity 
ϕ volume fraction 
γ magnetic field strength at the source 
e1 temperature number (¼T1/ΔT) 
e2 Curie temperature number ¼ Tc

0=DTð Þ

σ electrical conductivity 
μ dynamic viscosity 
μ0 magnetic permeability of vacuum 
υ kinematic viscosity 
w and W stream function and dimensionless stream  

function 
Θ dimensionless temperature 
ρ fluid density 
ω, Ω vorticity and dimensionless vorticity 

Subscripts 
c cold 
h hot 
ave average 
loc local 
nf nanofluid 
f base fluid 
s solid particles 
in inner 
out outer   

NUMERICAL HEAT TRANSFER, PART A 1187 



Rashidi [13] studied the effect of space dependent magnetic field on free convection of the Fe3O4–water 
nanofluid. They showed that the Nusselt number decreases with an increase of Lorentz forces. Also, this 
method is used in order to simulate different scientific problems [14–40]. 

The main purpose of the present work is to study the flow and heat transfer of a ferro-nanofluid 
(Fe3O4/water) in a double-sided lid-driven enclosure with a sinusoidal hot wall. The CVFEM is applied 
to solve this problem. The numerical investigation is carried out for different governing parameters such 
as the Reynolds number, nanoparticle volume fraction, magnetic number, and the Hartmann number. 

2. Geometry definition and boundary conditions 

The schematic of the problem and the related boundary conditions as well as the mesh of the 
enclosure which is used in the present CVFEM program are shown in Figure 1. The enclosure has 
a width/height aspect ratio of two. The two sidewalls with length H are thermally insulated whereas 
the lower flat and upper sinusoidal walls are maintained at constant temperatures Tc and Th, respect-
ively. Under all circumstances, the condition Th > Tc is maintained. The shape of the upper sinusoidal 
wall profile is assumed to mimic the following pattern: 

Y ¼ H � a H þ sin px � p=2ð Þð Þf g; ð1Þ

where a is the dimensionless amplitude of the sinusoidal wall. For the expression of the magnetic field 
strength, it can be considered that the magnetic source represents a magnetic wire placed vertically in 
the x–y plane at point �a; �b

� �
. The components of the magnetic field intensity (Hx;Hy) and the 

magnetic field strength H
� �

can be considered as: 

Figure 1. (a) Geometry and the boundary conditions; (b) the mesh of the enclosure considered in this work; (c) a sample triangular 
element and its corresponding control volume.  
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Hx ¼
c0

2p

1

x � að Þ
2
þ y � b
� �2 y � b

� �
; ð2aÞ

Hy ¼ �
c0

2p

1

x � að Þ
2
þ y � b
� �2 x � að Þ; ð2bÞ

H ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

H2
x þ H2

y

q

¼
c0

2p

1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x � að Þ
2
þ y � b
� �2

q ; ð3Þ

where γ′ is the magnetic field strength at the source (of the wire) and �a; �b
� �

is the position where the 
source is located. The contours of the magnetic field strength are shown in Figure 2. In this study, the 
magnetic source is located at (1.01cols, 0.5rows). The upper wall is the driven lid with a velocity of 
ULid. 

3. Mathematical modeling and numerical procedure 

3.1. Problem formulation 

The flow is two-dimensional, laminar, and incompressible. The magnetic Reynolds number is 
assumed to be small, so that the induced magnetic field can be neglected compared to the applied 
magnetic field. The flow is considered to be steady, two dimensional, and laminar. Using the 
Boussinesq approximation, the governing equations for the nanofluid flow and heat transfer can 
be written as follows: 

qu
qx
þ
qv
qy
¼ 0; ð4Þ

qnf u
qu
qx
þ v

qu
qy

� �

¼ �
qP
qx
þ mnf

q2u
qx2 þ

q2u
qy2

� �

þ m0M
qH
qx
� rnf B2u

y þ rnf BxByv; ð5Þ

Figure 2. Contours of the (a) magnetic field strength H; (b) magnetic field intensity component in the x-direction Hx; (c) magnetic 
field intensity component in the y-direction Hy.  
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qnf u
qv
qx
þ v

qv
qy

� �

¼ �
qP
qy
þ mnf

q2v
qx2 þ

q2v
qy2

� �

þ m0M
qH
qy
� rnf B2

xvþ rnf BxByu; ð6Þ

qCp
� �

nf u
qT
qx
þ v

qT
qy

� �

¼ knf
q2T
qx2 þ

q2T
qy2

� �

þ rnf uBy � vBx
� �2

� m0T
qM
qT

u
qH
qx
þ v

qH
qy

� �

þ mnf 2
qu
qx

� �2

þ 2
qv
qx

� �2

þ
qu
qx
þ
qv
qy

� �2
( )

