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The problem of laminar boundary layer flow of magnetohydrodynamic viscoelastic radiative nanofluid, result-
ing from continuous stretching of an inclined sheet in the presence of thermal and nanoparticle buoyancy
forces, has been investigated. Unlike traditional constant surface temperature or constant heat flux condition,
convective surface boundary condition for heat transfer has been employed. With the help of appropriate sim-
ilarity transforms, the governing partial differential equations (PDEs), together with boundary conditions have
been transformed into a set of non-dimensional ordinary differential equations (ODEs). Approximate numerical
solution for dimensionless velocity, temperature and nanoparticle concentration are obtained using the finite
element method (FEM). The boundary layer flow characteristics (velocity, temperature, nanoparticle concentra-
tion, wall velocity gradient, wall temperature gradient and wall nanoparticle concentration gradient) of nanofluid
for various pertinent flow parameters have been studied to get some physical insight into the flow patterns.

KEYWORDS: Nanofluid, Inclined Stretching Sheet, Convective Boundary Condition, FEM, Brownian Diffusion,
Thermophoresis.

1. INTRODUCTION
The rate of heat transfer enhancement of coolants (used
in several industrial processes) has always been a signifi-
cant topic of interest for the researchers due to its indus-
trial importance. As the thermal conductivity of the metals
are typically higher than that of fluids, the thermal con-
ductivity of the fluids can be enhanced by mixing small
size metallic particles in the fluids. Keeping this in mind
Maxwell1 presented the theoretical concept of microfluids,
in which micro-meter sized metallic particles were sus-
pended in regular heat transfer fluids. But it had limita-
tions due to its instability, non-homogeneity and clogging
problems. With the advent of modern nanotechnology, it
becomes possible to extend the idea of microfluid. Masuda
et al.2 utilized the idea of Maxwell1 and explained exper-
imentally that, when a small amount (about 4.3%) of
�-Al2O3 nanoparticles were suspended in a regular fluid
(water), a strange increment was found in the thermal con-
ductivity of the fluid. Choi3 proposed a name for this type
of engineered heat transfer fluids, containing (1 to 100 nm)
sized nanoparticles as “nanofluid.”
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Theoretical/experimental investigation of problems of
nanofluid has a great importance due to its several indus-
trial, electronics, transportation, biomedical applications,
viz. in advanced nuclear systems,4 automobiles, nano-drug
delivery,5 fuel cells, hybrid-powdered engine and biologi-
cal sensors. Boungiorno6 proposed that Brownian and ther-
mophoretic diffusions are the main phenomenon for the
higher rate of heat transfer, and developed a new theoret-
ical model for convective heat transfer of nanofluids that
incorporates the effects of thermophoresis and Brownian
diffusion. An extensive and informative review of signifi-
cant studies over heat and mass transfer of nanofluids have
been conducted by Eastman et al.,7 Das et al.,8 Kakac and
Pramuanjaroenkij,9 Bianco et al.10 and Chamkha et al.11

Fluid flows over a stretching sheet have several indus-
trial applications viz. glass production, polymer extrusion,
metallurgical processes etc. Thus, it necessitates to under-
stand the phenomenon of heat and mass transfer over a
stretching sheet to produce the product of desired shape,
size and quality because the outcome of the product largely
depends on the cooling of liquids and the rate of stretch-
ing. Using the idea of Sakiadis,12 Crane13 obtained the
analytical solution of boundary layer flow of viscous fluid
over a stretching sheet which moved in its own plane with
velocity linearly proportional to the distance from the ori-
gin of the sheet. Khan and Pop14 analyzed heat and mass
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transfer characteristics of nanofluid past a linearly stretch-
ing sheet using Boungiorno‘s model for nanofluids and
determined that local Nusselt number as a decreasing func-
tion of Brownian motion and thermophoresis parameters
whereas local Sherwood number as an increasing func-
tion of above flow parameters. Rana and Bhragava15 inves-
tigated the same problem for nonlinear stretching sheet
using finite difference method and finite element method
(FEM). Nadeem and Lee16 studied the boundary layer flow
of nanofluid due to exponentially stretching sheet. A very
little attention was drawn towards boundary layer flow of
nanofluid over an inclined stretching sheet.17�18

