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Natural convection of an Al2O3/ Cu-water hybrid nanofluid filled triangular annular cavity was numerically investi-

gated. The inner and outer surfaces of the concentric triangular cavities are isothermal, and an opening is considered

in the inclined side wall of the outer triangle. The governing equations are solved with the finite element method. The

influence of the Rayleigh number (between 10
4 and 5 × 10

5), opening ratio (between 0 and 0.625), and solid volume

fraction of the nanoparticles (between 0 and 0.02) on the fluid flow and heat transfer was considered. It was observed

that the Nusselt number is enhanced with the Rayleigh number and opening ratio. The effects of the opening ratio on

the heat transfer enhancement is more effective for higher values of Rayleigh numbers. The increment in the average

heat transfer versus the solid nanoparticle volume fraction shows a linear relation, and the slope of the linear curve is

higher for the solid volume fraction with higher thermal conductivity.
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1. INTRODUCTION

Because of its importance in different engineering application areas, such as electronic cooling, solar power, heat
exchangers, thermal energy storage, and many others, natural convection in the annular space formed by various
geometric shapes (horizontal cylinder, square channels, etc.) has been extensively investigated in the literature (Kuehn
and Goldstein, 1978; Tsui and Tremblay, 1984). Natural convection within the annular space formed by two isothermal
cylinder surfaces for concentric and eccentric configurations was numerically investigated by Cho et al. (1982). Effects
of diameter ratio, eccentricity, and azimuthal location ofthe inner cylinder on the fluid flow and heat transfer were
studied. Experimental and numerical studies for the flow field and heat transfer characteristics of a horizontal annulus
were performed by Kuehn and Goldstein (1976). The finite difference method for the numerical study and Mach-
Zehnder interferometer for the experimental study was useddetermine the local heat transfer coefficients. Guj et al.
(1992) experimentally studied the fluid flow and heat transfer in the annulus of horizontal eccentric cylinders by using
optical techniques for a range of Rayleigh number and eccentricity. Mehrizi et al. (2013a) numerically investigated
the natural convection in an annular space that is formed between a heated triangular inner cylinder and a circular
outer cylinder by using the lattice Boltzmann method. Effects of Rayleigh number, vertical, horizontal, and diagonal
eccentricities on the heat transfer were studied. The effects of the Prandtl number on the flow and heat transfer
characteristics in laminar convective heat transfer in a horizontal cylindrical with an inner coaxial triangular cylinder
were numerically investigated in reference (Yu et al., 2010) by using finite volume method. The influence of Rayleigh
number, Prandtl number and aspect ratio on the heat transferwas examined. Mehrizi et al. (2013b) performed free
convection in a horizontal annulus between a triangular inner cylinder and elliptical outer cylinder with the lattice
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Boltzmann method. The influence of aspect ratios, elliptical cylinder orientation, and Rayleigh numbers on the heat
transfer characteristics were examined. It was observed that as the value of the aspect ratio decreases and Rayleigh
number increases, the Nusselt number is enhanced.

Natural convection in open cavities is encountered in a variety of engineering applications, such as building design,
passive cooling, and heating. An extensive literature survey is dedicated to study the natural convection in open cavities
in which the opening could be full or partial. Depending on the application, many geometrical configurations with
various thermal boundary conditions can be considered. Muftuoglu and Bilgen (2008) investigated the free convection
in a square open cavity with discrete heat sources by using the finite difference-control volume method. The numerical
investigation was performed for various values of Rayleighnumber, different numbers of discrete heaters, and various
sizes of the heaters. They observed that the Nusselt number increases with Rayleigh number, the heater size, and the
number of heaters. Manca et al. (2003) numerically examinedthe mixed convection in a partially open cavity with
the finite element technique. Different heating modes were considered. Hsu and Hong (2006) numerically performed
a study of natural convection in an open cavity filled with micropolar fluids. They studied the different configurations
of the opening, including the aperture ratio and the opening’s location. The effects of slots in an open cavity having
uniform heat flux inside the wall facing the opening were numerically investigated by Bilgen and Muftuoglu (2008).
The influence of different numbers of slots, opening ratio, and different values of Rayleigh numbers on the heat transfer
was examined. It was observed that the Nusselt number enhances with the opening ratio and Rayleigh number.