:

ð7Þ

The terms m0M qH
qx and m0M qH

qy in Eqs. (5) and (6) represent, respectively, the components of the 
magnetic force per unit volume and they depend on the existence of the magnetic gradient in 
the corresponding x and y directions. These two terms are well known from FHD and are called 
the Kelvin force components. The terms � rnf B2u

y þ rnf BxByv and � rnf B2
xvþ rnf BxByu appearing 

in Eqs. (5) and (6), respectively, represent the components of the Lorentz force per unit volume in 
the x and y directions and they arise due to the electrical conductivity of the fluid. These two terms 
are also well known in MHD. The principles of MHD and FHD are combined in the mathematical 
model presented in [41] and the abovementioned terms arise together in the governing Eqs. (5) 
and (6). The term m0T qM

qT u qH
qx þ v qH

qy

� �
in Eq. (7) represents the thermal power per unit volume 

due to the magneto-caloric effect. Also, the term σnf (uBy � vBx)2 in Eq. (7) represents the Joule heat-
ing. For the variation of the magnetization M with the magnetic field intensity H and temperature T, 
the following relation derived experimentally in [41] is considered: 

M ¼ K 0H Tc
0 � Tð Þ; ð8Þ

where K′ is a constant and Tc
0 is the Curie temperature. 

In the above equations, μ0 is the magnetic permeability of vacuum (4π � 10� 7Tm/A), H is the mag-
netic field strength, B is the magnetic induction B ¼ m0H

� �
, and the bar above the quantities denotes 

that they are dimensional. The effective density (ρnf) and heat capacitance (ρCp)nf of the nanofluid are 
defined as [10]: 

qnf ¼ qf ð1 � /Þ þ qs/; ð9Þ

qCp
� �

nf ¼ qCp
� �

f ð1 � /Þ þ qCp
� �

s/; ð10Þ

where ϕ is the solid volume fraction of nanoparticles. The thermal diffusivity of the nanofluids is 

anf ¼
knf

qCp
� �

nf
ð11Þ

and the thermal expansion coefficient of the nanofluid can be determined as 

bnf ¼ bf ð1 � /Þ þ bs/: ð12Þ

The dynamic viscosity of the nanofluids given by Brinkman [10] is 

mnf ¼
mf

ð1 � /Þ
2:5 : ð13Þ

The effective thermal conductivity of the nanofluid can be approximated by the Maxwell–Garnetts 
(MG) model as [10]: 

kn f

kf
¼

ks þ 2kf � 2/ðkf � ksÞ

ks þ 2kf þ /ðkf � ksÞ
ð14Þ

and the effective electrical conductivity of the nanofluid was presented by Maxwell [10] as below: 

rnf

rf
¼ 1þ

3 rs
rf
� 1

� �
/

rs
rf
þ 2

� �
� rs

rf
� 1

� �
/
: ð15Þ
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The stream function and vorticity are defined as: 

u ¼
qw

qy
; v ¼ �

qw

qx
; x ¼

qv
qx
�
qu
qy
: ð16Þ

The stream function satisfies the continuity Eq. (4). The vorticity equation is obtained by eliminating 
the pressure between the two momentum equations, i.e., by taking the y-derivative of Eq. (6) and 
subtracting from it the x-derivative of Eq. (5). By introducing the following non-dimensional 
variables: 

X ¼
x
L
; Y ¼

y
L
; X ¼

xL
ULid

;W ¼
w

LULid
;H ¼

T � Tc

Th � Tc
;U ¼

u
ULid

;V ¼
v

ULid
;

H ¼
H
H0

;Hx ¼
Hx

H0
;Hy ¼

Hy

H0
;

ð17Þ

where in Eq. (17) H0 ¼ H a; 0ð Þ ¼ c

2p bj j and L ¼ rout � rin ¼ rin. Using the dimensionless parameters, 
the governing equations now become: 

qW

qY
qX

qX
�
qW

qX
qX

qY
¼

1
Re

mnf =mf

qnf =qf

" #
q2X

qX2 þ
q2X

qY2

� �

þMnF
qf

qnf

 !

