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a b s t r a c t
The problem of conjugate natural convection in a square cavity filled with a nanofluid with sinusoidal
temperature variations on both horizontal walls is visualized by heatlines. Water-based nanofluids with
Ag, Cu, Al2O3, or TiO2 nanoparticles are chosen for investigation. The governing equations together with
the specified boundary conditions are solved numerically using the finite difference method over a wide
range of Rayleigh number ð105 6 Ra 6 108 Þ, nanoparticle volume fractions (0 6 / 6 0:2), phase deviations (0 6 c 6 p), amplitude ratios (0 6 e 6 1), wall to nanofluid thermal conductivity ratios
(0:44 6 K r 6 23:8) and wall thickness to height ratios (0 6 S 6 0:7). Comparisons with previously published work verify good agreement with the proposed method. Detailed computational results for the
influence of the various parameters on streamlines, heatlines, isotherms, and the overall heat transfer
are shown graphically. It is found that the heat transfer rate is significantly enhanced by incrementing
the solid wall thickness. Different values of the thermal conductivity ratio are shown to depict a variety
of enhancements for the heat transfer rate.
Ó 2016 Elsevier Ltd. All rights reserved.

1. Introduction
Natural convection heat transfer is an important phenomenon
in engineering systems because of its wide range of applications
in electronic cooling, heat exchangers, and double pane windows
[1]. Natural convection heat transfer occurs in cavities and is
caused by temperature differences and buoyancy forces. It can be
analysed by using cavities filled with a clear fluid [2] or nanofluid
[3]. The low thermal conductivity of conventional heat transfer fluids such as water and oils is a primary limitation to enhancing the
performance and compactness of many electronic engineering
devices. Solids typically have a higher thermal conductivity than
liquids. For example, copper (Cu) has a thermal conductivity 700
times greater than water and 3000 times greater than engine oil.
A new innovative technique to enhancing heat transfer is by using
solid nanoparticles with diameters of 10–50 nm in a base fluid (i.e.
nanofluids) [4]. Because of the small size and very large specific
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surface area of the nanoparticles, nanofluids have superior properties such as high thermal conductivity, minimal clogging of flow
passages, long-term stability, and homogeneity. Thus, nanofluids
have a wide range of potential electronic, automotive, and nuclear
applications where improved heat transfer or efficient heat dissipation is required. An early study considered heat transfer
enhancement in a differentially heated cavity by using the finite
volume method [5]. The suspended nanoparticles were found to
substantially increase the heat transfer for all of the given Grashof
numbers. Jou and Tzeng [6] investigated natural convective heat
transfer enhancement in rectangular cavities filled with an
Al2O3–water nanofluid. Tiwari and Das [7] studied the mixed convection heat transfer in a two-sided lid-driven differentially heated
square cavity filled with a nanofluid. Alloui et al. [8] analytically
and numerically investigated the natural convection and heat
transfer in a shallow rectangular cavity filled with an Al2O3–water
nanofluid. They applied the Neumann boundary conditions for
temperature to the horizontal walls of the cavity. Their
study was considered five nanoparticles, they concluded that
the strength of the fluid flow decreased with the presence of
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Nomenclature
A
Cp
g
k
Kr
L
Nu
Pr
Ra
S
T
u; v
U; V

amplitude
specific heat capacity
gravitational acceleration
thermal conductivity
thermal conductivity ratio
width and height of cavity
average Nusselt number
Prandtl number
Rayleigh number
dimensionless solid wall thickness
temperature
velocity components in the x-direction and y-direction
dimensionless velocity components in the X-direction
and Y-direction
x; y & X; Y space coordinates & dimensionless space coordinates
Greek symbols
a
thermal diffusivity
b
thermal expansion coefficient
c
phase deviation
e
amplitude ratio

nanoparticles. Oztop et al. [9] studied the effect of a non-uniform
wall heating condition on the natural convection and heat transfer
in a square inclined cavity filled with a CuO nanofluid by using the
finite volume method. They showed that the heat transfer in the
cavity is clearly increased with the addition of nanoparticles and
low Rayleigh numbers.
Conjugate natural convection heat transfer in cavities has
received much attention because of its importance to many engineering systems, such as solar energy collectors, material processing, heat preservation of thermal transport circuits, building
energy components, and the cooling of electrical units. Kaminski
and Prakash [10] numerically studied the effect of conjugate natural convection heat transfer in a square cavity with a finite thickness vertical wall to compare different models of wall heat
conduction. Their results indicated that the temperature distribution in the solid wall shows significant two-dimensional effects
at high Grashof number and the temperature of the interface
tended to be quite non-uniform. House et al. [11] investigated
the effect of a centred heat-conducting body on the natural convection heat transfer in a square cavity. The two vertical walls were
maintained at a constant temperature and the horizontal walls
were adiabatic. The results showed that the heat transfer
decreased with the increase of the solid body. Ha et al. [12] investigated the effect of unsteady natural convection processes in similar vertical cavities with a centred heat-conducting body. Baytasß
et al. [13] numerically studied the conjugate natural convection
heat transfer in a square cavity filled with a porous medium and
have two finite-thickness horizontal plates. Ben-Nakhi and Chamkha [14] studied the effect of conjugate natural convection around
a finned pipe in a square cavity. Zhao et al. [15] studied the effect of
a centred heat-conducting body on the conjugate natural convection heat transfer in a square cavity. Ben-Nakhi and Chamkha
[16] analysed the effect of conjugate natural convection in a square
cavity with inclined thin fin of arbitrary length by using the Gauss–
Seidel point-by-point method. Saleh et al. [17] investigated the
effect of conjugate natural convection at the bottom wall on
Darcy–Bénard convection in a square porous cavity. The horizontal
walls of the cavity were maintained at a constant temperature
while the vertical walls were kept insulated. The results indicated

h

/
w&W
x&X

dimensionless temperature
dynamic viscosity
kinematic viscosity
density
solid volume fraction
stream function & dimensionless stream function
vorticity & dimensionless vorticity