Nanofluids, which are composed of a base fluid such as water or ethylene glycol, and nano-sized metallic or
metal-oxide particles, such as Al2O3, CuO, Ag, Au, TiO2, and SiO2, are extensively used as heat transfer fluids
(Bouhalleb and Abbassi, 2014, 2015; Ghalambaz et al., 2015,2016; Sabour and Ghalambaz, 2016; Sarkar et al.,
2015; Selimefendigil and Oztop, 2013, 2014a,b; Shahnazar et al., 2016; Sheikholeslami and Ganji, 2014, 2015, 2016;
Sheikholeslami et al., 2016a,b; Zakaria et al., 2016; Zaraki et al., 2015). The type, size, volume concentration, and
shape of the nanoparticles are important factors in the thermal conductivity enhancement of the base fluid. Effective
thermophysical properties of nanofluids, such as thermal conductivity and viscosity, can be obtained experimentally
or theoretically. Nanofluids were extensively used in heat transfer applications. Soleimani et al. (2012) performed a
numerical study of natural convection in a semi-annulus enclosure filled with nanofluid by using the control volume-
based finite element method. The Maxwell-Garnett’s and Brinkman models were used as the thermal conductivity and
viscosity of the nanofluid. It was observed that an optimum angle of turn exists for which the average Nusselt number
is maximum for each Rayleigh number. Mehrizi et al. (2013a) numerically examined the effects of nanoparticles on
the natural convection in a two-dimensional horizontal annulus with the lattice Boltzmann method. The inner and
outer surfaces were assumed to be isothermal, and the influence of the nanoparticle volume fraction and Rayleigh
number on the heat transfer enhancement were studied. It wasobserved that as the solid volume fraction of the
nanoparticles increases, the Nusselt number and the value of the maximum stream function increase. Transient free
convection of aqueous nanofluids in a horizontal annulus formed by two coaxial cylinders was numerically studied by
Yu et al. (2012). The time-averaged Nusselt number was foundto decrease as the solid nanoparticle volume fraction
was increased, and heat transfer will be overestimated without considering the Brownian motion effects. Recently,
hybrid nanofluids were used in various applications of heat transfer (Huang et al., 2016; Ramachandran et al., 2016;
Suresh et al., 2012). A review on hybrid nanofluids was given in (Sarkar et al., 2015). Hybrid nanofluids were used in
order to have an advantage of one of the nanoparticles, and they may be used due to cost and stability issues.

On the basis of the above literature survey and to the best of authors’ knowledge, natural convection in a hybrid
nanofluid triangular annulus with an opening has never been studied. This type of configuration may be encountered
in many practical applications’ such as electronic cooling, solar power, and many others, or the hybrid nanofluid can
be used to control the fluid flow and heat transfer characteristics in the annular space. The hybrid nanofluid can be
utilized to take advantage of one nanoparticle and for otherreasons, such as stability or cost.

2. MATHEMATICAL FORMULATION

A schematic sketch of the problem along with the boundary conditions are shown in Fig. 1. The annulus is formed
by two right-angle concentric isosceles triangles. The inner and outer surfaces are kept at constant temperatures of
Th andTh with Th > Tc. An opening was added on the outer surface with various sizes, which is described with
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FIG. 1: Schematic description of the physical model and boundary conditions

the opening ratio (OR= l/L). In the annulus, a hybrid nanofluid composed of water and Al2O3-Cu nanoparticles
was used. Thermophysical properties of base fluid and nanoparticles are given in Table 1. The gravity acts in the
negativey direction. The density variation was modeled by the Boussinesq approximation in the buoyancy term.
Navier-Stokes and energy equations with effective thermophysical properties are used to describe the fluid domain in
the annulus.

The conservation equations of mass, momentum, and energy ina two-dimensional Cartesian coordinate system
can be written as follows:
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TABLE 1: Thermophysical properties (adapted from Mahmoudi et al., 2012)

Property Water Al2O3 Cu
ρ (kg/m3) 997.1 3970 8933
cp (J/kg K) 4179 765 385

k (W m−1 K−1) 0.6 40 401
β (1/K) 2.1× 10−4 0.9× 10−5 1.4× 10−5
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whereαnf = knf/(ρCp)nf is the thermal diffusivity of the nanofluid.
Equations (1)–(5) can be converted to the dimensionless form by using the following dimensionless parameters:
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(5)

whereD represents the hydraulic diameter and is given for the triangular annulus as

D = 4
As

Pw

(6)

for the wetted perimeterPw.