H
qH
qX

qH

qY
�
qH
qY

qH

qX

� �

�
Ha2

Re
rnf =rf

qnf =qf

" #

�
qV
qX

H2
x þ V 2Hx

qHx

qX

� �

�
qU
qX

HxHy � U
qHx

qX
Hy � U

�
qHy

qX
Hx

�
qU
qY

H2
y � U 2Hy

qHy

qY

� �

þ
qV
qY

HxHy þ V
qHx

qY
Hy þ V

qHy

qY
Hx

�

;

ð18Þ

qW

qY
qH

qX
�
qW

qX
qH

qY
¼

1
Pr Re

knf

kf

� ��
qCPð Þnf

qCPð Þf

 !
q2H

qX2 þ
q2H

qY2

� �

þHa2 Ec
Re

rnf

rf

� ��
qCPð Þnf

qCPð Þf

 !

U Hy � V Hx
� �2

þMnFEc
qCPð Þf

qCPð Þnf
U
qH
qX
þ V

qH
qY

� �

H e1 þHð Þ

þ
Ec
Re

mnf

mf

 !�
qCPð Þnf

qCPð Þf

 !

2
qU
qX

� �2

þ 2
qV
qX

� �2

þ
qU
qX
þ
qV
qY

� �2
( )

;

ð19Þ

q2W

qX2 þ
q2W

qY2 ¼ � X; ð20Þ

where Re ¼ qf L ULid

mf
;Ha ¼ LH0m0

ffiffiffiffiffiffiffiffiffiffiffiffi
rf =mf

q
; e1 ¼ T1=DT, Ec ¼ qf ULid

2
� ��

qCPð Þf DT
h i

, and 
MnF ¼ m0H2

0K 0 Th � Tcð Þ= qf ULid
2

� �
are the Reynolds number, Hartmann number arising from 

MHD, temperature number, Eckert number, and magnetic number arising from FHD for the base 
fluid, respectively. The thermo-physical properties of the nanofluid are given in Table 1 [42]. The 
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boundary conditions as shown in Figure 1 are: 

H ¼ 1:0 on the inner circular boundary
H ¼ 0:0 on the other walls

ð21Þ

The values of vorticity on the boundary of the enclosure can be obtained using the stream function 
formulation and the known velocity conditions during the iterative solution procedure. 

The local Nusselt number of the nanofluid along the cold wall can be expressed as: 

Nuloc ¼ �
knf

kf

� �
qH

qY
; ð22Þ

where Y is the non-dimensional vertical direction. The average Nusselt number on the cold wall is 
evaluated as: 

Nuave ¼
1
2

Z2

0

Nuloc Xð Þ dX: ð23Þ

To estimate the enhancement of heat transfer between the case of ϕ ¼ 0.04 and the pure fluid (base 
fluid) case, the heat transfer enhancement is defined as: 

En ¼
Nu / ¼ 0:04ð Þ � Nu basefluidð Þ

Nu basefluidð Þ
� 100: ð24Þ

3.2. Numerical procedure 

A control volume finite element method is used in this work. The building block of the discretization 
process is the triangular element and the values of variables are approximated with linear interp-
olation within the elements. The control volumes are created by joining the center of each element 
in the support to the mid points of the element sides that pass through the central node i which cre-
ates a close polygonal control volume (see Figure 1c). The set of governing equations is integrated 
over the control volume with the use of linear interpolation inside the finite element and the obtained 
algebraic equations are solved by the Gauss–Seidel method. A FORTRAN code is developed to solve 
the present problem using a structured mesh of linear triangular type. The details of this method are 
mentioned in reference [9]. 

4. Grid testing and code validation 

In order to find the grid-independency of the present solution, different mesh combinations were 
studied in the case of Re ¼ 100, ϕ ¼ 0.04, MnF ¼ 10, Ha ¼ 10, Ec ¼ 10� 5, e1 ¼ 0, and Pr ¼ 6.8 as shown 
in Table 2. The Nusselt number on the cold wall is calculated in order to reach grid independence. 
It is concluded that a grid size of 211 � 71 ensures a grid-independent solution. The convergence 
criterion for the termination of all computations is: 

maxgrid Cnþ1 � Cn�
�

�
� � 10� 7 ð26Þ

Table 1. Thermo-physical properties of water and nanoparticles [42].  
ρ(kg/m3) Cp(j/kgk) k(W/m.k) β � 105(K� 1) dp(nm) σ(Ω . m)� 1  