Subscript
b
bf
c
h
i
nf
sp
t
w

bottom
base fluid
cold
hot
interface between the solid wall and the nanofluid
nanofluid
solid nanoparticle
top
wall

l
m
q

that the average Nusselt number increased with the increase of the
thermal conductivity or decrease the thickness of the solid wall.
Chamkha and Ismael [18] numerically investigated the conjugate
heat transfer in a porous cavity heated by a triangular thick wall.
Chamkha and Ismael [18] studied the effect of conjugate natural
convection heat transfer in a porous cavity filled with nanofluids
and heated by a thick triangular wall. Their study showed that
the heat transfer was significantly enhanced at low Rayleigh number with the increase of the nanoparticles volume fraction. Very
recently, Ismael and Chamkha [19] investigated conjugate natural
convection in a differentially heated composite cavity filled with
a nanofluid.
Recently, the problem of natural convection in closed cavities
with various thermal boundary conditions has been given considerable attention by several studies. Sarris et al. [20] used the finitevolume method to study the natural convection in a 2-D cavity
with sinusoidal temperature profile on the upper wall while the
other walls are adiabatic. The upper horizontal wall heated with
sinusoidal temperature profile while the bottom and vertical walls
of the cavity were kept adiabatic. They concluded that the intensity
of the fluid circulation and thermal penetration depth were highly
increased with the increase of the cavity aspect ratio. Saeid and
Yaacob [21] numerically considered natural convection in a square
cavity filled with pure fluid with a non-uniformed hot-wall temperature and a uniformed cold-wall temperature. The left vertical
wall of the cavity was heated by a spatial sinusoidal temperature
and the right vertical wall was maintained at a constant temperature, while the horizontal walls were adiabatic. Their results indicated that the average Nusselt increased with an increase in the
nondimensional amplitude which appeared clearly with low wave
number. Bilgen and Yedder [22] numerically considered natural
convection in a rectangular cavity heated and cooled from the left
vertical sidewall by sinusoidal temperature profiles and all the
other walls are kept insulated. Deng and Chang [23] numerically
studied the natural convection in a rectangular cavity filled with
pure fluid and heated by two sinusoidal temperature distributions
on the vertical left and right sidewalls. The left and right vertical
walls heated with sinusoidal temperature distributions and the
top and bottom horizontal walls were thermally insulated. They
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indicated by using the finite volume method that the heat transfer
was highly enhanced with the variation of the amplitude or phase
deviation of the sinusoidal temperature profile. Sathiyamoorthy
and Chamkha [24–26] considered natural convection in a square
cavity for linearly heated side walls. Bhuvaneswari et al. [27] investigated magneto-convection in a square cavity with sinusoidal
boundary temperature distributions on both vertical walls using
the finite volume method. Chamkha et al. [28] used the finitedifference method to study the Hydromagnetic convection in a
rectangular cavity with linearly heated and concentrated walls.
Kefayati et al. [29] analysed the effects of magnetic field on natural
convection fluid flow in a nanofluid-filled cavity with sinusoidal
temperature distribution on the right vertical sidewall by using
the Lattice Boltzmann method. The left wall of the cavity was
maintained at a constant temperature and the right wall was
heated by a sinusoidal temperature distribution while the horizontal walls were kept adiabatic. The results illustrated that the heat
transfer was highly increased at high Rayleigh numbers with the
low Phase deviation. Ben-Cheikh et al. [30] numerically considered
natural convection in a square cavity filled with nanofluid and
heated by non-uniformed temperature on the bottom wall. Very
recently, Bouhalleb and Abbassi [31] numerically investigated natural convection in an inclined rectangular cavity filled by nanofluid
with sinusoidal temperature distribution on the right sidewall
using the finite volume element method.
The important visualization of heat transport may not be adequate only by the streamlines for the fluid flow and the isotherms
for the temperature distribution. The heatline technique is the best
way to visualize the conductive as well as convective heat transport which first introduced by Kimura and Bejan [32]. Heatlines
are mathematically represented by heatfunctions which are in turn
related to Nusselt number based on proper dimensionless form.
Costa [33] has studied the steady unified streamline, heatline and
massline methods into two-dimensional anisotropic media. The
vertical walls were maintained at a constant temperature and
the top and bottom horizontal walls were kept adiabatic. Zhao
et al. [34] investigated numerically the effect of the heatline analysis on natural convection in a rectangular cavity with localized
heating and salting from below using the Brinkman-extended
Darcy. Basak et al. [35] studied the effect of uniform and nonuniform heating of bottom wall on natural convection in a 2D cavity filled with a porous medium based on heatline concept. The
bottom horizontal wall of the cavity was heated uniformly or
non-uniformly and the vertical walls were maintained at a constant cold temperature while the top wall was kept adiabatic. Their
study concluded that for both uniform and non-uniform heating of
bottom wall, the heatlines were perpendicular to the isotherms
pattern and also the heatlines were orthogonal to the bottom
and side walls. Saleh et al. [36] have used the heatline concept
on natural convection in differentially heated cavity to visualize
and analyze the surface tension and cooling effects using the finite
difference method. Basak and Chamkha [37] have done the heatline analysis on natural convection in a square cavity filled with
nanofluids by considering thermal boundary conditions using the
Galerkin finite element method. Basak and Chamkha [38] studied
heatline analysis on thermal management with conjugate natural
convection in a square cavity. Very recently, Biswal and Basak
[39] have studied the sensitivity of heatfunction boundary conditions on invariance of Bejan’s heatlines for natural convection in
enclosures with various wall heatings. However, the study of conjugate natural convection in a square cavity filled with nanofluid
with sinusoidal boundary conditions on both horizontal walls has
not been undertaken yet. Thus the authors of the present study
believe that this work is valuable. The aim of this study is to investigate the heatline visualization of conjugate natural convection in

