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ABSTRACT 
In the present paper, natural convection in an annulus between two 
confocal elliptic cylinders filled with a Cu-Al2O3/water hybrid nanofluid is 
investigated numerically. The inner cylinder is heated at a constant surface 
temperature while the outer wall is isothermally cooled. The basic equations 
are formulated in elliptic coordinates and developed in terms of the 
vorticity-stream function formulation using the dimensionless form for 2D, 
laminar and incompressible flow under steady-state condition. The 
governing equations are discretized using the finite volume method and 
solved by an in-house FORTRAN code. Numerical simulations are performed 
for various volume fractions of nanoparticles (0 � ϕ � 0.12) and Rayleigh 
numbers (103 � Ra � 3 � 105). The eccentricity of the inner and outer 
ellipses and the angle of orientation are fixed at e1 ¼ 0.9, e2 ¼ 0.6 and γ ¼ 0° 
respectively. It is found that employing a Cu-Al2O3/water hybrid nanofluid is 
more efficient in heat transfer rate compared to the similar Al2O3/water 
nanofluid. 

ARTICLE HISTORY 
Received 13 April 2016 
Accepted 9 August 2016    

1. Introduction 

Nanofluids are a new class of fluids that consist of a conventional base fluid suspended with 
nanometer-sized solid particles (1–100 nm). It was introduced for the first time by Choi [1] at 
Argonne National Laboratory, USA, in 1995. The high thermal conductivity of these nano-sized 
particles compared with that of the base fluids can help improve the rate of heat transfer in many 
practical applications such as heat exchangers, solar collectors, thermal storage systems, and cooling 
of electronic components. Numerous nanofluids capable of heat transfer enhancement in enclosures 
using such as Cu, CuO, Ag, Au, AgO, Al2O3, and TiO2 suspended into a pure base fluid have been 
extensively studied (e.g., [2–9]). 

A hybrid nanofluid refers to a combination of two different types of nanoparticles dispersed in a 
base fluid. Thus, when materials of nanoparticles are chosen correctly, they would strengthen the 
positive aspects of each other. The metallic nanoparticles such as copper, aluminum, and zinc present 
great thermal conductivities. However, the use of these metallic nanoparticles for nanofluid 
applications is limited due to their reactivity and stability. On the other hand, ceramic nanoparticles 
(e.g., alumina) have lower thermal conductivity compared to the metallic nanoparticles, but they 
have many favorable properties such as stability and chemical inertness. Thus, it is expected that 
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the addition of copper (metallic nanoparticles) into an alumina-based nanofluid can improve 
the thermophysical properties of the global mixture without weakening the stability of the 
nanofluid [10]. 

Experimentally, many research studies have been carried out treating the new technological 
concept of hybrid nanofluids. Suresh et al. [10] carried out an experimental work to measure the 
thermal conductivity (using a KD2 Pro thermal property analyzer) and viscosity (using Brookfield 
cone and plate viscometer equipped) of the Al2O3–Cu/H2O hybrid nanofluids. They added copper 
nanoparticles to the alumina/water nanofluid and synthesized Al2O3–Cu/water hybrid nanofluids 
with volume fractions from 0.1% to 2%. The results showed that both the thermal conductivity 
and the viscosity of the combined nanofluids increase with the nanoparticles volume concentration. 
Jena et al. [11] made a synthesis of Cu–Al2O3 hybrid nanoparticles from mixtures of CuO–Al2O3 
chemically prepared using the technique of hydrogen reduction. Nine et al. [12] synthesized 
Al2O3-MWNTs  (Multiple Walled Carbon Nanotubes) dispersed in water and investigated their ther-
mal characterization. Nine et al. [13] synthesized Cu/Cu2O–water hybrid nanofluid using the wet ball 
milling process. Baby and Ramaprabhu [14] prepared CuO/HEG (copper oxide decorated graphene) 
dispersed in deionized water and ethylene glycol, and studied the thermal transport properties of 
those hybrid nanofluids. 