Pure water 997.1 4179 0.613 21 – 0.05 
Fe3O4 5200 670 6 1.3 47 25,000  
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where n is the iteration number and Γ stands for the independent variables (Ω, Ψ, Θ). To verify the 
present study, the results obtained using the CVFEM code are compared with other works reported in 
[43, 44] as seen in Table 3. Besides, this code was examined with the work of Khanafer et al. [43] in 
Figure 3 for natural convection in an enclosure filled with the Cu–water nanofluid. In this test case, 
the average Nusselt number using different Gr and Ha number have been compared with those 
obtained by Rudraiah et al. [45] as shown in Table 4. These comparisons illustrate an excellent 
agreement between the present calculations and the previously published works. 

5. Results and discussion 

Forced convection heat transfer of a ferro-nanofluid in the presence of a variable magnetic 
field is studied using CVFEM. A combination of both the ferro-hydrodynamic and the 

Table 3. Comparison of the present results with the previous works for different Rayleigh numbers when Pr ¼ 0.7. 
Ra Present Khanafer et al. [43] De Vahl Davis [44]  

103  1.1432  1.118  1.118 
104  2.2749  2.245  2.243 
105  4.5199  4.522  4.519  

Figure 3. Comparison of the average Nusselt number between the present results and the numerical results of Khanafer et al. [44] 
Gr ¼ 104, ϕ ¼ 0.1 and Pr ¼ 6.8(Cu � Water).  

Table 2. Comparison of the average Nusselt number Nuave along the hot wall for different grid resolutions at Re ¼ 100, ϕ ¼ 0.04, 
MnF ¼ 10, Ha ¼ 10, Ec ¼ 10� 5, e1 ¼ 0, and Pr ¼ 6.8. 

151 � 51 181 � 61 211 � 71 241 � 81 271 � 91 301 � 101 
8.359895 3.359296 8.359794 8.359804 8.360186 8.36093  

Table 4. Average Nusselt number versus at different Grashof number under various strengths of the magnetic field at Pr ¼ 0.733.  
Gr ¼ 2 � 104 Gr ¼ 2 � 105 

Ha Present Rudraiah et al. [45] Present Rudraiah et al. [45]  

0  2.5665  2.5188  5.093205  4.9198 
10  2.26626  2.2234  4.9047  4.8053 
50  1.09954  1.0856  2.67911  2.8442 
100  1.02218  1.011  1.46048  1.4317  
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magnetohydrodynamic laws are used to obtain the mathematical model. The enclosure is filled with a 
Fe3O4–water nanofluid. Calculations are made for various values of the Reynolds numbers (Re ¼ 10 
and 100), volume fraction of nanoparticles (ϕ ¼ 0%�and 4%), Hartmann number (Ha ¼ 0, 5 and 10) 
and magnetic number (MnF ¼ 0, 2, 4, 6, and 10). In all calculations, the Prandtl number (Pr), tem-
perature number (e1), and the Eckert number (Ec) are set to be 6.8, 0.0, and 10� 5, respectively. 

A comparison of the streamlines between the nanofluid case and the pure fluid case is shown in 
Figure 4. Adding nanoparticles in the base fluid causes the energy transport to increase. Also, the 
thermal boundary layer thickness increases with the increase of the volume fraction of the nanofluid. 
The isotherm and streamline contours for different values of the Reynolds, Hartmann, and the mag-
netic numbers are shown in Figures 5 and 6. In the absence of the magnetic field at Re ¼ 10, three 
rotating eddies exist in which the middle one rotates in the clock-wise direction while the other 
two rotate in the counter clock-wise direction. Two thermal plumes are predicted to generate over 
the hot and cold walls. As the Kelvin force increases, the middle eddy stretches to the left side. In 
turn, the thermal plumes slant to the left side. However, increasing the Lorentz force in the absence 
of the Kelvin force causes the middle eddy to disappear. As the Reynolds number increases, the 
thermal boundary layer thickness decreases. The middle eddy splits into three small vortices such that 
the isotherms become more complex at high Reynolds numbers. 