Fig. 1. Physical model of convection in a square cavity together with the coordinate
system.

a square cavity filled with nanofluid with sinusoidal boundary conditions on both horizontal walls.
2. Mathematical formulation
Consider two-dimensional steady natural convection in a
square cavity with length L, as illustrated in Fig. 1. The top and bottom horizontal walls of the cavity have varying sinusoidal temperature distributions, while the left and right vertical walls thermally
insulated. The boundaries of the annulus are assumed to be impermeable, the fluid within the cavity is a water-based nanofluids
having Ag, Cu or Al2O3 nanoparticles. The Boussinesq approximation is applicable, the nanofluid physical properties are constant
except for the density. By considering these assumptions, the continuity, momentum and energy equations for the laminar and
unsteady state natural convection can be written as follows:

@unf @ v nf
þ
¼ 0;
@x
@y

ð1Þ

!
@unf
@unf
@ 2 unf @ 2 unf
1 @pnf
;
þ
þ v nf
¼
þ mnf
unf
@x
@y
qnf @x
@x2
@y2

ð2Þ
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@ v nf
@ 2 v nf @ 2 v nf
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þ
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¼
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qnf @y
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!
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@T nf
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@ 2 T nf @ 2 T nf
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þ
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and the energy equation for the impermeable wall is:

@2T w @2T w
þ
¼ 0;
@x2
@y2

ð5Þ
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where x and y are the Cartesian coordinates measured in the horizontal and vertical directions respectively, g is the acceleration
due to gravity. The values of the dimensional stream function are
zero in the wall region and on the solid–nanofluid interfaces. The
appropriate boundary conditions for the governing equations are

Bottom horizontal wall u ¼ v ¼ 0; T b ¼ T c þ Ab þ sinð2px=LÞ;

Top horizontal wall u ¼ v ¼ 0;

y ¼ 0;

T t ¼ T c þ At þ sinð2px=L þ cÞ; y ¼ L;
@T
Left slopping wall u ¼ v ¼ 0;
;
x ¼ 0;
@x
@T
;
x ¼ L;
Right slopping wall u ¼ v ¼ 0;
@x
@T nf ðx;SÞ
@T w ðx;SÞ
Interface wall T nf ðx;SÞ ¼ T nf ðx;SÞ;
:
¼ Kr
@y
@y
ð6Þ
Here anf is the effective thermal diffusivity of the nanofluids, qnf is
the effective density of the nanofluids and lnf is the effective
dynamic viscosity of the nanofluids, which are defined as

lnf
1
qnf ¼ ð1  /Þqbf þ /qsp ;
¼
;
lbf ð1  /Þ2:5

knf
anf ¼
;
ðqCpÞnf

ð7Þ

where / is the solid volume fraction of nanoparticles and the heat
capacitance of the nanofluids is

ðqCpÞnf ¼ ð1  /ÞðqCpÞbf þ /ðqCpÞsp :

ð8Þ

The thermal expansion coefficient of the nanofluids can be determined by

bnf ¼ ð1  /ÞðbÞbf þ /bsp ;

ð9Þ

ðqbÞnf ¼ ð1  /ÞðqbÞbf þ /ðqbÞsp :

ð10Þ

The thermal conductivity based on Maxwell–Garnett’s (MG) model
is

knf ksp þ 2kbf  2/ðkbf  ksp Þ
¼
:
kbf
ksp þ 2kbf þ /ðkbf  ksp Þ

ð11Þ

In terms of the stream function w and the vorticity x, defined in the
usual way,

@w
;
@y

u¼

v ¼

@w
;
@x

x¼

@ v @u
;

@x @y

ð12Þ

fluid. The values of the non-dimensional stream function are zero in
the wall region and on the solid–nanofluid interfaces. The dimensionless boundary conditions corresponding to Eqs. (14)–(17) are:

Bottom horizontal wall hw ¼ sinð2pXÞ;
Top horizontal wall X ¼ 

Left slopping wall X ¼ 

x
X¼ ;
L

y
Y¼ ;
L

X¼

xL
w
T  Tc
; W¼
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;
abf
abf
Th  Tc

Interface wall X ¼ 
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5
þ
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where K r ¼ K w =K nf is the thermal conductivity ratio. Following [37],
the dimensionless form of the heatfunction H for the nanofluid
problem can be defined as

anf @h
@H
¼ Uh 
;
@Y
af @X



anf @h
@H
¼ Vh 
;
@X
af @Y

ð23Þ

which yields a single equation

@2H
@X

2

þ

@2H
@Y 2

¼

@
@
ðUhÞ 
ðVhÞ:
@Y
@X

ð24Þ

The local Nusselt number along the bottom and top horizontal walls
are defined as



@hw
Nub ¼ 
;
@X Y¼0

Nut ¼ 



@hnf
:
@X Y¼1

ð25Þ

In the heating half of the horizontal wall, the fluid in the cavity will
gain heat from the horizontal wall and thus Nu > 0, but the fluid
will lose the heat in the cooling half of the horizontal wall and
hence Nu < 0. The total heat transfer rate across the cavity is the
sum of the averaged Nusselt numbers along the heating halves of
both horizontal walls, as described by the following average Nusselt
number:

 Z

Z
knf
Nub dY þ
Nut dY :
kbf
heating half
heating half

ð26Þ

þ

@ 2 hnf
@Y 2

!
;

ð16Þ

The governing Eqs. (14)–(17) subject to the boundary conditions (18)–(22) are numerically formulated using the Finite Difference (FD) scheme consisting of the Alternating Direction Implicit
(ADI) method and the Tri-Diagonal Matrix Algorithm (TDMA). In
this paper several grid testings are performed: 50  50, 70  70,
90  90, 100  100, 120  120. Table 1 shows the calculated
Nusselt number at different mesh numbers for water–Cu,
Rabf ¼ 105 , c ¼ p2 ,

ð17Þ

Here Rabf ¼ g qbf bbf ðT h  T c ÞL3 =ðlbf abf Þ is the Rayleigh number for
the base fluid and Pr bf ¼ mbf =abf is the Prandtl number for the base

e ¼ 1, / ¼ 0:1, K r ¼ 1 and S ¼ 0:3.

