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Magnetic Field Effect on Mixed
Convection in Lid-Driven
Trapezoidal Cavities Filled With
a Cu–Water Nanofluid With an
Aiding or Opposing Side Wall
The present study investigates mixed convection inside a Cu–water nanofluid filled trap-
ezoidal cavity under the effect of a constant magnetic field. The mixed convection is
achieved by the action of lid-driving of the right hot inclined side wall in the aiding or
the opposing direction. The left inclined side wall is fixed and kept isothermal at a cold
temperature. The horizontal top and bottom walls are fixed and thermally insulated. The
magnetic field is imposed horizontally. The problem is formulated using the stream
function-vorticity procedure and solved numerically using an efficient upwind finite-
difference method. The studied parameters are: the Richardson number Ri¼ (0.01–10),
the Hartman number Ha¼ (0–100), the volume fraction of Cu nanoparticles
u¼ (0–0.05), and the inclination angle of side walls U¼ (66 deg, 70 deg, 80 deg). The
results have shown that the suppression effect of the magnetic field for the aiding case
is greater than that for the opposing case. Meanwhile, the enhancement of the Nusselt
number due to the presence of the Cu nanoparticles is greater for opposing lid-driven
case. [DOI: 10.1115/1.4033211]
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1 Introduction

The growth of industrial applications and the development of
mathematical science have led to a huge number of studies
regarding the mixed convection heat transfer and fluid flow inside
a lid-driven cavities. Solar power collectors, cooling of electronic
devices, lubrication, nuclear reactors, food processing, and the
dissipation of waste heat from steam-electric generating plants
are some of famous industrial applications. Moreover, the works
in Refs. [1–5] reflect the mathematician’s interest in such engi-
neering problem to test the validation of new analytical and
numerical methods. Another pertinent field with applications
above is the nanofluids technology. This field, which has received
attracted attention about a decade ago, refers to nanometer-sized
metallic or nonmetallic particles dispersed in base fluid having
relatively low thermal conductivity in order to obtain a new fluid
with improved thermophysical properties. More and moreover, it
is well known that when applying a magnetic field upon electri-
cally conducting fluid this will generate Lorentz force which
interact with the other convective forces, as a result, this interac-
tion will considerably affect the heat transfer enhancement. This
field has recently been studied prominently too. However, in the
following review, it will be emphasized on those dealing with as
more as one of the three aspects; mixed-convection, nanofluids,
and magnetohydrodynamics.

Forced and free (mixed) convection flow in a lid-driven cavity
or enclosure is generated from two mechanisms. The first is due to
shear flow caused by the movement of one (or two) of the cavity
wall(s) while the second is due to the buoyancy flow induced

by the thermal nonhomogeneous cavity boundaries. These two
mechanisms may be aiding or opposing depending on the direc-
tion(s) of the moving wall(s). Different aspect ratio cavities with
moving walls were studied early by Torrance et al. [6]. They
revealed a marked influence of buoyancy for larger aspect ratio
when the Grashof number Gr¼6106. Iwatsu et al. [7] conducted
a comprehensive numerical solution of 3D flow within a cubic
cavity with a moving upper surface. They expanded the flow
description through another work [8] to ascertain the relative
importance of natural and forced convections inside a 2D cavity
with moving top wall. Aydin [9] investigated the effect of a mov-
ing vertical wall for aiding and opposing modes. He found that the
mixed convection range of Richardson number for the opposing-
buoyancy case was wider than that of the aiding-buoyancy case.
Chamkha [10] extended the work of Aydin [9] to include the
effect of the presence of internal heat generation or absorption
and external magnetic field. He found that increasing the magnetic
field strength reduced significantly the average Nusselt number
for both aiding and opposing cases, while the presence of the
internal heat generation effect was found to decrease the average
Nusselt number significantly for aiding flow and to increase it for
opposing flow. Al-Amiri et al. [11] studied the combined buoy-
ancy effect of thermal and mass diffusion in a square cavity with a
moving upper wall. They illustrated that heat transfer and mass
transfer characteristics inside the cavity were enhanced for low
values of the Richardson number due to the dominance of the
mechanical effect induced by the moving lid. Sharif [12] con-
ducted a study on the mixed convection in inclined rectangular
shallow cavity (aspect ratio¼ 10). He concluded that the average
Nusselt number increased mildly with the cavity inclination for
the forced convection dominated case (Ri¼ 0.1) while it increased
much more rapidly with the inclination angle for the natural con-
vection dominated case (Ri¼ 10). Waheed [13] studied two cases
of mixed convection in a rectangular cavity those were either the
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top or bottom wall was moving. His results showed that an
increase in the Richardson and Prandtl numbers, respectively,
enhanced the fluid flow and energy distribution within the enclo-
sure, and heat flux on the heated wall, while an increase in the as-
pect ratio suppressed it. Due to the complexity of the actually
representation of a cavity with a moving wall perpendicular to
a stationary wall, very little experimental works are found in the
literature as by Koseff and Street [14] and Mohammad and
Viskanta [15].