Since most of the fluids, used in industrial application
e.g., polymer production, glass-fiber production, fabrica-
tion of adhesive tapes, metal spinning and drawing of
paper films, are of non-Newtonian nature and can be con-
sidered as a viscoelastic fluid, much attention has been
given to study the boundary layer flow of such type of flu-
ids over a moving/stretching surfaces. Some of the notable
studies are due to Rajagopal et al.,19 Chang,20 Anderson,21

Cortel22 and Prasad et al.23 In many situations the nanoflu-
ids used such as Ethylene glycol based nanofluid or any
other viscoelastic fluid based nanofluids do not follow the
characteristics of Newtonian fluid. Taking into considera-
tion of this fact, Goyal and Bhargava24 and Mustafa et al.25

studied viscoelastic fluid flow problems.
Imposition of an external transverse magnetic field on

the flow-field has received considerable attention owing
to its overwhelming and important application in plasma
confinement, boundary layer control, forging, casting and
levitation. Keeping in view this fact, several researchers
studied the effects of magnetic field on nanofluid.26–29

Heat transfer due to natural convection flow has
attracted several researchers due to its varied and wide
applications in geophysics, astrophysics, heat exchangers,
electronic cooling, double pane windows etc. A compre-
hensive survey of heat transfer due to natural convection
in nanofluids considering various flow conditions in dif-
ferent geometries are provided by Oztop and Abu-Nada,30

Nield and Kuznetsov,31 Abu-Nada and Oztop,32 Rashidi
et al.,33 Kuznetsov and Nield,34 Muthtamilselvan et al.35

and Ahmad and Pop.36

Effect of thermal radiation becomes significant for fluid
flow at high temperature which cannot be ignored for
industrial processes involving high temperature fluids,
such as electrical power generation and solar power tech-
nology, designing of important equipments such as design
of fins, furnace, ceramic, glass producing units and various
propulsion devices for aircraft, missiles, satellites space
vehicles etc. Keeping in mind its importance, Bataller37

studied radiation effects on the Blasius and Sakiadis flows
with a convective surface boundary condition. Bidin and
Nazar38 obtained a numerical solution for the bound-
ary layer flow of a radiating fluid over an exponentially
stretching sheet. Khan et al.39 studied the magnetic field
effect on the radiative flow of a nanofluid past a stretching

sheet. Mustafa et al.40 discussed the natural convective
boundary layer flow of nanofluid past a vertical plate in
the presence of nonlinear radiative heat flux.
Heat transfer problem with convective surface boundary

condition is more realistic and of practical use than the
prescribed constant surface temperature or constant heat
flux conditions. Keeping in view this fact Aziz41 initiated
the study of hydrodynamic and thermal boundary layer
flows over a flat horizontal plate with convective ther-
mal boundary condition. After the study of Aziz,41 several
researchers revisited the previously investigated fluid flow
problems with convective boundary conditions. Makinde
and Aziz42 investigated the effect of convective thermal
boundary condition over nanofluid, induced due to a lin-
early stretching sheet; basically, they extended the research
work of Khan and Pop14 by considering convective thermal
boundary condition. After this study, a lot of attention has
been given by numerous researchers over nanofluid flow
problems with convective thermal boundary condition.43–45

Motivated by above research studies, the combined
effects of Brownian diffusion, thermophoresis, natural con-
vection, magnetic field and radiation on a viscoelastic
nanofluid past an inclined stretching sheet with convective
thermal boundary condition have been investigated.

2. FORMULATION OF THE PROBLEM
Consider two-dimensional, steady hydromagnetic, natu-
ral convection flow of an electrically conducting, incom-
pressible, optically thick heat-radiating and viscoelastic
nanofluid over a sheet inclined at an acute angle � from
the vertical. The coordinate system is chosen in such a
way that x-axis is in the longitudinal direction of the sheet
whereas y-axis is normal to the plane of the sheet. Keep-
ing the origin fixed, the sheet is stretched in x-direction
with a velocity proportional to the distance from the ori-
gin. The left side surface of the sheet (i.e., y < 0) is
convectively heated by a temperature Tf having convec-
tive heat transfer coefficient h. A uniform transverse mag-
netic field B0 is applied in a direction parallel to y-axis.
Both base fluid and nanoparticles are assumed to be in
a state of thermal equilibrium. Geometry of the problem
is presented in Figure 1. Magnetic Reynolds number is
assumed to be small, thus, the induced magnetic field is
small compared with the externally applied magnetic field
and may be neglected. Introducing boundary layer and
Boussinesq approximations, the governing equations for
the mass, momentum, energy and nanoparticle concentra-
tion of the problem under consideration, are given by
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Fig. 1. Geometry of the problem.
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and the corresponding boundary conditions of the problem
are