For more information on hybrid nanofluids (synthesis, thermodynamic properties, heat transfer, 
pressure drop characteristics, etc.), readers are referred to the work of Sarkar et al. [15], who carried 
out an extensive review summarizing recent studies and challenges of hybrid nanofluids. 

For numerical studies, very few studies have been performed on hybrid nanofluids. Takabi and 
Salehi [16] studied numerically the free convection in the laminar regime in a corrugated enclosure 
with a discrete heat source on the bottom wall, filled by Al2O3–Cu/water combined nanofluid. They 
reported improvement of the heat transfer rate of Al2O3–Cu/water hybrid nanofluid compared to the 
Al2O3/water nanofluid with the same volume concentration. Takabi et al. [17] studied numerically the 
laminar convection effectiveness of hybrid water-based suspensions of Al2O3 and Cu nanoparticles on 
laminar convection. Nasrin and Alim [18] simulated forced convection heat transfer of a water-based 
hybrid nanofluid inside a riser pipe of a flat-plate solar collector. Recently, Anjali [19] studied 
numerically 3D hybrid nanofluid (Cu–Al2O3/water) boundary layer flow over a stretching sheet with 
the effects of Lorentz force and Newtonian heating. 

Nomenclature 

A1, A2 major axes of the inner and outer elliptic cylinders 
(m) 

B1, B2 minor axes of the inner and outer elliptic cylinders 
(m) 

Cp specific heat at constant pressure (J · kg� 1 · K� 1) 
g gravitational acceleration (m · s� 2) 
h metric coefficient (m) 
H dimensionless h 
K thermal conductivity (W · m� 1 · K� 1) 
Nu Nusselt number 
Pr Prandtl number 
Ra Rayleigh number 
T dimension temperature (K) 
u, v axial and radial velocities (m · s� 1) 
Vη, Vθ velocity components in η, θ directions (m · s� 1) 
x, y Cartesian coordinates (m) 
α thermal diffusivity (m2 · s� 1) 
β thermal expansion coefficient (K� 1) 
γ orientation angle of the annulus 
K thermal conductivity (W · m� 1 · K� 1) 

μ dynamic viscosity, kg/m s 
υ kinematic viscosity (m2 · s� 1) 
ρ density (kg · m� 3) 
ϕ volume fraction of the nanoparticles 
η, θ elliptic coordinates, (m) 
ψ stream function (m2 · s� 1) 
ω vorticity (s� 1) 
e1, e2 eccentricities of ellipses 

Subscripts 
c cold 
h hot 
f fluid 
hnf hybrid nanofluid 
nf nanofluid 
p solid particles 
1 inner cylinder 
2 outer cylinder 

Superscript 
* dimensionless parameters   
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The annular passage is an important geometry for heat transfer and fluid flow devices. They have 
many applications in engineering such as heat exchangers, solar collectors, turbomachinery, gas 
turbines, nuclear reactors, chemical industries, cooling of electronic components, etc. Investigating 
the natural, forced, and mixed convection transport in annuli is among the most important heat 
transfer studies. Heat transfer and fluid flow in a horizontal annulus using nanofluids have become 
industrially more important. Therefore, considerable work has been done for the case of concentric 
and eccentric horizontal circular annuli [20–30]. For confocal horizontal elliptic annular passage, 
many researchers performed analyses to study heat transfer and fluid flow with different boundary 
conditions without nanofluids [31–39]. 