Mixed convection in lid-driven cavities can be enhanced by
handling nanofluids media as in Tiwari and Das [16] who consid-
ered three combinations of double lid-driven vertical walls to
cover aiding and opposing modes. However, studies regarding lid-
driven cavities filled with nanofluids can be found in Refs.
[17–23], and those regarding lid-driven cavities subjected to mag-
neto hydrodynamic effect can be found in Refs. [24–27]. Talebi
et al. [17] investigated the laminar mixed convection flows
through a copper–water nanofluid in a square lid-driven cavity.
They observed that the effect of solid concentration decreases by
the increase of Reynolds number. Alinia et al. [18] studied the
mixed convection of a nanofluid consisting of water–SiO2 in an
inclined enclosure. They used two-phase mixture model to inves-
tigate the thermal behaviors of the nanofluid. They concluded that
the effect of inclination angle is more pronounced at higher
Richardson numbers. Salari et al. [19] studied the mixed convec-
tion flow of nanofluids within a square lid-driven cavity, partially
heated by both heat sources from the bottom and side walls. They
listed many remarked results such as that the local and average
Nusselt numbers increased with the increase of the Rayleigh num-
ber, the solid volume fraction, and the Reynolds number while
they decreased with the increase of the length of heat sources.
Cho et al. [23] performed a numerical investigation into the mixed
convection heat transfer performance of water-based nanofluids
confined in a lid-driven wavy-vertical wall cavity. Their main
result showed that for a given nanofluid, the average Nusselt
number can be optimized via an appropriate tuning of the wavy
surface geometry parameters.

Mixed convection in a square cavity of sinusoidal boundary
temperatures at the sidewalls in the presence of magnetic field
was investigated by Sivasankaran et al. [24]. They found that the
heat transfer rate increases with increasing the amplitude ratio and
the flow behavior and heat transfer rate inside the cavity are
strongly affected by the presence of the magnetic field. Ghasemi
et al. [25] examined the natural convection in an enclosure that is
filled with a water–Al2O3 nanofluid and is influenced by a mag-
netic field. They showed that an increase of the solid volume frac-
tion may result in enhancement or deterioration of the heat
transfer performance depending on the value of Hartmann and
Rayleigh numbers. Kadri et al. [26] devoted to the study of mag-
netoconvection in square cavity containing alumina (Al2O3) water
nanofluid. They reported in their results that by increasing the
intensity of the magnetic field, the conductive transfer mode
becomes dominant and the heat exchange in nanofluids is influ-
enced by the value of Hartmann number and direction of the
applied magnetic field. Chatterjee et al. [27] paid the problem of
Chamkha [10] by including the Joule heating effect and with plac-
ing a heat conducting horizontal solid square cylinder centrally
within the enclosure. Their main result showed that with increas-
ing magnetic field strength, the drag coefficient increases whereas
the Nusselt number decreases.

All of the previous displayed works (and many others not
presented here for brevity) are concerned with a rectangular or
a square cavity. However, nonrectangular cavity geometries are
also studied in many situations to extend the applications of the
lid-driven mixed convection. Novel hydrodynamic simulations
have been made to consider and compare three standard manu-
factured cavity shapes these are: square, rectangular, and semi-
circular by Migeon et al. [28] where the lid is due to a vertical
wall. They found that the semicircular cavity flow offers a
much more homogeneous and uniform recirculation with no

secondary flow zones. Mercan and Atalik [29] considered the
lid-driven in arc-shaped cavities of different cross sections with
high-Reynolds number. Saha et al. [30] investigated the mixed
convection inside a parallelogram cavity using penalty finite ele-
ment method. They reported that the maximum heat transfer is
obtained when the inclination angle of the cavity side walls is
30 deg. Lid-driven triangular enclosure filled with nanofluids is
studied by Rahman et al. [31] and Ghasemi and Aminossadati
[32]. In an experimental study of natural convection in a box-type
solar cocker by Kumar [33], the trapezoidal enclosure has been
proven to posses a major advantage that is the absorption of a
higher fraction of incident solar radiation falling on the aperture at
a large incidence angle. However, many published works regard-
ing natural convection in a trapezoidal enclosure are found in the
literature but a little published works that deal with mixed convec-
tion are found. Mamun et al. [34] conducted a numerical study of
2D mixed convection heat transfer in a trapezoidal cavity with a
constant heat flux from the bottom wall while the top wall is kept
isothermally and moving in the horizontal direction. In the pres-
ence of a constant magnetic field, Mahmoudi et al. [35] investi-
gated the entropy generation and enhancement of heat transfer in
natural convection flow and heat transfer using Cu–water nanofluid
inside trapezoidal enclosure. They observed that the entropy gener-
ation is decreased when the nanoparticles are present, while the
magnetic field generally increases the magnitude of the entropy
generation. Recently, Battacharya et al. [36] analyzed the flow
structure and temperature patterns during mixed convection within
a lid-driven trapezoidal enclosure with a cold top moving wall and
the bottom wall being heated by two modes: isothermally and
nonisothermally.

From the above literature survey, it can be concluded that all
mixed convection lid-driven cavities result from the lid being ei-
ther due to the horizontal or vertical walls, i.e., the lid movement
is coincided with one of the Cartesian axes. To the best of the
authors’ knowledge, a lid driven due to an inclined side wall of a
trapezoidal enclosure has never been studied. This may be due to
the complexity of the boundary conditions incorporated with
such a problem. Therefore, the present study will focus on the nu-
merical analysis of mixed convection within a trapezoidal cavity
filled with nanofluid in the present of magnetic field with the side
wall being the moving lid in both aiding and opposing flow
modes, using the vorticity-stream function formulation. It is
thought that the present study will discover the ability of the
vorticity-stream function formulation to deal with such problems,
and also will illustrate the new features of flow circulation and
temperature fields in such a geometry which has more attention
in industry. It is worth mentioning that the present paper is a part
of a continuous project that establishes the mixed convection
within fluid-saturated porous media.