u= us = ax� v = 0� k
�T

�y
=−h
Tf −T ��

�= �w at y = 0

u→ 0� T → T��

�→ �� as y →�
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(5)

where u, v, �f , �f� , g, �, �1, �T , �p , � , T , T�, �m =
k/
�c�f , k, 
�c�f , � = 
�c�p/
�c�f , DB, DT , qr , �, �w,
�� and a are the velocity component along x direc-
tion, velocity component along y direction, density of
base fluid, density of the base fluid outside of the bound-
ary layer, gravitational acceleration, dynamic coefficient
of viscosity of base fluid, material parameter of sec-
ond grade fluid, coefficient of volume thermal expansion
of base fluid, nanoparticle density, electrical conductivity
of base fluid, nanofluid temperature within the boundary
layer, temperature of the nanofluid outside of the boundary
layer, thermal diffusivity of base fluid, thermal conduc-
tivity, heat capacity of base fluid, ratio of effective heat
capacity of the nanoparticle material to heat capacity of
base fluid, Brownian diffusion coefficient, thermophoretic
diffusion coefficient, radiative heat flux, nanoparticle con-
centration, nanoparticle concentration at the surface of the

sheet, nanoparticle concentration outside of the boundary
layer and dimensionless constant respectively.
The fluid is assumed to be optically thick and, therefore,

Rosseland approximation for radiation is valid. Thus for an
optically thick fluid (i.e., intensive absorption) the radiative
heat flux46 is defined as

qr =−4�∗

3k∗
�T 4

�y
(6)

where �∗ is the Stefan Boltzmann constant and k∗ is the
Rosseland mean absorption coefficient.
Equation (6) contains the non-linear term T 4. So, in

order to linearize it, we expand T 4 in Taylor series about
T = T� assuming small temperature difference between
fluid within the boundary layer region and free stream,
neglecting second and higher order terms, we obtain

T 4 � 4T 3
�T −3T 4

� (7)

Making use (6) and (7) in Eq. (3), we obtain
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In order to transform the governing partial differential
Eqs. (2), (4) and (8) together with boundary conditions
(5) into ordinary differential equations, we introduce the
following dimensionless variables14

� = y
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where �, �, f 
��, �
��, s
��, and � are, respectively, the
similarity variable, stream function, dimensionless stream
function, dimensionless fluid temperature, dimensionless
nanoparticle concentration and kinematic coefficient of
viscosity of base fluid.
Equations (2), (4), and (8) together with boundary con-

ditions (5) with the use of (9) reduce to
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are non-dimensional viscoelastic parameter, thermal Buoy-
ancy parameter, local thermal Grashof number, local
Reynold number, nanoparticle buoyancy parameter, mag-
netic parameter (square of Hartmann number), nanofluid
Lewis number, thermophoresis parameter, Brownian
motion parameter, Biot number, Prandtl number and radi-
ation parameter respectively.
The quantities such as local skin friction Cfx

, local Nus-
selt number Nux and local Sherwood number Shx which
describe the surface drag and wall heat and mass transfer
rates respectively, are defined as
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where �w , qw , and qm are the wall shear stress, wall heat
and mass fluxes respectively and are given as
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With the help of (9) and (15), Eq. (14) reduces to
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where −f ′′
0�, −�′
0� and −s′
0� are, respectively,
dimensionless skin friction coefficient, wall temper-
ature gradient and wall nanoparticle concentration
gradient.
Which are also referred to as reduced skin friction coef-

ficient, reduced Nusselt number and Reduced Sherwood
number respectively.

3. THE NUMERICAL IMPLEMENTATION
The differential Eqs. (10) to (12) subject to the boundary
conditions (13) are highly non-linear and coupled. Hence
it cannot be solved analytically. Therefore, a numerical
scheme must be employed to solve this system of equa-
tions. The finite element method47 has been used to obtain
an approximate solution of the boundary value problem
under consideration. For solving the given problem, the
whole space is separated into 1000 quadratic elements of
equal size. Thus the whole domain contains 2001 nodes.
Since at each node three unknowns f , � and s need to be
evaluated, therefore, after assembly of element equations,
we obtain a system of 6003 non-linear algebraic equa-
tions. An iterative scheme must be utilized to solve this
system. Starting with an initial guess for the unknowns f ,
� and s, at each iteration, we find a system of linear alge-
braic equations by substituting the values of the unknowns,
obtained from previous iteration, in the system of non-
linear equations, and this system of linear equations with
the use of boundary conditions is solved by the MATLAB
inbuilt command for solving a system of linear equations.
A convergence criterion is employed which is based on
the relative difference between the current and earlier iter-
ations. After getting the desired accuracy of order 10−6,
the solution is assumed to have converged and iterative
procedure is terminated.