Table 1
Grid testing for Nusselt number at different mesh number for Rabf ¼ 105 , c ¼ p2 , e ¼ 1,
/ ¼ 0:1, K r ¼ 1 and S ¼ 0:3.
Test number

@ 2 hw

; hnf ¼ e sinð2pX þ cÞ; Y ¼ L;

3. Numerical method and validation

the dimensionless governing equations are

@ 2 Wnf

ð18Þ

; hnf ðX; SÞ ¼ hnf ðX; SÞ;
@Y 2
@hnf ðX; SÞ
@hw ðX; SÞ
;
¼ Kr
@Y
@Y

Nunf ¼
ð13Þ

@Y 2

Right slopping wall X ¼ 

and using the following non-dimensional variables
2

@2W

Y ¼ 0;

50  50
70  70
90  90
100  100
120  120

Mesh number

Nusselt number

2500
4900
8100
10,000
14,400

6.949
7.0502
7.0641
7.1549
7.1977
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For the purpose of validating the data, the present figures are
compared with the ones provided by Zhao et al. [15] for pure fluid
and a constant left and right walls temperature for Kr ¼ 5, / ¼ 0,
S ¼ 0:6 and Prbf ¼ 0:71 as depicted in Fig. 2. In addition, a comparison was made between the resulting figures and the ones provided by Sarris et al. [20] for pure fluid as illustrated in Fig. 3.
Fig. 3 demonstrates the comparison between the results of this
study and the results presented by [20] for sinusoidal boundary
condition on the upper horizontal wall at Rabf ¼ 105 , / ¼ 0, S ¼ 0
and Prbf ¼ 100. These results provide confidence to measure the
accuracy of the present numerical method.
4. Results and discussion
We present numerical results for the streamlines, isotherms
and heatlines with various Rayleigh numbers ð105 6 Rabf 6 108 Þ,
nanoparticle volume fractions (0 6 / 6 0:2), phase deviations,
(0 6 c 6 p), amplitude ratios, (0 6 e 6 1), wall to nanofluid thermal conductivity ratios (0:44 6 K r 6 23:8), wall thickness to height
ratios (0 6 S 6 0:7), and Prandtl number (Prbf ¼ 6:2). Local and
average Nusselt numbers were calculated for various values of /
and S. Thermophysical properties of the water base fluid
(Pr bf ¼ 6:2) and the nanoparticles Ag, Cu, Al2O3 and TiO2 phases
are shown in Table 2.
Fig. 4 shows the effects of various Rayleigh numbers on the
streamlines (left), isotherms (middle), and heatlines (right) for
water–Cu, phase deviation c ¼ p2 , amplitude ratio e ¼ 1, thermal
conductivity ratio K r ¼ 1, and solid wall thickness S ¼ 0:3. Nonuniform heating of the horizontal walls of the cavity has a significant effect on flow behaviour. At low Rabf (Rabf ¼ 105 ), flow inside
the cavity forms two cells at the centre and upper segment of the
cavity. The non-homogeneous Dirichlet boundary condition was
applied with the heat function Eq. (24), H ¼ 0 for the right vertical
wall (Y ¼ 0, 8X), and for the left vertical wall (Y ¼ 1, 8X) H ¼

anf
af

Nu.

Fig. 3. (a) Streamlines: Sarris et al. [20] (left) and present study (right) and (b)
isotherms: Sarris et al. [20] (left) and present study (right) for Rabf ¼ 105 , / ¼ 0,
S ¼ 0 and Pr bf ¼ 100.

Table 2
Thermo-physical properties of water with Ag, Cu, Al2O3 and TiO2.
Physical properties

Water

Ag

Cu

Al2O3

TiO2

Cp (J/kg K)
q (kg/m3)
k (W m1 K1)

4179
997.1
0.6
21

235
10,500
429
5.4

383
8954
400
1.67

765
3600
46
0.63

686.2
4250
8.954
2.4

b  105 (1/K)

Fig. 2. (a) Streamlines: Zhao et al. [15] (left) and present study (right), (b) heatlines:
Zhao et al. [15] (left) and present study (right) for Rabf ¼ 105 , K r ¼ 5, / ¼ 0; S ¼ 0:6
and Pr bf ¼ 0:71.