2 Mathematical Model

A two-dimensional trapezoidal cavity filled with Cu–water
nanofluid and subjected to a transverse constant magnetic field
is considered for the present study with the physical dimen-
sions shown in Fig. 1. The physical properties of copper nano-
particles and the base fluid (water) are presented in Table 1.
The cavity horizontal walls are fixed and thermally insulated.
The left-side wall is fixed and kept isothermally at Tc. The right
side wall is moving with a velocity vector q¼ iuþ jv, and iso-
thermally kept at Th where Th> Tc. The direction of the right
wall movement may be upward (aiding) or downward (oppo-
sing).The inclination angle of the side walls is U in such a way
that when U equals to 90 deg, the cavity becomes a square with
a side length H. The applied horizontal magnetic field will gen-
erate a vertical (Lorentz) body force (J�B) where J¼ r
(Eþ q�B) is the current density vector and B 5 (B0, 0) is the
magnetic field vector. Due to the absence of the electric field
E in the present study, the Lorentz force will be due to the
interaction of the magnetic field and the nanofluid velocity as
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(�r v B2) where the displacement current and the induced
magnetic field are negligible. The flow is assumed to be steady,
laminar, incompressible, and the viscous dissipation is
neglected. Except density, the properties of the nanofluid are
taken to be functions of volume fraction only. It is further
assumed that the Boussinesq approximation is valid for
buoyancy force. Taking into account these assumptions, the
governing equations (continuity, momentum, and energy,
respectively) in a two-dimensional Cartesian coordinate system
can be expressed in terms of the stream function-vorticity for-
mulation as follows:

@2w
@ x2
þ @

2w
@ y2
¼ �x (1)
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The usual form of definition of the stream function w and the vortic-
ity x is u ¼ @w=@y, v ¼ �@w=@x, and x ¼ ð@v=@xÞ � ð@u=@yÞ.

The boundary conditions for the problem under consideration
are

1: on the left side wall : T ¼ Tc; w ¼ 0; x ¼ � @2w
@ x2
þ @

2w
@ y2

 !

2: on the right side wall : T ¼ Th;
@w
@x
¼ �v ¼ �

����q
���� sin U;

x ¼ � @2w
@ x2
þ @

2w
@ y2

 !

3: on the top y ¼ Hð Þ and on the bottom y ¼ 0ð Þwalls :

@ T

@ y
¼ 0; w ¼ 0; x ¼ � @

2w
@ y2

(4)

where u and v are the velocity components along the x and y axes,
respectively, g is the acceleration due to gravity, � is the kine-
matic viscosity, b is the thermal expansion coefficient, and the
subscript nf refers to nanofluid.

By introducing the following nondimensional parameters:

X ¼ x

H
; Y ¼ y

H
; W ¼ w

H jqj ; U ¼ u

jqj ; V ¼ v

jqj

H ¼ T � Tc

DT
; X ¼ H x

jqj

(where jqj is the magnitude of the velocity vector) into Eqs. (1)–(4),
the final nondimensional governing equations become
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with the dimensionless boundary conditions

1: on the left side wall X ¼ 0 : H ¼ 0; W ¼ 0;

X ¼ � @2W
@ X2

þ @
2W
@ Y2

� �

2: on the right side wall X ¼ 1 : H ¼ 1;
@W
@X
¼ �Sin U;

X ¼ � @2W
@ X2

þ @
2W
@ Y2

� �
3: on the top y ¼ 1ð Þ and on the bottom y ¼ 0ð Þwalls :

@H
@Y
¼ 0; W ¼ 0; X ¼ � @

2W
@ Y2

(8)

where Pr ¼ �nf=anf is the Prandtl number, Ri ¼ Gr=Re2 is the

Richardson number, Gr ¼ g bnf DT H3=�2
nf is the Grashof number,

Re ¼ jqjH=�nf is the Reynolds number, and Ha ¼ Bo H
ffiffiffiffiffiffiffiffiffiffiffiffi
rf =lf

q
is the Hartman number.

The thermal conductivity of nanofluid is based on a model that
takes into account the solidlike nanolayer formed by the liquid

Fig. 1 Schematic illustration of the geometry

Table 1 Thermophysical properties of base fluid and nanopar-
ticles [16,35]

Physical property Base fluid (water) Cu

Cp (J/kg K) 4179 385
q (kg/m3) 997.1 8933
k (W/m/K) 0.613 401
b� 10�5 (1/K) 21 1.67
r (S/m) 0.05 5.96� 10�7
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molecules close to the solid surface of nanoparticle, Yu and Choi
[37]. This model gives considerable increase in thermal conduc-
tivity particularly when the nanoparticle diameter dp< 10 nm
[37]. It is expressed as

knf ¼ kf
keq þ 2kfð Þ þ 2 keq � 2kfð Þ 1þ kð Þ3/

keq þ 2kfð Þ � keq � kfð Þ 1þ kð Þ3/

" #
(9)

where

keq ¼ knp c
2 1� cð Þ þ 1þ kð Þ3 1þ 2cð Þ
� 1� cð Þ þ 1þ kð Þ3 1þ 2cð Þ

" #

k ¼ hnl

rnp

c ¼ knl

knp

where hnl is the thickness of the solidlike nanolayer, rnp is the
nanoparticle radius (dnp/2), and knl is the thermal conductivity of
the solidlike nanolayer (knl¼ 10–100 kf). In the present study, a
value of hnl¼ 2 nm, dnp¼ 10 nm, and knl¼ 10 kf were adopted.