2.1 Thermophysical Properties of Hybrid Nanofluid

The effective thermophysical properties of a hybrid nanofluid are given by the following expressions (Takabi et al.,
2016):

ρnf = φ1ρ1 + φ2ρ2 + (1− φ)ρf (7)

cp,nf =
φ1ρ1cp1 + φ2ρ2cp2 + (1− φ)ρfcp,f

ρnf
(8)

βp,nf =
φ1ρ1βp1 + φ2ρ2βp2 + (1− φ)ρfβp,f

ρnf
(9)

whereφ = φ1 + φ2 denotes the overall solid volume concentration of the nanoparticles.
Thermal conductivity of the hybrid nanofluid, which was defined according to Maxwell’s model, can be given as

follows (Takabi et al., 2016):

knf
kf

=

[

φ1k1 + φ2k2
φ

+ 2kf + 2 (φ1k1 + φ2k2)− 2φkf

]

×

[
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φ

+ 2kf − (φ1k1 + φ2k2) + φkf

]

−1 (10)

Dynamic viscosity of the nanofluid is defined by using the Brinkman model (Takabi et al., 2016):

µnf =
µf

(1− φ)2.5
(11)

For the inner and outer parts of the annulus, surfaces are kept at constant temperatures ofTh andTc with Th > Tc.
Part of the inclined side of the outer triangle has an opening, and in the rest of the inner and outer parts, no slip
boundary conditions (u = v = 0) were imposed.

Boundary condition at the opening was adopted from (Muftuoglu and Bilgen, 2008), such as

∂u

∂x
= −

∂v

∂y
,

∂v

∂x
= 0, Tin = Tc,

(

∂T

∂x

)

out

= 0 (12)

In another study, extended computational domain strategy was used (Polat and Bilgen, 2002).
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Local Nusselt number along the hot wall of the annular space is calculated as follows:

Nus = −
knf
kf

(

∂θ

∂n

)

(13)

whereθ represents the nondimensional temperature and s denotes the local coordinate along the wall.
The averaged Nusselt number is obtained after integrating the local Nusselt number along the hot wall as follows:

Num =
1

S

∫ S

0

Nusds (14)

3. SOLUTION METHODOLOGY

The Galerkin weighted residual finite element formulation was used to solve the governing equations. Non-overlapping
regions in the computational domain are constructed, and each of the flow variables are approximated by using the
interpolation functions in those regions. Lagrange finite elements of different orders are utilized to approximate the
flow variables, such as

Θ =
N
∑

k=1

ΘkΨk(x, y) (15)

whereΘ denotes a field variable.
Approximations were substituted into the governing equations, which results in residuals for each of the conser-

vation equation. The convergence of the solution is obtained when the relative error for each of the variables denoted
by Γ satisfy the following convergence criteria:

∣
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∣

∣

∣

∣

≤ 10−5 (16)

Numerical experiments with various grid sizes were performed, and grid independence of the solution was as-
sured. Five different grid systems with a various number of triangular elements were tested, such as G1 (750 ele-
ments, Num = 6.137), G2 (2235 elements, Num = 6.152), G3 (3922 elements, Num = 6.162), G4 (7678 elements,
Num = 6.222), G5 (26731 elements, Num = 6.227) for fixed values of Ra = 5× 105, φ = 0.02, and OR = 0.375.
Grid-type G4 with 7678 number of triangular elements was used in the subsequent computations.

The numerical code is validated against the existing results of Yoo (1998). In the study by Yoo (1998), the outer
cylinder is cooled and rotates while the inner cylinder is hot and the annulus is bounded by the cylinder surfaces
and filled with air. Figure 2 shows the comparison of streamlines and isotherms at Rayleigh number of 104 and for
two Reynolds number based on the rotational velocity of the outer cylinder. A further validation of the present code
is made against the results of (Varol et al., 2006). Figure 3 shows the comparison results for local Nusselt number
distribution for a Rayleigh number of 106.