Contour level labels define the direction of the fluid heat flow
(clockwise or anti-clockwise direction) and also the strength of
the flow. Positive W and H denote anti-clockwise fluid heat flow,
whereas negative designates clockwise fluid heat flow. Wmax and
Hmax represent the optimal stream function and optimal heat function. These values are important to show the maximum change of
flow and heat circulation. When the streamlines and heatlines circulate as vortices in the anti-clockwise direction (positive W and
H), the strength of the flow circulation is represented by Wmax
and Hmax . Applying the nanoparticle volume fraction (/ ¼ 0:1)
tends to increase the strength of the flow circulation (Wmax , Hmax )
due to the thermal conductivity increment. As the Rayleigh number increases, the intensity of the streamlines increase together
with the cells size, affected by the strong buoyancy forces compared to the viscous forces. Due to the movement of the convective
flow, heatline intensity increased in the nanofluid segment with
incrementing Rabf . At higher Rayleigh number, intensity of streamlines and heatlines are significantly increased and occupy the
entire nanofluid layer. On the other hand, the intensity of the heatlines weakens near the cavity wall due to resistance of the solid
wall. The intensity of the isotherms pattern falls to zero in the middle of the cavity, with most of the heat moving to the heated horizontal walls. This is due to the high velocity of heat transfer at
higher Rayleigh number, as shown in Fig. 4(d).
The effect of various values of phase deviation on the streamlines (left), isotherms (middle) and heatlines (right) is presented in
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Fig. 4. Streamlines (left), isotherms (middle) and heatlines (right) evolution by Rayleigh number for c ¼ p2, e ¼ 1, K r ¼ 1, S ¼ 0:3, / ¼ 0 (solid lines) and / ¼ 0:1 (dashed lines).

Fig. 5 for water–Cu, Rabf ¼ 106 , e ¼ 1, K r ¼ 1 and S ¼ 0:3. Enforcing
identical temperature profiles (c ¼ 0) on the horizontal walls of the
cavity significantly affects flow behaviour and temperature distri-

bution (Fig. 5(a)). The flow within the cavity produces a singular
streamline cell in the clockwise direction near the right wall,
whereas the heatlines circulation cell exhibits anticlockwise

A.I. Alsabery et al. / International Journal of Heat and Mass Transfer 100 (2016) 835–850
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Fig. 5. Streamlines (left), isotherms (middle) and heatlines (right) evolution by phase deviation for Rabf ¼ 106 , e ¼ 1, K r ¼ 1, S ¼ 0:3, / ¼ 0 (solid lines) and / ¼ 0:1 (dashed
lines).

rotation near the left wall. This is due to the sinusoidal heating on
the horizontal walls which leads to various effects on the streamlines and heatlines. The maximal intensity of the isotherm patterns

tends to occur close to the horizontal walls affected by the identical temperature distribution. Increasing the phase deviation up to
3p
destroys the streamlines and heatlines, and the flow structure
4
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Fig. 6. Streamlines (left), isotherms (middle) and heatlines (right) evolution by amplitude ratio for Rabf ¼ 106 , c ¼ p2 , K r ¼ 1, S ¼ 0:3, / ¼ 0 (solid lines) and / ¼ 0:1 (dashed
lines).

within the cavity appears differently for the pure fluid and nanofluid due to diverse effects of non-uniform heating. The strength
of the flow circulation increases (Wmax , Hmax ) from nanofluid addition, due to the nanoparticle’s higher thermal conductivity. The

isotherms pattern intensity tends to decrease in the middle of
the cavity, since most of the heat moves upward and downward
towards the horizontal walls of the cavity. At higher phase
deviation (c ¼ p), the flow inside the cavity produces a singular

A.I. Alsabery et al. / International Journal of Heat and Mass Transfer 100 (2016) 835–850
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Fig. 7. Streamlines (left), isotherms (middle) and heatlines (right) evolution by thermal conductivity ratio for Rabf ¼ 106 , c ¼ p2, e ¼ 1, S ¼ 0:3, / ¼ 0 (solid lines) and / ¼ 0:1
(dashed lines).

streamline cell in a anticlockwise direction and a singular heatline
cell in a clockwise direction. The intensity of the streamlines
and heatlines increase close the left vertical wall of the cavity
(Fig. 5(d)).

Fig. 6 illustrates the effects of varying the amplitude ratio on
streamlines (left), isotherms (middle), and heatlines (right) for
water–Cu, Rabf ¼ 106 , c ¼ p2 , K r ¼ 1 and S ¼ 0:3. Fig. 6(a) shows
flow movement and temperature distributions in the absence of
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Fig. 8. Streamlines (left), isotherms (middle) and heatlines (right) evolution by solid wall thickness for Rabf ¼ 106 , c ¼ p2 , e ¼ 1, K r ¼ 1, / ¼ 0 (solid lines) and / ¼ 0:1 (dashed
lines).

the amplitude ratio (e ¼ 0) at the top horizontal wall. The flow
structure near the solid wall produces a singular streamline cell
in the clockwise direction. The heatlines in the nanofluid segment
tend to form a wave shape due to the constant temperature profile,