To predict the dynamic viscosity of nanofluid, Corcione corre-
lation [38] was adopted and as follows:

lnf

lf

¼ 1

1� 34:87
dnp

df

� ��0:3

/1:03

(10)

where df defined as the equivalent diameter of the molecule of
base fluid (water in the present study)

df ¼
6M

Npqf o

 !1=3

(11)

where M is molecular weight of the base fluid, N is the Avogadro
number, and qfo is the density of base fluid at standard tempera-
ture 293 K. Accordingly, and basing on water as base fluid, the
value of df is obtained:

df ¼
6� 0:01801528

6:022� 1023 � p� 998:26

� �1=3

¼ 3:85� 10�10 nm

Although Corcione [38] argued that his model exhibits an accuracy
of (1.85% standard deviation) when it applied for 25� dnp� 200 nm,
his model can be used with dnp¼ 10 nm but with more than 1.85%
error [39]. Nevertheless, although this incorporated small error, it is
thought that Corcione model still offer more accurate results than the
most common used Brinkman model.

Heat capacity:

ðqCpÞnf ¼ ð1� /ÞðqCpÞf þ /ðqCpÞnp (12)

The electrical conductivity r of the nanofluid is given by Max-
well’s model [40]
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3
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þ 2
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� rnp

rf
� 1

� �
/

(13)

3 Numerical Formulation

The governing partial differential equations set (5)–(7) along
with the boundary conditions (8) were solved using the second-

order finite difference method. In order to get a solution for this
nonlinear set of equations, an iterative procedure was followed.
To overcome the problem of an unstable solution, the convective
terms appearing in the momentum and energy equations were
treated by the upwind scheme. A successive under relaxation pro-
cedure was also used to speed up the convergence of the solution
with less computational effort.

When one uses the stream function-vorticity formulation, it is
strongly recommended that the boundary conditions of the vor-
ticity must be carefully selected. However, in the present geome-
try, extreme caution is required because there is an inclined
moving wall. When we refer to the classical lid-driven square
cavity with top wall being moving to the right, the formula of the
vorticity on the moving wall is given by Jensen’s formula as
cited by Fletcher [41]

X0 ¼ �
0:5

DY2
8 W1 �W2ð Þ � 3 K

DY
(14)

where the subscript 0 refers to the points on the wall, 1 refers to
the points adjacent to the wall, and 2 refers to the second line of
points adjacent to the wall, and K

K ¼ @W
@Y

� �
0

(15)

Implementing and extending this formula to verify the vorticity
boundary conditions on the trapezoidal cavity walls, we get the
following formulas:

(1) on the horizontal bottom wall

X ¼ �8 Wi;jþ1 þWi;jþ2

2DY2
(16)

(2) on the horizontal top wall

X ¼ �8 Wi;j�1 þWi;j�2

2DY2
(17)

(3) on the inclined left wall (fixed)

X ¼ �8 Wiþ1;j þWiþ2;j

2DX2
þ�8 Wi;jþ1 þWi;jþ2

2DY2
(18)

(4) on the inclined right wall (moving)

X ¼ �8 Wi�1;j þWi�2;j

2DX2
� d

3 sin Uð Þ
DX

þ�8 Wi;jþ1 þWi;jþ2

2DY2
þ d

3 cos Uð Þ
DY

(19)

where d¼�1 for upward moving and d¼þ1 for downward mov-
ing wall.

The Gauss–Seidel iteration procedure was employed in the nu-
merical solution. Between each two successive iteration steps, the
difference in the variables W, X, and H is monitored. The iteration
process is terminated when the maximum percentage difference in
each variable satisfies the following:

max
vnþ1 i; jð Þ � vn i; jð Þ

vn i; jð Þ

" #�����
����� � 10�6 (20)

where v denotes any variable, W, X, or H and n is the iteration
step.

The physical quantities of interest are the local and average
Nusselt numbers on the left and right inclined walls NuL,R and
Nuav calculated on the inclined heated side wall of the cavity. The
local Nusselt number is defined as
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Nu ¼ H Qw

kf DT
(21)

where the heat transfer from the inclined right hot wall Qw is
given by

Qw ¼ �knf

@ T

@ n

� �
(22)

Using Eqs. (21) and (22) and the nondimensional definitions,
we get

Nu ¼ � knf
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where on the left wall
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Hence, the average Nusselt number is given by

Nuav ¼ �
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1= sin U

ð1=sin U

0

@H
@n

dS (24)

where dS is a segment along the inclined wall; dS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dX2 þ dY2
p

.