Study of the heat transfer and flow characteristics in an annulus between two horizontal confocal 
elliptical cylinders filled with nanofluids is limited in the open literature. A numerical investigation 
of laminar forced convection in Al2O3–water-based nanofluid in a 2D elliptical annulus using a 
single-phase approach for nanofluid modeling was carried out by Izadi et al. [40]. They found that, 
in general, the convective heat transfer coefficient increases by increasing the nanoparticles volume 
fraction. Numerical analysis for 3D laminar mixed convective heat transfer flow for different types 
of nanofluids in an elliptic annular passage with constant heat flux was investigated by Dawood 
el al [41]. The numerical study was carried out using the finite volume method (FVM) with the 
assistance of the SIMPLE algorithm. Four different types of nanofluids Al2O3–water, CuO–water, 
SiO2–water, and ZnO–water, with different nanoparticles sizes from 20 to 80 nm, and different vol-
ume fractions ranging from 0% to 4%, were used. They noticed that SiO2–water nanofluid has the 
highest Nusselt number, followed by Al2O3–water, ZnO–water, CuO–water, and lastly pure water. 
The Nusselt number increased by increasing the solid nanoparticle volume fraction and the Reynolds 
number, while it decreased by increasing the nanoparticle diameter. 

It is clear from the above citations, so far no numerical study has been performed on hybrid 
nanofluid flow in an annulus between two elliptical cylinders. In the present paper, we intend to 
use hybrid nanofluid as a new working fluid to study numerically the enhancement of natural con-
vection flow and heat transfer in an annulus bounded by two confocal horizontal elliptical cylinders. 
The effects of the related parameters such as the Rayleigh number, and the solid volume fraction of 
both nanofluid and hybrid nanofluid are examined. The inner and outer surfaces of the elliptical 
cylinder are kept at constant temperatures. A wide range of solid volume fractions ranging 
from 0% to 12% has been investigated for Rayleigh numbers in the range of 103 to 3 � 105. The 
eccentricity of the inner and outer ellipses and the angle of orientation are fixed at 0.9, 0.6, and 0°, 
respectively. 

The governing equations describing the problem are in an elliptical coordinates system [42] as the 
physical boundaries are identified with constant-value coordinates by using the vorticity–stream 
function formulation and then discretized using a coupling of two different methods. The finite vol-
ume technique has been proposed and improved by Patankar [43], where the convective and diffusive 
terms in the governing equations have been discretized using the power-law scheme, while the elliptic 
equation was solved by the centered differences method [44]. The iterative method used for the 
numerical solution of the resultant algebraic equations is the Gauss–Seidel method using the 
successive under-relaxation method (SURM). 

2. Mathematical formulation 

The configuration considered in this study is an annulus formed by two confocal elliptic cylinders 
filled with a Cu–Al2O3 water-based hybrid nanofluid (see Figure 1). The natural convection is mod-
eled by solving the continuity, momentum, and energy equations. The inner cylinder is heated by a 
constant uniform temperature Th and cooled on the outer one by a constant temperature Tc. The flow 
is considered to be 2D (as the cylinders are long enough in the axial direction). The base fluid (water) 
and the nano-sized particles (Cu and Al2O3) are in thermal equilibrium. The thermophysical proper-
ties of the nanofluid are considered constant, except for the density, which is varied based on the 
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Boussinesq model. The thermophysical properties of the nano-sized particles and water are given in 
Table 1. 

The system of equations is formulated in elliptical coordinates, which are suitable for this problem 
since the physical boundaries are identified with constant-value coordinates. The dimensional trans-
formation from elliptical (η, θ) to Cartesian coordinates (x, y) is [42] 

x ¼ r chðgÞ cosðhÞ
y ¼ r shðgÞ sinðhÞ

�

ð1Þ

where r is the half-elliptical focal distance: 

r ¼
A1

ch g1ð Þ
¼

A2

ch g2ð Þ
ð2Þ

–Continuity equation: 

q

qg
hVg

� � q

qh
hVhð Þ ¼ 0 ð3Þ

–Vorticity equation: 

Vg

h
qx

qg
þ

Vh

h
qx

qh
¼

qbð Þhnf

qhnf

1
h

g

F g; hð Þcos cð Þ � G g; hð Þsin cð Þ½ �
qT
qg
� F g; hð Þsin cð Þ þ G g; hð Þcos cð Þ½ �

qT
qh

� �

þ
mhnf

qhnf

1
h2

q2x

qg2 þ
q2x

qh2

� �

ð4Þ

Table 1. Thermophysical properties of the base fluid and the nano-sized particles [21].  
Cp (J · kg1 K� 1) ρ (kg · m� 3) k (W · m� 1 K� 1) β (K� 1)  