and these lines occur vertically within the solid wall. Due to the
fixed temperature at the top horizontal wall, the isotherm patterns
are distributed next to the bottom horizontal wall of the cavity.
The addition of Cu nanoparticles tends to increase thermal
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conductivity. Consequently, flow circulation strength increases
(Wmax , Hmax ). Applying non-uniform heating enhances flow behaviour. Flow within the nanofluid appears with two diverse streamline cells in different directions, and the strength of flow circulation
of streamlines and heatlines increases. Heatline distortion is
affected by non-uniform heating, with a singular cell in the anticlockwise direction appearing in the middle of the cavity. The
intensity and quantity of isotherms increase next to the top and
bottom horizontal walls of the cavity, due to the increment of
the amplitude ratio.
The effect of various values of thermal conductivity ratio on the
streamlines (left), isotherms (middle) and heatlines (right) is presented in Fig. 7 for water–Cu, Rabf ¼ 106 , c ¼ p2 , e ¼ 1 and S ¼ 0:3.
Streamlines within the cavity appear with two different cells. The
main clockwise cell occurs in the centre of the cavity and a secondary anticlockwise cell occurs at the top corner of the cavity.
Heatlines in the middle of the cavity are significantly stronger than
those close to the solid wall, due to the high resistance of the solid
wall at low conductivity. Adding Cu nanoparticles significantly
increases flow circulation strength of streamlines and heatlines
due to incrementing the thermal conductivity. The lower thermal
conductivity ratio (K r ¼ 0:44) causes the intensity of the isotherms
pattern to occur close to the heated horizontal walls. As the thermal conductivity ratio increases, the intensity of the streamlines
increase in the middle of the cavity, which tends to expand the
main clockwise cell. This is due to the reduction of thermal resistance with increasing thermal conductivity ratio. Flow circulation
maximum strength of the streamlines decreases with increasing
thermal conductivity ratio (Wmax ), whereas flow circulation mini-
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mum strength (clockwise fluid heat flow) increases from
jWmin j ¼ 16:84 to jWmin j ¼ 22:85 due to increasing thermal conductivity. At a higher thermal conductivity ratio (Fig. 7(d)), the main
streamlines circulation cell tends to expand horizontally due to
the lower thermal resistance. Heatlines appear weakly within the
nanofluid segment, and tend to take a wave shape. However, heatline intensity increases near the bottom (solid) wall due to the
wall’s high conductivity and lower heat resistance. Heatline flow
circulation maximum and minimum strength decrease with
increasing thermal conductivity. A higher thermal conductivity
ratio tends to transfer more heat within the cavity, and the
intensity and amount of isotherms increase due to the high thermal gradient in the nanofluid segment.
Fig. 8 shows the effects of varying solid wall thickness on
streamlines (left), isotherms (middle), and heatlines (right) for
water–Cu, Rabf ¼ 106 , c ¼ p2 , e ¼ 1 and K r ¼ 1. Flow structure and
temperature distribution within the cavity with the absence of
the solid wall (S ¼ 0) is shown in Fig. 8(a). Streamlines within
the cavity tend occur as a singular cell in the clockwise direction
located at the cavity centre, whereas heatlines are mostly formulated as a wave shape. Due to the higher thermal conductivity of
the nanoparticles, the strength of the flow circulation of the
streamlines and heatlines are significantly increased by adding
Cu nanofluid. Sinusoidal temperature variations on the horizontal
walls strongly increase the intensity of isotherm patterns near
the top and bottom walls of the cavity. Inserting a thin solid wall
affects flow behaviour, producing a second streamline cell in the
anticlockwise direction at the top right corner of the cavity.
Streamline and heatline flow circulation maximum strength

Fig. 9. Variation of the absolute (a) minimum and (b) maximum values of the strength of the streamlines with / for different nanoparticles at Rabf ¼ 106 , c ¼ p2 , e ¼ 1, K r ¼ 1
and S ¼ 0:3.

Fig. 10. Variation of the absolute (a) minimum and (b) maximum values of the strength of the heatlines with / for different nanoparticles at Rabf ¼ 106 , c ¼ p2, e ¼ 1, K r ¼ 1
and S ¼ 0:3.
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increase with insertion of the solid wall due to the properties of the
wall, whereas streamline flow circulation minimum strength
decreases from jWmin j ¼ 41:26 to jWmin j ¼ 30:26 with increasing
wall thickness. This is due to the higher resistance of the solid wall.
Heatline intensity is enhanced with inserting the solid wall, and a
triangle circulation cell occurs within the nanofluid segment near
the left wall. Increasing the thickness of the solid wall to 0.5 effects
the distribution of flow behaviour and temperature profiles. The
main streamline cell tends to shrink while the secondary cell
expands vertically with increasing solid wall thickness. Heatline
strength is significantly changed with increasing S, and a second
heatline cell occurs close to the upper right corner of the cavity,
while the heatlines take a vertical shape within the solid wall.
The intensity of the isotherms patterns decrease near the horizontal walls and heat moves towards the middle of the cavity, as
shown in Fig. 8(d).
Fig. 9 demonstrates the effects of various nanoparticles on
streamline absolute minimums and maximums with nanoparticle
volume fractions for Rabf ¼ 106 , c ¼ p2 , e ¼ 1, K r ¼ 1 and S ¼ 0:3.
Fig. 9(a) shows flow circulation absolute minimum strength
increases with addition of nanofluid due to the high thermal conductivity of the nanoparticles and incrementing viscosity forces.
The strong enhancement streamline strength with the Ag nanoparticle is due to the higher thermal conductivity of Ag, and this behaviour also tends to occur with higher nanoparticle concentration
(/ P 0:1). Similar enhancement occurs for flow circulation maximum strength (Fig. 9(b)). Flow circulation strength significantly
increases with addition of nanofluid for all nanoparticle types

due to increasing thermal conductivity. However, Ag does not
show a strong effect on the flow circulation maximum strength
compared to the previous case, which indicates the various effects
from nanoparticles. Similar behaviour is evident for heatline
strength absolute minimum and maximum with nanofluid addition (Fig. 10). However, in this case adding Ag nanoparticles shows
strong enhancement for heatline maximum strength compared to
other nanoparticles.
Fig. 11(a) and (b) show the effects of varying phase deviation
and amplitude ratio, respectively, for the bottom and top horizontal walls on the local Nusselt number and along the Y coordinates
of water–Cu nanofluids at Rabf ¼ 106 , / ¼ 0:1; K r ¼ 1 and S ¼ 0:3.
Enhancement of convection heat transfer at the top horizontal wall
is larger than at the bottom horizontal wall due to the various temperature profiles. At the bottom wall, as phase deviation increases
from 0 to p, the heating domain tends to move upward and the
cooling domain downwards, which causes the local Nusselt
number to take a sinusoidal shape. The temperature distribution
is significantly enhanced at the top horizontal wall by changing
the phase deviation, whereas higher phase deviation (c ¼ p)
produces adverse effects on the local heat transfer rate. Thus,
increasing c causes the heating domain to move downwards and
the cooling domain to move upwards.
Fig. 11(b) shows the effects of applying non-uniform heating at
the top wall on the local Nusselt number and along the Y coordinates. Convective heat transfer is enhanced with increasing amplitude ratio. At the bottom wall, similar to the previous case,
increasing the amplitude ratio from 0 to 1 causes the heating