3.1 Grid Independency Test. The solution within a trapezoi-
dal cavity was achieved by a rectangular discretization Nx�Ny
with the inclined walls were adjusted to be exactly pass through a
boundary nodes (see Fig. 2). When the inclination angle U is cho-
sen, the ratio of number of divisions becomes known according to

tan U ¼ DY

DX
¼ Nx � 1

Ny � 1
(25)

Three values of U (66 deg, 73 deg, and 80 deg) were studied.
Table 2 presents three groups of mesh sizes for each value of U.
The selected grid sizes (226� 101, 230� 71, and 285� 51) for
U¼ 66 deg, 73 deg, and 80 deg, respectively, are dashed enclosed
as shown in Table 2. The criterion behind invoking these grid
sizes is the corresponding percentage difference between the aver-
age Nusselt numbers on the right and left inclined side walls.
It can be seen from this table that for higher inclination angles, the
percentage difference becomes larger, this may be referred to the
spread of singularities localized on the right lower and upper cor-
ners resulting from meeting a stationary and moving walls.

3.2 Validation. The convergence of the numerical solution
does not necessary mean that the correct solution is attained. There-
fore, the present numerical program is strictly recommended to be
compared with other results obtained via other numerical method-
ologies. Tiwari and Das [16] solved a square cavity with fixed hori-
zontal walls and moving vertical walls. The present code was
adapted to solve the average Nusselt number for two different cases
of the vertical walls direction both for clear fluid (with no nanopar-
ticles). The comparisons were made by making U¼ 90 deg with a
grid size of 71� 71. The comparison results are shown in Table 3.
The recorded errors of this comparison indicate to the validity of
the numerical solution followed in the present paper which is coded
using in house written FORTRAN program.

4 Results and Discussion

In order to inspect the effect of pertinent parameters, the Prandtl
number is fixed at Pr¼ 6.26 (water) and Reynolds number at
Re¼ 100. The studied parameters are; Richardson number (which
gives a measure to the importance of Buoyancy-driven natural
convection to the lid-driven forced convection) Ri¼ 0.01–10,
Hartman number Ha¼ 0–100, volume fraction u¼ 0–0.05, and
the inclination of the cavity side walls U¼ 66 deg, 73 deg, and
80 deg. These four parameters were inspected for aiding and
opposing lid-driven directions. The results are illustrated by con-
tours of streamlines and isotherms, and local and average Nusselt
number. It is worth to mention that heat transfer and fluid (or
nanofluid) flow in the present study will be under the effect of
contributions of three mechanisms. These are lid-driven (forced
convection), natural convection, and the Lorentz force. The Lor-
entz’s force effects vertically downward.

4.1 Streamlines and Isotherms

4.1.1 Aiding Lid-Driven Case. Figure 3 presents the contour
maps of U¼ 73 deg cavity under aiding lid-driven (the right side
wall is moving up) for various ranges of Richardson number Ri,
Hartman number Ha, and for pure fluid (solid lines) and nanofluid
(dashed lines). In general, for all values of Ri and Ha the stream-
lines of aiding case are formed in a single cell recirculation with
counterclockwise (positive stream function) rotation. This is
mainly due to the upward movement of the right side wall. For the
same reason, there are stagnant zones localized at the upper left
corner of the cavity, these zones are diminished with increasing
Ha (due to the vertically squeezing effect of Lorentz force) (see
Fig. 3(a)). For the case of dominance of forced convection
(Ri¼ 0.1, Fig. 3(a)) and equivalent convections (Ri¼ 1,
Fig. 3(b)), the streamlines look to be rounded in shape with circu-
lar core localized close to the moving right wall in the absence of
the magnetic field (Ha¼ 0). Increasing Ha to 50 and more to 100,
the rounded feature disappears and the vortex core is extremely
elongated and becomes closer to the moving wall. Increasing Ri
to 10, Fig. 3(c), the natural convection becomes dominant and the
core recirculation of Ha¼ 0 tends to split to form double-eye cell.
The magnetic field action suppresses the double-eye feature. This
can be observed evidently in Fig. 3(c). However, generally, the
magnetic field restrict the motion inside the cavity, this is mani-
fested by two aspects: the first is the decrease of the maximum
values of stream function listed on each contours map, and the
second is the decline of the perturbation localized in the lower
part of the cavity. Focusing into the left column of Fig. 3 (Ha¼ 0),
it is noticed that the strength of the recirculation vortex is mark-
edly decreases when Ri is increased to 10. This may refer to the
tendency of the core to the double-eye feature when the natural
convection is primarily dominance. The middle and right columns
of Fig. 3 which reflect the contributions of the three mechanisms
mentioned above reveals the continuous strengthening of the core
vortex with Ha for all ranges of Ri. Hence, it can be returned to the
left column now and say that the reason of the vortex retardation at
Ri¼ 10 when Ha¼ 0, is that the stronger natural convection pushes
fluid up a way from the right moving wall and this in turn decreaseFig. 2 Numerical finite difference method grid
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the matching between the natural convection and the friction effect
of lid-driven. But in the presence of the magnetic field, even with
increasing Ri to 10, it will be already suppressed to keep the match-
ing with the mechanical friction leading to vortex strengthen. To
investigate the effect of nanoparticles addition, it can be clearly
observed that the recirculation of the nanofluid is stronger than that
for the pure fluid for all values of Ri and Ha. It is worth to mention
that the nanoparticles addition enhances the thermal energy by
enhancing the thermal conductivity (Eq. (9)), Lorentz force by
increasing the electrical conductivity (Eq. (13)) and in the same
time increases the viscous and inertia forces (Eqs. (10) and (12)).
From the information of Fig. 3, it can be concluded that, except for
Ri� 1 and Ha¼ 0, the thermal energy enhancement effect is pre-
dominant over others, moreover the increase in viscosity leads to
increase the viscous force which restricts the flow and simultane-
ously increases the shear driven force which enhances the forced
convection inside the cavity. For instance, the strengthening per-
centages of Wmax (due to nanoparticles effect) for Ri¼ 1 are:� 1.2,
16.9, 18.3 at Ha¼ 0, 50, 100, respectively (the negative sign means
reduction). This is because with increasing Ha, the natural
convection becomes more influenced especially with increasing the
viscosity and density of the nanofluid. On the other hand, the shear-
driven force is slightly affected by the imposed magnetic field. The
appearance of Fig. 3(c) demonstrates this attribution where it is
clear how the nanofluid core vortex is plumed toward the direction
of the right side wall movement.