4. VALIDATION OF NUMERICAL SOLUTION
In order to test the accuracy of the present numerical solu-
tion, a comparison is made for the numerical values of rate
of heat transfer at the stretching sheet −�′
0� for differ-
ent values of thermophoresis parameter Nt and Brownian
motion parameter Nb with those of Makinde and Aziz42

when � =M = R = 0, Bi = 0�1 and �= �/2 and is pre-
sented in Table I. It is noticed from Table I that there is an
excellent agreement among the numerical solutions which
justifies the accuracy and validity of the numerical solution
obtained in the present investigation.

5. RESULTS AND DISCUSSION
Extensive numerical computations have been carried out
for fluid velocity, temperature distribution and nanoparticle
concentration distribution in the boundary layer region

Table I. Comparision of values of rate of heat transfer at the stretching
sheet −�′(0) when �=M =R= 0 and Bi= 0�1, Pr= Ln= 10, �=�/2.

Nb = 0�1 Nb = 0�3

Makinde and Makinde and
Nt Aziz42 Present result Aziz42 Present result

0.1 0�0929 0�092946 0�0769 0�076895
0.2 0�0927 0�092628 0�0751 0�075083
0.3 0�0925 0�092537 0�0729 0�072849
0.4 0�0923 0�092332 0�0703 0�070342
0.5 0�0921 0�092185 0�0700 0�070027
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Fig. 2. Velocity profile when Bi = �=M = 0�5, �= 10, �∗ = 5.

along with wall velocity gradient, wall temperature gradi-
ent and wall nanoparticle concentration gradient. In order
to get an insight into the physics of the flow-field, we
have analyzed the influence of various dimensionless con-
trolling parameters representing angle of inclination, vis-
coelasticity, convective heat transfer at the sheet, magnetic
field, thermal buoyancy force and nanoparticle buoyancy
force on the flow-field graphically, whereas, for engineer-
ing interests, the values of wall velocity gradient, wall
temperature gradient and wall nanoparticle concentration
gradient are presented in the tabular form.

The numerical values of nanofluid velocity f ′
�� are
displayed graphically versus boundary layer co-ordinate �
in Figures 2 to 7 for various values of angle of inclina-
tion �, Biot number Bi, viscoelastic parameter �, thermal
buoyancy parameter �, nanoparticle buoyancy parame-
ter �∗ and magnetic parameter M taking Prandtl num-
ber Pr = 5, radiation parameter R = 2, Brownian motion
parameter Nb = 0�2, thermophoresis parameter Nt = 0�2
and nanofluid Lewis number Ln= 10.

Fig. 3. Velocity profile when �= �/6, � =M = 0�5, �= 10, �∗ = 5.

Fig. 4. Velocity profile when �= �/6, Bi =M = 0�5, �= 10, �∗ = 5.

Figure 2 illustrates the effect of angle of inclination of
the sheet on nanofluid velocity. There is an enhancement
in the fluid velocity as angle of inclination � decreases
i.e., sheet approaches towards vertical direction. This is
due to the fact that the effective gravitational acceleration
component increases on decreasing � and in turn buoy-
ancy forces increase which results in the enhancement of
nanofluid velocity. Thus the laminar characteristics of the
flow can be maintained by controlling angle of inclination
of the sheet.
Behavior of fluid velocity corresponding to the sur-

face convection parameter i.e., Biot number Bi within the
momentum boundary layer is shown in Figure 3. The
nanofluid velocity increases on increasing value of Biot
number Bi and approaches the maximum value 1.024 at
� = 0�2 as Bi → � (case of prescribed surface tempera-
ture). Thus a higher surface convection parameter causes
the nanofluid to move with higher velocity in the region
near the sheet than that at the sheet.
Figure 4 demonstrates the effect of viscoelasticity on

the nanofluid velocity. It is evident from Figure 4 that,

Fig. 5. Velocity profile when Bi = �=M = 0�5, �= �/6, �∗ = 5.
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Fig. 6. Velocity profile when Bi = �=M = 0�5, �= �/6, �= 10.