Water 4,179 997.1 0.613  21 � 10� 5 

Cu 385  8,933 401  1.67 � 10� 5 

Al2O3 765  3,970 40  0.85 � 10� 5   

Figure 1. Problem domain schematic and coordinate system.  
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–Energy equation: 

qT
qg

Vg þ Vh

qT
qh
¼

Khnf

qcPð Þhnf

1
h

q2T
qg2 þ

q2T
qh2

� �

ð5Þ

The vorticity is defined by 

x ¼ �
1
h2

q2w

qg2 þ
q2w

qh2

� �

ð6Þ

where h is the dimensional metric coefficient of the transformation from the Cartesian to the elliptical 
coordinates: 

h ¼ r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sh2 gð Þsin2 hð Þ

p

F g; hð Þ ¼
sh gð Þ cos hð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sh2 gð Þsin2 hð Þ
p

G g; hð Þ ¼
ch gð Þ sin hð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sh2 gð Þsin2 hð Þ
p

8
>><

>>:

ð7Þ

For the grid employed in the present study, constant η values are associated with elliptic curves and 
constant θ values result in lines joining the two walls (see Figure 2). 

The corresponding eccentricities of the inner and outer cylinders are given as follows: 

e1 ¼
1

ch g1ð Þ
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
A1

2� B1
2

p

A1

e2 ¼
1

ch g2ð Þ
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
A2

2� B2
2

p

A2

8
<

:
ð8Þ

The effective density of the hybrid nanofluid is 

qð Þhnf ¼ /qhp þ 1 � /ð Þqf ð9Þ

The thermal diffusivity of the hybrid nanofluid is 

að Þhnf ¼
Khnf

qCp
� �

hnf
ð10Þ

The heat capacitance of the hybrid nanofluid given as 

qCp
� �

hnf ¼ / qCp
� �

hp þ 1 � /ð Þ qCp
� �

f ð11Þ

The thermal expansion coefficient of the hybrid nanofluid can be determined by 

qbð Þhnf ¼ / qbð Þhp þ 1 � /ð Þ qbð Þf ð12Þ

Figure 2. (a) Physical domain and (b) computational domain.  

NUMERICAL HEAT TRANSFER, PART A 1145 



The effective dynamic viscosity of the hybrid nanofluid given by Brinkman [45] is 

mð Þhnf ¼
mf

1 � /ð Þ
2:5 ð13Þ

The effective thermal conductivity of the hybrid nanofluid, which is for low dense mixtures with 
micro-sized spherical particles, according to Maxwell [46], is 

Khnf ¼ Kf
Khp þ 2Kf
� �

� 2/ Kf � Khp
� �

Khp þ 2Kf
� �

þ / Kf � Khp
� � ð14Þ

with 

qhp ¼
/CuqCuþ/Al2O3 qAl2O3

/

Cphp ¼
/CuCpCuþ/Al2O3oCpAl2O3

/

bhp ¼
/CubCuþ/Al2O3 bCuAl2O3

/

Khp ¼
/CuKCuþ/Al2O3 KAl2O3

/

/ ¼ /Cu þ /Al2O3

8
>>>>>>><

>>>>>>>:

ð15Þ

To convert the previous governing equations into dimensionless form, the following dimensionless 
variables are introduced:  

H ¼
h
r
; V�g ¼

r
af

Vg; V�h ¼
r
af

Vh

w� ¼
w

af
; x� ¼

r2

af
x; T� ¼

T � Tc

Th � Tc  

The basic equations are written in the following dimensionless form: 