The isotherms (of Fig. 3) look denser close to the left cold fixed
side wall, this density decreases with applying the magnetic field as
an indication to the natural convection suppression. A congregation
of isotherms is also seen close to the lower part of the right moving
wall and exactly within the perturbation regions of streamlines.
Except of Ha¼ 0, the cavity manifests a thermally stagnant zone at
the upper right corner. For the case of Ri¼ 10 and Ha¼ 0, the iso-
therms have the stratified feature close to the bottom adiabatic wall.
Clearer stratification behavior is seen when Ha¼ 50. Excessive
magnetic field (Ha¼ 10) pays the isotherms to be parallel to the left
side wall except in the cavity core and in the vicinity of the horizon-
tal adiabatic walls indicating the tendency to conduction mode.

The inclination angle U parameter is presented in Fig. 4 for
comparable convection modes. Nevertheless, Fig. 3(a) may be
recalled for comparison purpose. Due to space provision incorpo-
rated with increasing U, it can be seen that the strength of the
counter clockwise recirculation of aiding case (Fig. 4) is slightly
increased at Ha¼ 0. For higher Ha values, there is no significant
effect of the inclination angle on the strength of the streamlines.

4.1.2 Opposing Lid-Driven Case. The illustration strategy fol-
lowed in Fig. 3 is repeated here in Fig. 5 but for opposing lid-driven
case. The dominant mixed convection (Ri¼ 0.1) presented in
Fig. 5(a) indicates to a single clockwise recirculation (negative
stream function) vortex with some perturbation at the tail of the lid-
driven side wall. The applied magnetic field weakens the

Table 2 Grid independency test

U Grid size Nx�Ny Nuav along the right side wall % difference between the left and right Nuav

66 deg 64� 21 6.75 20.7
68� 31 7.96 17.2
91� 41 9.03 10.7
113� 51 9.73 7
136� 61 10.208 4.7
158� 71 10.586 3.1
181� 81 10.855 2.05
203� 91 11.045 1.4
226� 101 11. 213 0.8
248� 111 11.4

73 deg 66� 21 7.22 26.7
99� 31 8.823 14.3
132� 41 9.78 8.3
165� 51 10.37 5.1
197� 61 10.74 3.2
230� 71 11.009 1.8
263� 81 11.22 �0.2

80 deg 114� 21 8.49 20.3
171� 31 9.72 14.2
228� 41 10.133 8.7
285� 51 10.807 3.2
341� 61 11.78 �17.6
398� 71 11.79 �14.3
455� 81 12.38 �18

Table 3 Comparison of average Nusselt number with Tiwari and Das [16], square cavity with two vertical sides being lid. Pr 5 6.2,
clear water.

Case A
Case B

Ri (Re) Tiwari and Das [16] Present % Error Tiwari and Das [16] Present % Error

0.1 (316.23) 30.67 29.22 �4.7 11.54 11.15 �3.38
1 (100) 17.96 17.43 �2.95 6.65 6.61 �0.6
10 (31.623) 10.19 9.95 �2.3 4.25 4.22 �0.7
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Fig. 3 Effect of Ha and Ri on streamlines (upper row) and isotherms (lower row) for aiding
lid-driven case and U 5 73 deg, solid lines u 5 0, and dashed lines u 5 0.03: (a) Ri 5 0.1, (b)
Ri 5 1, and (c) Ri 5 10
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recirculation strength and minimizes the stagnant zone localized at
the upper left corner. The rounded behavior of streamlines at Ha¼ 0
disappears with applying the magnetic field too. For this convection
modes ratio (Ri¼ 0.1), the isotherms of Ha¼ 0 are crowded forming
thermal boundary layer close to the lower part of the left fixed side
wall and mostly parallel close to the adiabatic top wall. When Ha is
increased, the thermal boundary layer is scattered and the isotherms
becomes mostly vertically parallel as an indication to the conduction
mode appearance. For equivalent convection mode (Ri¼ 1),
Fig. 5(b), when Ha¼ 0, besides the dominated clockwise recircula-
tion, a second counterclockwise recirculation is originated at the
upper left corner of the cavity, far away from the shear effect. This
recirculation is completely suppressed by the effect of Lorentz force
which can be seen also from the corresponding isotherms where the
disturbed appearance of Ha¼ 0 is qualified to a conduction indica-
tion. When Ri is further increased to 10, the stronger natural convec-
tion could be demonstrated by the stronger counterclockwise