viscoelastic parameter � has supportive nature for the
nanofluid motion. This is due to the fact that the viscos-
ity of the nanofluid is inversely proportional to the vis-
coelasticity parameter, hence the viscous force decreases
on increasing value of viscoelasticity parameter � and con-
sequently nanofluid velocity increases.
It is observed from Figure 5 that the dimensionless

nanofluid velocity f ′
�� attains distinctive peak for those
values of thermal buoyancy parameter � which are greater
than or equal to 20 (i.e., for � ≥ 20� and then decreases
properly on increasing � towards free stream. This is due
to the fact that the thermal buoyancy force exerts a force
which accelerates the fluid motion within the momentum
boundary layer.
Figure 6 shows a diminishing behavior of veloc-

ity distribution within the momentum boundary layer
corresponding to nanoparticle buoyancy parameter �∗.
Physically, nanoparticle buoyancy parameter increases on
increasing density of nanoparticles within the boundary
layer. Thus, nanofluid becomes heavier and it can have
more difficulties in the movement.

Fig. 7. Velocity profile when �= �/6, Bi = �= 0�5, �= 10, �∗ = 5.

Figure 7 illustrates the effect of magnetic field on the
nanofluid velocity. It is perceived from Figure 7 that an
increase in M results in a reduction in velocity. It is well
known that the presence of a magnetic field in an elec-
trically conducting nanofluid is to introduce a retarding
hydromagnetic body force (Lorentz force) which acts in
a direction perpendicular to the direction of applied mag-
netic field. Since M
= �B2

0L
2/��f � signifies the ratio of

hydromagnetic body force to viscous force, higher value
of M leads to a stronger hydromagnetic body force which
tends to decelerate nanofluid motion. Therefore, applica-
tion of an external magnetic field is a powerful mechanism
for inhibiting the nanofluid motion to maintain laminar
flow characteristics.
It is noticed from Figures 2–7 that momentum boundary

layer becomes thicker on increasing values of Biot num-
ber Bi, viscoelasticity parameter � and thermal buoyancy
parameter �, whereas it becomes thinner on increasing
angle of inclination �, nanoparticle buoyancy parameter
�∗ and magnetic parameter M .
To study the effects of angle of inclination, surface

convection, viscoelasticity, thermal radiation, Brownian
diffusion and thermophoresis on the temperature field,
numerical values of nanofluid temperature �
�� are dis-
played graphically versus boundary layer co-ordinate � in
Figures 8–13 for various values of �, Bi, �, R, Nb and
Nt taking M = 0�5, �= 10, �∗ = 5, Pr = 5 and Ln= 10.
The effect of angle of inclination over nanofluid tem-

perature is well depicted in the Figure 8; it shows that
temperature of the nanofluid has same behavior as in case
of regular fluid48 i.e., the nanofluid temperature decreases
on decreasing angle of inclination. Thus by changing the
angle of inclination nanofluid temperature may be main-
tained as per the requirement of the system.
Figure 9 describes the behavior of nanofluid tempera-

ture with respect to Biot number. The surface temperature
of the sheet increases with the increasing value of Biot

Fig. 8. Temperature profile when Bi = �= 0�5, Nb = Nt = 0�2, R= 2,
Pr = 5.

516 J. Nanofluids, 5, 511–521, 2016
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Fig. 9. Temperature profile when � = �/6, � = 0�5, Nb = Nt = 0�2,
R= 2.

number and attains its maximum value unity as Bi → �
(case of prescribed surface temperature) and also nanofluid
temperature increases on increasing value of Bi within the
boundary layer. This means the nanofluid is getting heated
within the boundary layer due to convection at the sheet.
Thus it is clear from the Figure 9 that the effect of surface
convection parameter (Biot number) over temperature has
same effect as in the case of regular fluid.41

It is noticed from Figure 10, that nanofluid temper-
ature �
�� decreases on increasing viscoelastic parame-
ter �. It is also seen from the Figure 10 that for � > 0�5
the temperature has belittling behavior. This implies that
viscoelasticity has a tendency to reduce nanofluid temper-
ature throughout the boundary layer region.