q

qg
HV�g
� � q

qh
HV�h
� �

¼ 0 ð16Þ

HV�g
qx�

qg
þ HV�h

qx�

qh
¼ PrRaH

1
1� /ð Þqf
/qhp

þ 1

bhp

bf
þ

1
/qf

1� /ð Þqhp
þ 1

0

@

1

A

Fðg; hÞcosðcÞ � Gðg; hÞsinðcÞ½ �
qT�

qg
� F g; hð Þsin cð Þ þ G g; hð Þcos cð Þ½ �

qT�

qh

� �

þ
Pr

1 � /ð Þ
2;5 1 � /ð Þ þ /

qhp
qf

h i
q2x�

qg2 þ
q2x�

qh2

� �

ð17Þ

qT�

qg
HV�g þHV�h

qT�

qh
¼

Khnf
Kf

1 � /ð Þ þ /
qCpð Þhp

qCpð Þf

� �
q2T�

qg2 þ
q2T�

qh2

� �

ð18Þ

x� ¼ �
1

H2
q2w�

qg2 þ
q2w�

qh2

� �

ð19Þ

The dimensionless boundary conditions are 
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.� inner cylinder wall (η ¼ η1 ¼ constant):  

V�g ¼ V�h ¼
qw�

qh
¼
qw�

qg
¼ 0

x� ¼ �
1

H2
q2w�

qg2 þ
q2w�

qh2

� �

T� ¼ 1

:

.� Outer cylinder wall (η ¼ η2 ¼ constant):  

V�g ¼ V�h ¼
qw�

qh
¼
qw�

qg
¼ 0

x� ¼ �
1

H2
q2w�

qg2 þ
q2w�

qh2

� �

T� ¼ 0  

In the above equations, the Prandtl number (Pr) and the Rayleigh number (Ra) are defined as 
follows: 

Pr ¼
tf

af
; Ra ¼

gbf r3 Th � Tcð Þ

tf af
ð20Þ

Calculation of the local Nusselt number at the inner cylinder wall is performed by 

Nu ¼
� Khnf

Kf

� �
1
H
qT�

qg

�
�
�
�
g1

ð21Þ

The mean Nusselt number is calculated using the following formula: 

Nuavg ¼
1

hNN � h1

Z hNN

h1
Nu dh ð22Þ

The integral in this equation is approximated with the aid of Simpson’s method. 

3. Numerical formulation 

For some problems, the use of a non-Cartesian coordinate system can be of great interest for 
calculating flows around complex or specific geometries. Thus, it is convenient to define a reference 
such as system limits that translate in constant values of coordinates. The coordinates called 
“elliptical” (η, θ) [42] allow, specifically in this case, one to obtain this result. The employed 2D grids 
including the physical and computational grids are illustrated in Figure 2. 

The system of equations (16) and (17) including the appropriate boundary conditions is solved 
numerically using the FVM. Equation (18) is solved using the centered differences method. The 
iterative method used for the numerical solution of the algebraic system of equations is 
the Gauss–Seidel, with an under-relaxation process. The following condition is used to obtain 
convergence: 

max Ui;j
nþ1 � maxUi;j

n

max Ui;j
nþ1

�
�
�
�
�

�
�
�
�
�
� 10� 6 ð23Þ

where n þ 1 and n are the current iteration and previous iteration, respectively, Φ stands for ψ* or 
T*, and i, j refer to space coordinates. 

To determine a proper grid for the numerical simulations in the present code, an extensive mesh 
testing procedure is conducted to guarantee a grid-independent solution. Seven different grids are 
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employed. The variations of the average Nusselt numbers of the inner wall with the grid number are 
given in Table 2 for the case of inclination angle γ ¼ 0°, eccentricity of the inner and outer cylinder 
e1 ¼ 0.9 and e2 ¼ 0.6, respectively, at Ra ¼ 105 and ϕ ¼ 0.06 for Cu–Al2O3/water hybrid nanofluid. 
Based on the results of this table, it is decided to choose 51 � 101 size. 

In Table 3, we present the average Nusselt number at the inner and outer surfaces 
calculated under the same conditions as those used by Elshamy et al. [33], Zhu et al. [37], and 
Bouras et al. [39], in order to compare the results of the present FORTRAN code with those 
obtained by them and to ensure the validity of the code. In addition, we present in Figure 3 
the streamlines and isotherms obtained by this computational code using the same parameters 
as those used in [32]. In summary, it is seen that the present results are in good agreement with 
those presented in Refs [32, 36, 38]. 