Fig. 11. Variation of local Nusselt number interfaces with Y for different (a) c and (b)

e for water–Cu nanofluids, Rabf ¼ 106 , / ¼ 0:1, K r ¼ 1 and S ¼ 0:3.
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Fig. 12. Variation of local Nusselt number interfaces with Y for different (a) K r and (b) S for water–Cu nanofluids, Rabf ¼ 106 , c ¼ p2,

Fig. 13. Variation of average Nusselt number interfaces with / for different c for water–Cu nanofluids, Rabf ¼ 106 ,

domain to move upwards and the cooling domain to move downwards, which causes the local Nusselt number to take a sinusoidal
shape. Higher non-uniform heating (e ¼ 1) leads to strong
enhancement of the local heat transfer rate. At the top horizontal
wall, no change occurs for the local heat transfer rate with the
absence of the amplitude ratio (e ¼ 0). However, significant
enhancement of local heat transfer occurs with increasing
amplitude ratio, and higher amplitude ratios (e ¼ 1) strongly
enhance heat transfer, obtaining the maximum value of the local
average Nusselt number.

e ¼ 1 and / ¼ 0:1.

e ¼ 1, K r ¼ 1 and S ¼ 0:3.

Fig. 12 shows the effects of varying the thermal conductivity
ratio and solid wall thickness on local Nusselt number and along
the Y coordinates of water–Cu nanofluids at Rabf ¼ 106 , c ¼ p2 ,
e ¼ 1 and / ¼ 0:1. Local Nusselt number shows that convection
heat transfer is significantly enhanced with sinusoidal temperature
variations on both horizontal walls. At the bottom horizontal wall,
the low thermal conductivity ratio (0.44) has no effect on the local
heat transfer rate due to the lower conductivity. However, significant enhancement occurs for local convection due to increased
thermal conductivity. The contour lines for local Nusselt number
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along the Y coordinates take a sinusoidal shape, especially at a high
thermal conductivity ratio (23.8). The distribution of local Nusselt
number is significantly increased by increasing thermal conductivity ratio. This enhancement tends to appear close to the top horizontal wall due to the presence of the sinusoidal temperature
variations. Significant enhancement also occurs for the local heat
transfer rate with insertion of the solid wall (Fig. 12(b)). In the bottom horizontal wall, local heat transfer is significantly increased by
heating the first half (0 6 X 6 0:5), while cooling the second half
(0:5 6 X 6 1). Furthermore, smaller solid wall thickness strongly
enhances the local heat transfer, and the maximum local average
Nusselt number was obtained. Larger thickness of the solid wall

(S ¼ 0:5) has more effect on the local Nusselt number compared
to other values due to the wall’s conductivity.
Fig. 13 illustrates the effects of varying phase deviation on the
average Nusselt number with nanoparticle volume fractions along
the horizontal walls and the interface line for water–Cu nanofluid
at Rabf ¼ 106 , e ¼ 1, K r ¼ 1 and S ¼ 0:3. Heat transfer distribution
increases with increasing nanoparticle volume fractions due to
the higher thermal conductivity of the nanoparticles. Convection
heat transfer is systematically enhanced by increasing nanoparticle
volume fraction, and along the horizontal walls, the lower and
higher phase deviation produce the maximum average Nusselt
number. Along the interface line, the lines of average Nusselt

Fig. 14. Variation of average Nusselt number interfaces with / for different S for water–Cu nanofluids, Rabf ¼ 106 , c ¼ p2 ,

Fig. 15. Variation of average Nusselt number interfaces with S for different nanoparticles at Rabf ¼ 106 , c ¼ p2 ,

Fig. 16. Variation of average Nusselt number interfaces with S for different

e ¼ 1 and K r ¼ 1.

e ¼ 1, / ¼ 0:1 and K r ¼ 1.

e for water–Cu nanofluids, Rabf ¼ 106 , c ¼ p2 , / ¼ 0:1 and K r ¼ 1.
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Fig. 17. Variation of average Nusselt number interfaces with S for different K r for water–Cu nanofluids, Rabf ¼ 106 , c ¼ p2,