Figure 11 depicts the effect of thermal radiation on
nanofluid temperature. It is apparent from Figure 11 that,
the nanofluid temperature �
�� increases on increasing
value of radiation parameter R. This is in agreement with
the physical behavior of thermal radiation that it has a

Fig. 10. Temperature profile when Bi = 0�5, � = �/6, R = 2, Nb =
Nt = 0�2.

Fig. 11. Temperature profile when Bi = � = 0�5, � = �/6,
Nb = Nt = 0�2.

tendency to enhance the conduction effect. This results in
an enhancement in nanofluid temperature throughout the
boundary layer region.
The influence of Brownian diffusion and thermophoresis

on the nanofluid temperature within the thermal bound-
ary layer is presented in the Figures 12 and 13. Nanofluid
temperature �
�� increases on increasing the value of Nb
and Nt and the results obtained are in accordance with the
Boungiorno’s assumption.6

In order to analyze the influence of angle of
inclination, Brownian motion parameter, thermophoresis
parameter and nanofluid Lewis number on nanoparticle
concentration, numerical values of nanoparticle concentra-
tion s
�� are displayed graphically versus boundary layer
co-ordinate � in Figures 14–17, taking Bi= 0.5, �= 0�5,
M = 0�5, �= 10, �∗ = 5, Pr = 5 and R= 2.
From Figure 14 it is seen that unlike nanofluid temper-

ature, the nanoparticle concentration increases very slowly
on increasing value of angle of inclination. This means

Fig. 12. Temperature profile when Bi = � = 0�5, � = �/6, Nt = 0�2,
R= 2.
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Fig. 13. Temperature profile when � = �/6, Bi = � = 0�5, Nb = 0�2,
R= 2.

that variation in angle of inclination has very little effect
over nanoparticle concentration.
The behavior of nanoparticle concentration within its

boundary layer with respect to Brownian motion and
thermophoretic diffusion have been shown in Figures 15
and 16. It is found that the nanoparticle concentration
decreases on increasing value of Brownian motion param-
eter but this decrease diminishes when Nb > 0�4, whereas
the thermophoresis parameter has a positive effect over it.
Essentially the same effect of Nb and Nt over nanoparti-
cle concentration were also reported in the studies of Khan
and Pop14 and Akbar et al.49

It is revealed from Figure 17 that the nanofluid Lewis
number has significant effect over the nanoparticle concen-
tration. From the expression of the Lewis number it is clear
that a smaller Lewis number implies larger nanoparticle
concentration diffusion which results in a rapid nanopar-
ticle concentration distribution within the nanoparticle

Fig. 14. Nanoparticle concentration profile when Ln = 10 and Nb =
Nt = 0�2.

Fig. 15. Nanoparticle concentration profile when �=�/6, Ln= 10 and
Nt = 0�2.

concentration boundary layer and this fact is apparent from
the Figure 17.
The numerical values of wall velocity gradient −f ′′
0�,

which represents the shear stress at the stretching sheet,
are computed for various values of �, �, Bi, M , � and
�∗ taking Pr = 5� R = 2, Nb = Nt = 0�2 and Ln = 10
and are provided in tabular form in Table II. It is evident
from Table II that wall velocity gradient −f ′′
0� increases
in magnitude on increasing the value of �, M , and �∗

whereas it decreases in magnitude on increasing � and Bi.
This implies that the angle of inclination, magnetic field
and nanoparticle buoyancy force have tendency to enhance
the wall velocity gradient while viscoelasticity and surface
convection have the opposite effect over it. It is noticed
from Table II that magnitude of wall velocity gradient
−f ′′
0� decreases, attains a minimum and then increases
on increasing �. It is interesting to note from Table II that
there exists flow separation at the wall on increasing ther-
mal buoyancy parameter.

Fig. 16. Nanoparticle concentration profile when �=�/6, Ln= 10 and
Nb = 0�2.
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Fig. 17. Nanoparticle concentration profile when � = �/6 and Nb =
Nt = 0�2.