4. RESULTS AND DISCUSSION

In this numerical investigation, fluid flow and heat transfercharacteristics inside an annular space formed by two
horizontal triangular surfaces kept at constant temperature with an opening located in the outer triangular surface
were studied in detail. The annular space is filled with a hybrid nanofluid that consists of a water base fluid and Al2O3

and Cu nanoparticles. The study was performed for various values of Rayleigh number (between104 and5 × 105),
opening ratio (between 0 and 0.625), and solid nanoparticlevolume fraction (between 0 and 0.02).

Analytical expressions for the shape factors in the conduction mode of heat transfer are available in the literature
for various geometries. Conduction heat transfer flux for a square channel of lengthL, which are composed of two
isothermal surfaces with lengthD1 andD2 and with temperatures ofT1 andT2, can be written as follows (Incropera
and DeWitt, 1995):
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(a)

(b) (c) (d) (e)

FIG. 2: Verification of the numerical code with the results of Yoo (1998), comparison of streamlines and isotherms.
(a) results of Yoo (1998) ; (b) Re = 100, stream; (c) Re = 100, isotherm; (d) Re = 200, stream; (e) Re = 200, isotherm

FIG. 3: Comparison of the local Nusselt number distribution with the results of Varol et al. (2006)
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q =
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D2
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(17)

When the horizontal rectangular annular space is filled withwater at low value Rayleigh numbers, the heat transfer
rate is comparable to the analytical expression in pure conduction configuration. The comparison results of heat
transfer corresponding to different low values of Rayleighnumbers and length ratios are shown in Table 2.

Streamline and isotherm distributions within the annulus are demonstrated in Fig. 4 for various values of Rayleigh
numbers at fixed values of (OR = 0.375,φ = 0.01). At Ra =104, a multi-cellular structure is seen in the annular space.
A small vortex near the lower corner of the inner triangle andan elongated vortex near the left vertical wall are seen. As
the value of the Rayleigh number enhances, the fluid motion increases and the vortex in the lower corner disappears.

TABLE 2: Comparison results of the heat transfer in a square
annular channel for various Rayleigh numbers and length ratios

Ra D2/D1 Difference (%)
500 1.2 3.89
1000 1.2 4.40
5000 1.2 4.8
500 2 2.26
1000 2 4.61
5000 2 4.81

(a) (b) (c)

(d) (e) (f)

FIG. 4: Streamlines and isotherm distributions for various Rayleigh numbers at fixed values of (OR= 0.375,
φAl2O3+Cu = 0.01). (a) Ra = 104, (b) Ra = 105, (c) Ra = 5 × 105, (d) Ra = 104, (e) Ra = 105, (f) Ra = 5 × 105
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At lower value of the Rayleigh number, convection is weak andheat transfer is inefficient in the upper and lower
corners. Temperature gradients along the hot wall become higher with increasing values of the Rayleigh number. In
the annular space, convection becomes effective as the isotherms become aligned to the vertical and horizontal walls
for higher value of the Rayleigh number. Local Nusselt number distribution along the inner hot wall is shown in
Fig. 5 for different values of Rayleigh numbers with and without opening (closed) configurations. In both cases, local
enhancement in the heat transfer is seen with increasing values of the Rayleigh number, and peaks in the local Nusselt
number are seen in the vicinity of the corners of the inner triangle.

Effects of the varying opening ratio on the streamline and isotherm distributions are shown in Fig. 6 (Ra = 105,
φ = 0.01). In the absence of opening, two distinct vortices are seen and they are elongated along the left vertical
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FIG. 5: Local Nusselt number distributions along the inner hot wallfor various Rayleigh numbers (OR= 0.375,
φAl2O3+Cu = 0.01). (a) OR = 0, (b) OR = 0.375

(a) (b) (c)

(d) (e) (f)