number and nanoparticle volume fraction show that heat transfer
rate increases with increasing nanofluid volume fraction due to
increasing thermal conductivity. However, increasing the phase
deviation to 34p produces strong enhancement of convection heat
transfer to the maximum average Nusselt number.
Fig. 14 depicts the effects of varying the solid wall thickness on
the average Nusselt number with nanoparticle volume fractions
along the horizontal walls and the interface line for water–Cu
nanofluid at Rabf ¼ 106 , c ¼ p2 , e ¼ 1 and K r ¼ 1. Similar to the previous case, convection heat transfer increases significantly with
increased nanofluid addition due to the higher thermal conductivity of the nanoparticles. Smaller solid wall thickness (S ¼ 0:02) produces stronger enhancement of the heat transfer rate, because
fluids transfer more heat than solids. Along the horizontal walls,
the heat transfer rate decreases with increasing thickness of the
solid wall due to the resistance of the solid wall, so that less heat
is transported by the thicker wall. However, at higher S value, convection heat transfer is not effected by the solid wall thickness. The
average Nusselt numbers tend to be similar when the solid wall
thickness is 0.3 or 0.5. Different heat transfer distributions occur
along the interface line for different solid wall thickness (Fig. 14
(b)). Due to the high resistance of the solid wall, convection heat
transfer is significantly decreased with increasing wall thickness.
For thick solid wall (S ¼ 0:5), the average Nusselt number shows
an insignificant enhancement of the heat transfer rate. In addition,
higher thickness of the solid wall strongly influences convection
heat transfer, which obtained the maximum average Nusselt
number.
Fig. 15 presents the effects of varying nanoparticles on the average Nusselt number with solid wall thickness along the horizontal
walls and the interface line for Rabf ¼ 106 , c ¼ p2 , e ¼ 1, / ¼ 0:1 and
K r ¼ 1. Adding Ag nanoparticles strongly increases convection heat
transfer due to the higher thermal conductivity of Ag compared to
other nanoparticles. Along the horizontal walls, heat transfer rate
decreases with increasing solid wall thickness up to 0.28 for all
nanoparticles types, whereas heat transfer rate increases for all
nanoparticle types when solid wall thickness is in the range
0.29–0.55. This is due to the strong effect of the nanoparticles,
which decrease the resistance of the solid wall particularly when
the thickness of the solid wall is between [0.29 and 0.55]. TiO2
nanoparticles show strong increments of convection heat transfer
for increasing solid wall thickness from 0.29 to 0.55, due to the
low thermal conductivity of TiO2, so the resistance of the solid wall
tends to be less. Convection heat transfer along the interface line is
significantly decreased with increasing thickness of the solid wall
for all nanoparticles types. The best enhancement of heat transfer
rate is obtained by Ag nanoparticles, due to the higher thermal
conductivity of Ag, and the maximum average Nusselt number
was obtained.

e ¼ 1 and / ¼ 0:1.

The effects of varying amplitude ratio on the average Nusselt
number with solid wall thickness along the horizontal walls and
the interface line are demonstrated in Fig. 16 for water–Cu nanofluid at Rabf ¼ 106 , c ¼ p2 , / ¼ 0:1 and K r ¼ 1. As the solid wall
thickness increases, heat transfer rate decreases due to the resistance of the solid wall. Heating the horizontal walls of the cavity
with the non-uniform temperature significantly enhances convection heat transfer. Increasing the solid wall thickness to 0.3 tends
to decrease the average Nusselt number for all e, whereas convection heat transfer remains unchanged at high solid wall thickness,
due to the variety of effects of non-uniform heating and the characteristics of the solid wall. At the interface line, the heat transfer
rate systematically reduces with increasing solid wall thickness
due to the resistance of the solid wall. Strong reduction of convection heat transfer occurs at low wall thickness (0:1 6 S 6 0:4),
whereas high amplitude ratio (e ¼ 1) produces significant
enhancement of convection heat transfer, and the maximum average Nusselt number was obtained.
Fig. 17 illustrates the effects of varying thermal conductivity
ratio on the average Nusselt number with solid wall thickness
along the horizontal walls and the interface line for Rabf ¼ 106 ,
c ¼ p2 , e ¼ 1 and / ¼ 0:1. Near the horizontal walls, convection heat
transfer increases with increasing solid wall thickness, particularly
with higher thermal conductivity ratio. This is due to the high thermal conductivity, which tends to lower the resistance of the solid
wall. However, no change occurs for heat transfer rate with low
thermal conductivity ratio when increasing the solid wall thickness. At the interface wall, reduction of convection heat transfer
occurs with increasing thickness of the solid wall to 0.4, while convection heat transfer increases for larger solid wall thickness
(S > 0:4). This behaviour tends to be more significant for higher
thermal conductivity ratios (K r ¼ 23:8).
5. Conclusions
This study considered the visualization of heatlines on conjugate natural convection in a square cavity filled with nanofluid
with sinusoidal temperature variations on both horizontal walls.
The finite difference method was applied to solve the nondimensional governing equations together with the specified
boundary conditions. Detailed computational results for the flow
and temperature fields within the cavity and the local and average
Nusselt numbers were shown graphically. The important conclusions are:
1. Phase deviation increment significantly affects flow behaviour
and temperature distribution within the cavity. This is due to
the difference of the sinusoidal temperature variations on the
horizontal walls.
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2. Significant enhancement of streamlines, heatlines, and temperature profiles occur with increasing solid wall thickness. At low
thickness, a second streamline cell occurs in the anticlockwise
direction at the top right corner of the cavity. Streamline flow
circulation maximum strength increases whereas the minimum
decreases with insertion of the solid wall, due to the resistance
of the solid wall. Heatline intensity is enhanced with insertion
of the solid wall, and a triangle circulation cell occurs within
the nanofluid segment near the left wall.
3. The local Nusselt number shows that convection heat transfer is
significantly enhanced with sinusoidal temperature variations
on both horizontal walls. At the bottom horizontal wall, low
thermal conductivity ratio (0.44) has no effect on local heat
transfer rate due to the lower conductivity. Significant enhancement of the local convection heat transfer occurs for increasing
thermal conductivity ratio.
4. The average Nusselt number significantly increases with
increasing nanoparticle volume fractions, due to the higher
thermal conductivity of the nanoparticles. Significant increment of convection heat transfer occurs for increasing phase
deviation. Along the horizontal walls, the lower and higher
phase deviation produces the maximum average Nusselt number, due to the various effects of the sinusoidal temperature on
the horizontal walls. However, increasing the phase deviation
to 34p produced strong enhancement of convection heat transfer
along the interface line.
5. Increasing the solid wall thickness enhances convection heat
transfer. At the horizontal walls, the convection heat transfer
increases with increasing solid wall thickness, particularly for
higher thermal conductivity ratios. This is due to the high thermal conductivity of the solid wall, which tends to lower the
resistance. At the interface wall, convection heat transfer
reduces significantly with increasing thickness of the solid wall
up to 0.4, due to the resistance of the solid wall.
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