Figures 7 and 8 depict that the effects of the magnetic number, Hartmann number, and the 
Reynolds number on the local and average Nusselt numbers. The corresponding polynomial 
representation of such a model for the Nusselt number is given by the following relation: 

Nuave ¼ a16 þ a26Y4 þ a36Y5 þ a46Y4
2 þ a56Y5

2 þ a66Y4Y5

Y1 ¼ a11 þ a21/þ a31Haþ a41/
2 þ a51Ha2 þ a61/ Ha

Y2 ¼ a12 þ a22Reþ a32MnF þ a42Re2 þ a52MnF
2 þ a62ReMnF

Y3 ¼ a13 þ a23Reþ a33Haþ a43Re2 þ a53Ha2 þ a63ReHa
Y4 ¼ a14 þ a24Y1 þ a34Haþ a44Y1

2 þ a54Ha2 þ a64Y1Ha
Y5 ¼ a15 þ a25Y2 þ a35Y3 þ a45Y2

2 þ a55Y3
2 þ a65Y2Y3:

ð27Þ

Figure 4. Comparison of the streamlines between nanofluid (ϕ ¼ 0.04) (––) and pure fluid (ϕ ¼ 0) ( � · � · � ) when Re ¼ 100, 
MnF ¼ 10, Ha ¼ 10, Ec ¼ 10� 5, e1 ¼ 0, Pr ¼ 6.8.  
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Table 5 shows the values of aij. The thermal boundary layer thickness increases with the increase of 
the Hartmann number, while it decreases with the augmentation of the magnetic number and the 
Reynolds number. As a result, the average Nusselt number increases with the increase of the Reynolds 
number and the magnetic number, while it decreases with the increase of the Hartmann number and 
the magnetic number. For higher values of the Reynolds number, the effect of the Lorentz force on 
the Nusselt number becomes more sensible at higher values of the magnetic number. The effects of 
the magnetic number, Reynolds number, and the Hartmann number on the heat transfer enhance-
ment are shown in Figure 9. The corresponding polynomial representation of such a model for heat 
transfer enhancement is given by the following relation: 

En ¼ b16 þ b26Y4 þ b36Y5 þ b46Y4
2 þ b56Y5

2 þ b66Y4Y5

Y1 ¼ b11 þ b21Haþ b31Reþ b41Ha2 þ b51Re2 þ b61Re Ha   

Figure 5. Isotherm (left) and streamline (right) contours for different values of Hartmann number and magnetic number when 
Re ¼ 10.  
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Y2 ¼ b12 þ b22Reþ b32MnF þ b42Re2 þ b52MnF
2 þ b62ReMnF

Y3 ¼ b13 þ b23Haþ b33MnF þ b43Ha2 þ b53MnF
2 þ b63HaMnF

Y4 ¼ b14 þ b24Y1 þ b34Haþ b44Y1
2 þ b54Ha2 þ b64Y1Ha

Y5 ¼ b15 þ b25Y2 þ b35Y3 þ b45Y2
2 þ b55Y3

2 þ b65Y2Y3:

ð28Þ

The values of bij are given in Table 6. The heat transfer enhancement decreases with the increase in 
the magnetic number. The effect of nanoparticles is more pronounced at high Hartmann and 
Reynolds numbers. This observation can be explained by noting that at high values of these para-
meters, the heat transfer is dominant by conduction. Therefore, the addition of high thermal conduc-
tivity nanoparticles increases the conduction heat transfer and makes the heat transfer enhancement 
more effective. 

Figure 6. Isotherms (left) and streamlines (right) contours for different values of Hartmann number and magnetic number when 
Re ¼ 100.  
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Figure 7. Effects of Hartmann number magnetic number and Reynolds number on local Nusselt number Nuloc along cold wall.  

Figure 8. Effects of Hartmann number magnetic number and Reynolds number on local Nusselt number Nuave along cold wall.  
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6. Conclusions 

In this study, the effects of a variable magnetic field on the flow and convective heat transfer of a Fe3O4– 
water nanofluid in a double-sided lid-driven enclosure are investigated. The CVFEM is used to solve the 
governing equations. Considering the electrical conductivity of the ferro-nanofluid, in addition the 
ferro-hydrodynamic and the magneto-hydrodynamic principles have also been taken into account. 
The effects of the Reynolds number, nanoparticles volume fraction, magnetic number, and the 
Hartmann number on the flow and heat transfer characteristics have been examined. The results show 
that the Nusselt number decreases with the increase of the Hartmann number, whereas increasing the 
magnetic number, Reynolds number, and the nanoparticles volume fraction leads to augmentation of 
the Nusselt number. In addition, the heat transfer enhancement decreases with the increase of the mag-
netic number, while it increases with the increase of the Hartmann number and the Reynolds number. 
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