FIG. 6: Effects of varying opening ratio on the streamline and isotherm distributions for fixed values of (Ra= 105,
φAl2O3+Cu = 0.01). (a) OR = 0, (b) OR = 0.25, (c) OR = 0.625, (d) OR = 0, (e) OR =0.25, (f) OR = 0.625
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wall and inclined side wall. Streamlines are affected with the presence of the opening, and at the highest value of the
opening, a small vortex is seen in the upper corner of the annulus. Isotherms become more clustered along the hot
side wall with increasing values of opening ratio, and they are affected near the upper corner of the inner triangle with
the presence of the opening. Local and averaged Nusselt numbers enhance as the value of the opening ratio increases,
which is shown in Fig. 7. At lower values of the Rayleigh number, the discrepancy between the average Nusselt value is
lower between different opening ratios, which is due to the presence of locations near the side wall where heat transfer
is inefficient, as can be seen in Fig. 7(a). Averaged heat transfer enhances by about 14.46 and 52.61% at a Rayleigh
number of 104 and 5 × 105 for opening ratio of OR = 0.625 when compared to closed configuration at OR = 0.

The effects of volume fraction of the nanoparticles on the averaged Nusselt number distributions along the hot in-
ner wall are demonstrated in Fig. 8 for two values of Rayleighnumber and opening ratios. For the hybrid nanoparticle
case, the solid volume fraction of each nanoparticle (Al2O3 and CuO nanoparticles) is equal. The averaged Nusselt
number enhances with increasing values of the nanoparticlevolume fraction and the discrepancy between the Al2O3

single nanoparticle and (Cu and hybrid nanoparticles) is higher for higher values of the Rayleigh number and opening
ratio when the heat transfer rate is effective. Thermal transport within the annular space is increased with the addition
of different nanoparticles due to the increased effect of thermal conductivity, which is highest for the Cu nanoparticles.
The change in heat transfer with respect to a change in the nanoparticle volume fraction shows a linear trend, and the
slope of the linear curve is slightly higher for the highest opening ratio. The averaged Nusselt number increases by
about 8.91, 8.76, and 7.41% at the highest volume fraction (φ = 0.02) when compared to the base fluid by using Cu,
hybrid, and Al2O3 nanoparticles at Ra = 105 and OR = 0.375.

5. CONCLUSIONS

Numerical simulation of natural convection in a triangularannulus formed by two horizontal triangular isothermal
surfaces filled with hybrid nanofluid composed of Al2O3 and Cu nanoparticles was performed. The outer inclined

0 1 2 3 4 5 6 7 8 9
0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

5.5

s/D
h

N
u

s

OR=0, 0.25, 0.375, 0.625

(a)

0 1 2 3 4 5 6 7 8 9
0

2

4

6

8

10

12

14

s/D
h

N
u

s

OR=0, 0.25, 0.375, 0.625

(b)

10
4

10
5

10
6

1.5

2

2.5

3

3.5

4

4.5

5

5.5

Ra

N
u

m OR=0, 0.25, 0.375, 0.625

(c)

FIG. 7: Local and averaged Nusselt number distributions along the hot wall for various opening ratios (Ra= 105,
φAl2O3+Cu = 0.01). (a) local Nusselt number at Ra =104, (b) local Nusselt number at Ra =5 × 105, (c) averaged
Nusselt number
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FIG. 8: Averaged Nusselt number distributions along the hot wall versus nanoparticle volume fractions for two values
of Rayleigh numbers and opening ratios. (a) Ra = 104, OR = 0; (b) Ra = 105, OR = 0; (c) Ra = 104, OR = 0.375; (d)
Ra = 105, OR = 0.375

cold surface has an opening with varying sizes. It was observed that local and average heat transfer enhance as the
value of the Rayleigh number and opening ratio increase. Thediscrepancy between the average Nusselt number for
various opening ratios increases with the Rayleigh number.The average Nusselt number increases by∼52.61% for
the opening ratio of 0.625 when compared to the closed case atthe highest value of the Rayleigh number. Thermal
transport in the annulus enhances as nanoparticles are added to the base fluid (which is due to the thermal conductivity
enhancement), and it is highest for the Cu nanoparticles. Adding nanoparticles is effective in the locations when the
heat transfer rate is effective, which is the case of higher values of the Rayleigh number and opening ratios. The
increment in the averaged Nusselt number versus solid nanoparticle volume fraction shows a linear trend, its slope is
higher for the solid volume fraction with higher thermal conductivity.
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