Table III presents the wall temperature gradient −�′
0�,
which measures the rate of heat transfer at the stretching
sheet, are computed for various values of �, �, Bi, R, Pr,
Nb and Nt taking M = 0�5, �= 10, �∗ = 5 and Ln= 10.
From Table III it is clear that the magnitude of the wall
temperature gradient increases on increasing the numerical
values of � and Pr while a decreasing trend is observed for
increasing numerical values of �, Bi, R, Nb and Nt. Since
Pr presents the ratio of momentum viscosity and thermal
diffusivity �m, Pr decreases on increasing �m. This implies
that radiation, thermal diffusion, Brownian diffusion and
thermophoresis tend to reduce rate of heat transfer at the
stretching sheet whereas viscoelasticity and surface con-
vection have reverse effect on it. It can also be noticed
from the Table III that the rate of heat transfer at the sheet
is more pronounce for Bi, R, Nb than that for �, �, Pr
and Nt.

Table II. Wall velocity gradient −f ′′
0�.

� Bi � M � �∗ −f ′ ′
0�

0 0�5 0�5 0�5 10 5 0�383137
�/6 0�5 0�5 0�5 10 5 0�421454
�/3 0�5 0�5 0�5 10 5 0�539513
�/6 0�5 0�5 0�5 10 5 0�421454
�/6 1�0 0�5 0�5 10 5 0�225230
�/6 1�5 0�5 0�5 10 5 0�125035
�/6 0�5 0�5 0�5 10 5 0�421454
�/6 0�5 1�0 0�5 10 5 0�374226
�/6 0�5 1�5 0�5 10 5 0�326709
�/6 0�5 0�5 0�0 10 5 0�289778
�/6 0�5 0�5 0�5 10 5 0�421456
�/6 0�5 0�5 1�5 10 5 0�635083
�/6 0�5 0�5 0�5 10 5 0�421454
�/6 0�5 0�5 0�5 15 5 0�189713
�/6 0�5 0�5 0�5 20 5 −0�017247
�/6 0�5 0�5 0�5 10 5 0�421454
�/6 0�5 0�5 0�5 10 7 0�521896
�/6 0�5 0�5 0�5 10 10 0�677224

Table III. Wall temperature gradient −�′
0�.

� Bi � R Pr Nb Nt −�′
0�

0 0�5 0�5 2 5 0�2 0�2 0�288079
�/6 0�5 0�5 2 5 0�2 0�2 0�287192
�/3 0�5 0�5 2 5 0�2 0�2 0�284122
�/6 0�5 0�5 2 5 0�2 0�2 0�287193
�/6 1�0 0�5 2 5 0�2 0�2 0�402099
�/6 1�5 0�5 2 5 0�2 0�2 0�463198
�/6 0�5 0�5 2 5 0�2 0�2 0�287193
�/6 0�5 1�0 2 5 0�2 0�2 0�288077
�/6 0�5 1�5 2 5 0�2 0�2 0�290284
�/6 0�5 0�5 2 5 0�2 0�2 0�287193
�/6 0�5 0�5 4 5 0�2 0�2 0�270857
�/6 0�5 0�5 6 5 0�2 0�2 0�259005
�/6 0�5 0�5 2 5 0�2 0�2 0�287193
�/6 0�5 0�5 2 7 0�2 0�2 0�294844
�/6 0�5 0�5 2 10 0�2 0�2 0�298803
�/6 0�5 0�5 2 5 0�2 0�2 0�287193
�/6 0�5 0�5 2 5 0�4 0�2 0�254581
�/6 0�5 0�5 2 5 0�6 0�2 0�220643
�/6 0�5 0�5 2 5 0�2 0�2 0�287192
�/6 0�5 0�5 2 5 0�2 0�4 0�278988
�/6 0�5 0�5 2 5 0�2 0�6 0�270295

The numerical values of wall nanoparticle concentration
gradient −s′
0�, which represents the rate of nanoparticle
mass transfer at the stretching sheet, are computed for var-
ious values of �, �, Bi, M and Ln taking Nb = 0�2, Nt =
0�2, �= 10, �∗ = 5, Pr= 5 and R= 2. These numerical val-
ues are presented in tabular form in Table IV. It is revealed
from Table IV that rate of nanoparticle mass transfer at the
stretching sheet increases in magnitude on increasing �, Bi
and Ln whereas it decreases in magnitude on increasing �
and M . Since Ln represents the ratio of momentum vis-
cosity � and nanoparticle concentration diffusivity DB, Ln,
decreases on increasing DB. This means that viscoelasticity
and surface convection have tendency to enhance rate of
nanoparticle mass transfer at the stretching sheet whereas
angle of inclination, magnetic field and nanoparticle con-
centration diffusion have reverse effect on it.

Table IV. Wall nanoparticle concentration gradient −�′
0�.