recirculation which squeezes the clockwise one and limits it close to
the right moving wall. Moreover, the Lorentz force assists the last
recirculation by suppressing the counterclockwise one. The suppres-
sion effect of the Lorentz force is seen by the alteration of isotherms
from the stratified aspect at Ha¼ 0 to mostly parallel lines to both ver-
tical sides as in Ha¼ 100. Generally, the magnetic field weakens the
strength of both counter and clockwise rotating vortices.

Streamlines and isotherms manifest a distinguishable shift between
the pure and nanofluid for Ha¼ 0 and Ri� 1 as shown in Fig. 5. This
shift becomes lesser when Ha> 0. As same as the elucidation of
matching effect between the natural convection and friction effect
mentioned in the aiding case, the clockwise recirculation of nanofluid
at Ri¼ 10, expands faster with increasing Ha, and sweeps the left
counter clockwise one; therefore, the strength of the last is reduced
with the nanoparticles addition as indicated by the Wmax values.

The effect of side walls inclination U in the case of opposing
lid-driven is shown in Fig. 6 for comparable convection modes.
At Ha¼ 0, both the clock and the generated counter clockwise
recirculation vortices are strengthened with U in the absence of
the magnetic field (Ha¼ 0), this is due to the same reason of space
provision. The generated clockwise recirculation is weak and
occupies little space at U¼ 66 deg (Fig. 6(a)). It becomes stronger
and occupies more space when U¼ 80 deg (Fig. 6(b)).

4.2 Heat Transfer. The distribution of local Nusselt number
NuR along the moving right wall is presented in Figs. 7–9 for
U¼ 73 deg and for both lid direction cases. The effect of Hartman
number is shown in Fig. 7, Richardson number and volume frac-
tion are fixed at Ri¼ 1 and u¼ 0.03, respectively. This figure
clearly demonstrates the suppression effect of Lorentz force on
the heat transfer. Taking the direction of wall movement as a ref-
erence, the local Nusselt number is maximum within the tail of
the wall and decays gradually toward its front. The peaks-like
mutation localized at the wall edges could be attributed to the per-
turbations of streamlines (refer to Figs. 3–6) indicated there.
These perturbations are attributed to the physical singularities
resulting from meeting stationary and moving boundaries together
with that the fluid falling on the bottom wall will be suddenly
driven by the shear friction of lid-driven. However, the aiding
peaks are approximately twice those of the opposing case. It is
clear from Fig. 8 that NuR increases with Ri for the aiding case
faster than that for the opposing case. Figure 9 indicates that nano-
particles enhance the convection for all ranges of u within the
present based models. Moreover, the enhancement of the oppos-
ing case is greater than the aiding case.

The average Nusselt number Nuav on the moving right wall cal-
culated by Eq. (24) is depicted in Figs. 10–12 for U¼ 73 deg and
for both lid-driven cases. Figure 10 shows that the suppression
effect of Lorentz force in the opposing lid-driven case is a bit lesser
than it in the aiding lid-driven. This is quite reasonable because of
in the opposing case the direction of shear effect coincides with the
direction of the Lorentz force and vice versa in the aiding case. It
is also clear from this figure that the increasing function of Nuav

with volume fraction u in the opposing case is slightly faster than
it in the aiding case especially at no magnetic field. Fixing Ha at
10, the effect of Ri is studied and presented in Fig. 11. In the aiding
case, Nuav increases monotonously with increasing Ri. Meanwhile
in the opposing case, the Nuav looks overlapping and may need
some clarifications; when Ri¼ 0.1 the convection is mainly due to
the shear effect of lid-driven. Increasing Ri to unity, the natural
convection arises and as a result the two convections become
equivalent; hence, they will be competitors. This leads to a pro-
nounced reduction in the overall convection. When Ri is further
increased to 10, the natural convection overcomes the forced one
and hence the Nuav increases again. This elucidation is true up to a
volume fraction of u¼ 0.04. Beyond this fraction (at high Ri val-
ues), the viscous and inertia forces besides the Lorentz force play
adverse role against the thermal energy enhancement. Therefore,
the higher Ri value becomes useless.

Fig. 4 Effect of Ha and side wall inclination on streamlines
(upper row) and isotherms (lower row) for aiding lid-driven,
Ri 5 1.0, solid lines u 5 0, and dashed lines u 5 0.03: (a)
U 5 66 deg and (b) U 5 80 deg
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For equivalence convection modes (Ri¼ 1), the effect of side
walls inclination angle U is presented in Fig. 12. Both the aiding
and opposing cases are harmonious in their behavior, where Nuav is
an increasing function with the decrease of U, i.e., the tendency to

the trapezoidal cavity. This is may be ascribed to that reducing U
means increasing the effective shear length and increasing the
amount of heated fluid close to the moving wall. These two aspects
enhance both the forced and natural convection, respectively.