Table 3. Comparison of the values of mean Nusselt number of our results and the literature.     
Inner surface Outer surface 

Ra e1 e2 γ Present work Ref. [33] Ref. [37] Ref. [39] Present work Ref. [33] Ref. [37] Ref. [39]  

104  0.9  0.4 0°  3.53  3.53 –  3.49  1.14  1.19 –  1.14 
104  0.86  0.4 90°  3.70  3.68  3.58  3.72  1.39  1.35 –  1.37 
4.104  0.86  0.4 90°  5.27  5.34  5.18  5.20  1.87  1.93 –  1.85 
104  0.688  0.4 90°  2.87  2.66  2.62 –  1.41  1.38 – –   

Table 2. Effect of the grid density on the average Nusselt numbers of heated inner ellipse wall at Ra ¼ 105 and ϕ ¼ 0.06 of hybrid 
nanofluid. 

Grid size 11 � 11 11 � 21 21 � 41 31 � 61 41 � 81 51 � 101 61 � 121  

Nuavg  4.715  5.185  5.343  5.413  5.451  5.474  5.471 

Figure 3. Comparison of streamlines (a) and isotherms (b).  
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4. Results and discussion 

In this investigation, free convection heat transfer in a horizontal annulus formed by two confocal 
elliptic cylinders filled with a hybrid nanofluid is studied numerically. The working fluid in the 
enclosure is Cu-Al2O3–water hybrid nanofluid with various volume fractions of Cu and Al2O3 nano-
particles (ϕCu ¼ 1% to 4% and /Al2O3

¼ 2% to 8%) by taking the mixture of Cu nanoparticles into 
Al2O3–water nanofluid to form the required hybrid nanofluid (see Table 4). The results are obtained 
for different values of the Rayleigh number (Ra ¼ 102 to 3 � 105). The eccentricities of the inner and 
outer cylindrical ellipses, and the angle of orientation are fixed at e1 ¼ 0.9, e2 ¼ 0.6, and γ ¼ 0°, 
respectively. The Prandtl number is 6.2. A FORTRAN source code for solving PDEs by means of 
the FVM is elaborated in this study. 

The thermal and hydrodynamic fields of a 3% Al2O3/water nanofluid and a Cu–Al2O3/water 
hybrid nanofluid with the same volume fraction (3%) and pure water for different values of the Ray-
leigh number are presented in Figures 4 and 5. For the two cases, at Ra ¼ 103, conduction is the prin-
cipal mechanism of heat transfer compared to the convection, and the isotherm profiles are almost 
parallel and concentric curves, which follow the isotherm wall’s profiles, and the magnitudes of 
the stream functions are very weak. The figures also illustrate that as the Rayleigh number increases, 
the isotherms become distorted and a plume appears above the inner ellipse, which indicates the 
domination of convective heat transfer. The thermal boundary-layer thickness near the inner heated 
wall increases, which means that the temperature gradients at this surface increase and thus indicates 
higher Nusselt number and higher heat transfer rate. The corresponding dynamic field is formed by a 
pair of symmetrical vortices with anticlockwise rotation in the left side and clockwise rotation in the 
right side for all situations. Also, it is observable that by increasing the Rayleigh number, the intensity 
of the streamlines increases, which indicates that the buoyancy force increases and overcomes the vis-
cous force; hence, the heat transfer is dominated by convection. In addition, at high Rayleigh numbers 
(3 � 106), the central vortex of the main eddy deforms from an oval shape, and moves upward due to 
the buoyancy force. A phenomenon, which is also located in the lower portion of the annular space in 
which the flow is inert and stably stratified. 

Furthermore, in these figures, the isotherms and streamlines are affected by the presence of 
nanoparticles. In fact, the existence of nanoparticles (Al2O3 or Cu-Al2O3) results in accumulation 
of the isotherms near the heat ellipse wall, which means improvement in the heat transfer rate as indi-
cated by the increase in the Nusselt number. This effect is more pronounced for the hybrid nanofluid 
compared to the nanofluid (see Figure 11). 