� Bi � M Ln −�′
0�

0 0�5 0�5 0�5 10 2�404834
�/6 0�5 0�5 0�5 10 2�395865
�/3 0�5 0�5 0�5 10 2�366641
�/6 0�5 0�5 0�5 10 2�395865
�/6 1�0 0�5 0�5 10 2�411867
�/6 1�5 0�5 0�5 10 2�420174
�/6 0�5 0�5 0�5 10 2�395865
�/6 0�5 1�0 0�5 10 2�402225
�/6 0�5 1�5 0�5 10 2�418068
�/6 0�5 0�5 0�0 10 2�424266
�/6 0�5 0�5 0�5 10 2�395865
�/6 0�5 0�5 1�5 10 2�350849
�/6 0�5 0�5 0�5 5 1�594685
�/6 0�5 0�5 0�5 7 1�954392
�/6 0�5 0�5 0�5 10 2�395865
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6. CONCLUSION
Hydromagnetic natural convection boundary layer flow of
viscoelastic nanofluid over an inclined stretching sheet
with convective surface boundary condition has been
investigated numerically using a robust finite element tech-
nique. The noteworthy findings of the present investiga-
tions are as follows.

• Velocity of the nanofluid within boundary layer is get-
ting accelerated on increasing the effect of surface convec-
tion, viscoelasticity and thermal buoyancy force whereas a
negative impact is observed for the effect of angle of incli-
nation, nanoparticle buoyancy force and magnetic field.
• An enhancement in nanofluid temperature has been

witnessed for increasing effect of angle of inclination, sur-
face convection, radiation, Brownian diffusion, and ther-
mophoresis whereas viscoelasticity has an adverse effect
on nanofluid temperature.
• Angle of inclination, thermophoresis and nanopar-

ticle concentration diffusion tend to enhance nanoparti-
cle concentration distribution whereas decelerating nature
in nanoparticle concentration has been observed for
Brownian diffusion.
• Viscoelasticity, angle of inclination magnetic field and

nanoparticle buoyancy force have tendency to enhance
wall velocity gradient while surface convection has an
opposite effect over it. It is interesting to note that there
exists a point of separation at the sheet as the thermal
buoyancy force gets stronger.
• Brownian diffusion, thermophoresis, radiation and

thermal diffusion tend to reduce rate of heat transfer at the
stretching sheet whereas viscoelasticity and surface con-
vection have reverse effect on it.
• Viscoelasticity and surface convection have favorable

effect on rate of nanoparticle mass transfer at the stretch-
ing sheet whereas angle of inclination, magnetic field and
nanoparticle concentration diffusion have opposite effect
on it.

Nomenclature
u,v Velocity component along x and y directions
B0 Magnetic field
T Temperature
T� Temperature at free stream
h Convective heat transfer coefficient
g Gravitational acceleration
f Dimensionless stream function
s Dimensionless nanoparticle concentration

DB Brownian diffusion coefficient
DT Thermophoretic diffusion coefficient
qr Radiative heat flux
k∗ Rosseland mean absorption coefficient
a Constant
k Thermal conductivity

Ln Nanofluid Lewis number
Pr Prandtl number

M Magnetic parameter
R Radiation parameter
Bi Biot number
qw Wall heat flux
qm Wall mass flux

Grx Local thermal Grashof number
Nb Brownian motion parameter
Nt Thermophoresis parameter


�c�f Specific heat capacity of the base fluid.

Greek Symbols
� Viscoelastic parameter
� Thermal buoyancy force
�∗ Nanoparticle buoyancy force
�1 Material parameter of second grade

fluid
�T Volumetric thermal expansion

coefficient
�p Density of nanoparticles
� Electrical conductivity
�f Density of base fluid
�f� Density of base fluid at free stream

� = 
�c�p/
�c�f Ratio of specific heat capacity of
nanoparticles to specific heat capacity
of base fluid

�m = k/
�c�f Thermal diffusivity of base fluid
� Nanoparticle concentration
� Dimensionless temperature
� Angle of inclination
� Kinematic coefficient of viscosity
� Stream function
� Similarity variable

�w Nanoparticle concentration at the sheet
Cfx

Local skin friction
Nux Local Nusselt number
Shx Local Sherwood number
Rex Local Reynolds number
�� Nanoparticle concentration at free

stream
� Viscosity of base fluid
�∗ Stefan Boltzmann constant
�w Wall shear stress.
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