Fig. 5 Effect of Ha and Ri on streamlines (upper row) and isotherms (lower row) for opposing
lid-driven and U 5 73 deg, solid lines u 5 0, and dashed lines u 5 0.03: (a) Ri 5 0.1, (b) Ri 5 1,
and (c) Ri 5 10
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4.3 Useful Correlations. The present obtained data of the av-
erage Nusselt number are utilized here in finding useful correla-
tions for Nuav with the pertinent parameters: Ri, Ha, u, and U.
The obtained polynomial correlations are as follows:

(i) for aiding lid-driven case:

Nuav ¼ 13:7887þ 0:9313Ri0:6454 � 0:0898Ha0:849 þ 33:11/1:0488

� 0:1024U

(ii) for opposing lid-driven case, and Ri< 10

Nuav ¼ 3:789� 0:9404Ri� 0:1065Ha0:7332 þ 11:882/0:673

� 3:6143 cos U

The values of correlation coefficient, R, between the numerical
and correlated values are as follows: 0.9634 for the aiding case
and 0.9644 for the opposing case. The statistical effort is based on
95% confidence level.

Fig. 6 Effect of Ha and side wall inclination on streamlines
(upper row) and isotherms (lower row) for opposing lid-driven
case, Ri 5 1.0, solid lines u 5 0 and dashed lines u 5 0.03: (a)
U 5 66 deg and (b) U 5 80 deg

Fig. 7 Distributions of local Nusselt number along the inclined
right side wall NuR for U 5 73 deg, u 5 0.03, and Ri 5 1.0

Fig. 8 Distributions of local Nusselt number along the inclined
right side wall NuR for U 5 73 deg, u 5 0.03, and Ha 5 0

Fig. 9 Distributions of local Nusselt number along the inclined
right side wall NuR for U 5 73 deg, Ha 5 50, and Ri 5 1.0
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5 Conclusion

Mixed convection inside a nanofluid, lid-driven trapezoidal
cavity under the effect of a transverse magnetic field was studied
numerically. The right hot side wall was driven upward (aiding)

or downward (opposing), while the cold left side wall is fixed.
The top and bottom walls are kept adiabatic. Careful boundary
conditions on the moving side wall were imposed with the stream
function-vorticity formulation. The following remarks were con-
cluded from the obtained results:

(1) The effect of the applied magnetic field is to curb the nano-
fluid movement within the cavity and, hence, suppresses
the convection heat transfer. This suppression, for the aid-
ing case is greater than that in the opposing case.

(2) The enhancement of the average Nusselt number Nuav due to
the nanoparticles is greater for the opposing lid-driven case.

(3) The average Nusselt number for the aiding case is an
increasing function of Ri. For the opposing case, it is a
decreasing–increasing function of Ri when u< 0.04 and a
decreasing function for u> 0.04.

(4) The average Nusselt number is higher at higher inclination
angles of the side walls (lower value of U).

Nomenclature

Bo ¼ applied magnetic field (T)
d ¼ diameter (m)
E ¼ electric field (V m�1)
g ¼ gravitational field (m s�2)

Gr ¼ Grashof number Gr ¼ g bDT H3=�2

H ¼ cavity height (m)
Ha ¼ Hartman number, Ha ¼ Bo H

ffiffiffiffiffiffiffiffiffiffiffiffi
rf =lf

q
J ¼ current density (A m�2)
k ¼ thermal conductivity (W/m K)
n ¼ normal vector to the inclined side wall
N ¼ number of grids

Nu ¼ local Nusselt number
Nuav ¼ average Nusselt number

Pr ¼ Prandtl number Pr ¼ �=a
q ¼ velocity of the moving wall (m/s)

Re ¼ Reynolds number Re ¼ jqjH=�
Ri ¼ Richardson number Ri¼Gr/Re2

S ¼ dimensionless segment along the side wall
T ¼ temperature (K)

u,v ¼ velocity components along x and y-directions (m s�1)
U,V ¼ dimensionless velocity components along x and y

directions
x,y ¼ Cartesian coordinates (m)

X,Y ¼ dimensionless Cartesian coordinates

Greek Symbols

a ¼ thermal diffusivity (m2 s�1)
b ¼ thermal expansion coefficient (K�1)
H ¼ dimensionless temperature
K ¼ parameter used in Eq. (14) and defined in Eq. (15)
l ¼ dynamic viscosity (Pa�s)
t ¼ kinematic viscosity (m2s�1)
q ¼ density (kg/m�3)
r ¼ electrical conductivity (S/m)
/ ¼ nanoparticles volume fraction
U ¼ inclination angle of the side walls (deg)

w, W ¼ stream function (m2s�1), dimensionless stream function
x, X ¼ vorticity (s�1), dimensionless vorticity

Subscripts

av ¼ average
c ¼ cold

eq ¼ equivalent
f ¼ fluid
h ¼ hot

nf ¼ nanofluid
nl ¼ nanolayer
np ¼ nanoparticle

r ¼ right

Fig. 10 Variation of average Nusselt number along the inclined
right side wall Nuav for U 5 73 deg, Ri 5 1.0

Fig. 11 Variation of average Nusselt number along the inclined
right side wall Nuav for U 5 73 deg, Ha 5 10

Fig. 12 Variation of average Nusselt number along the inclined
right side wall Nuav for Ha 5 10, Ri 5 1.0
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