Concerning the effect of nanoparticles on the stream function values, it is noticed that the mag-
nitudes of the streamlines for Al2O3/water nanofluid become higher than those of pure water when 
the Rayleigh number is greater than 105, but less than this value of Rayleigh number (at 104) for the 
hybrid nanofluid for the same volume fraction. From these figures, it is understood that employing a 
hybrid nanofluid is more effective compared to a nanofluid with the same concentration as well as the 
pure water case. 

Figure 6 illustrates the maximum absolute value of the stream function with respect to the volume 
fractions at different Rayleigh numbers for a nanofluid and a hybrid nanofluid. It can be observed 
from this figure that for low values of the Rayleigh number (Ra � 103), the maximum absolute value 
of the stream function decreases with increasing the volume fraction of the nanoparticles for both the 
nanofluid and hybrid nanofluid cases. Therefore, under this condition, the convection inside the 

Table 4. Various volume fractions used to form hybrid nanofluid. 

ϕCu /Al2 O3 
ϕ  

0.01  0.02  0.03 
0.02  0.04  0.06 
0.03  0.06  0.09 
0.04  0.08  0.12   
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annulus decreases with increasing values of the volume fraction of the nanoparticles. However, in this 
case, the mean Nusselt numbers increases; this increase in the mean Nusselt number is attributed to 
the increases of the thermal conductivity of the nanofluid and hybrid nanofluid with the increase in 
the volume fraction of the nanoparticles (see Figure 10). 

Figure 4. Isotherms and streamlines for different Rayleigh numbers at a volume concentration of pure water and 3% of Al2O3/ 
water nanofluid (dotted line).  
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For moderate Rayleigh numbers (Ra ¼ 104), it must be noted that when ϕ � 0.03, w�maxj j of the 
hybrid nanofluid initially increases and then decreases with increasing values of the volume fraction, 
but it always decreases for the case of the nanofluid. At this Rayleigh number, the convection strength 

Figure 5. Isotherms and streamlines for different Rayleigh numbers of pure water and 3% of Cu–Al2O3/water and hybrid nanofluid 
(dotted line).  
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Figure 6. Variations of the stream function with respect to the volume fractions at different Rayleigh numbers: (a) nanofluid, (b) 
hybrid nanofluid.  

Figure 7. Variations of the stream function with respect to the volume fractions for nanofluid and hybrid nanofluid at Ra ¼ 105 

and 3 � 105.  

Figure 8. Local Nusselt number along the inner heated wall for different values of ϕ at Ra ¼ 105, (a): Al2O3/water nanofluid; 
(b): hybrid nanofluid.  
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is weak. The values w�maxj j show that the hybrid nanofluid has the most convection strength 
compared to the case of the nanofluid. 

For Ra ¼ 105 and 3 � 105, the natural convection heat transfer has the maximum strengths 
(at ϕ ¼ 0.03 for Ra ¼ 105 and at ϕ ¼ 0.06 for Ra ¼ 3 � 105) for the case of Al2O3/water nanofluid. 
w�maxj j increases always for these high values of the Rayleigh number for the hybrid nanofluid 

(Figure 7). 
The angular distribution of the local Nusselt number along the inner wall of the elliptical annulus 

of the geometry considered for different values of ϕ at Ra ¼ 105 for the nanofluid and hybrid 

Figure 9. Local Nusselt number along the inner ellipse surface at ϕ ¼ 0.09.  

Figure 10. Average Nusselt number of the inner ellipse wall with respect to the Rayleigh number at different values of ϕ..  
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nanofluid cases at the same concentration level is depicted in Figure 8 (a) and (b). As shown, the 
minimum values of the local Nusselt number is obtained at the angular position θ ¼ 90° (at the plume 
region) for the entire range of the volume fraction and are not affected by the presence of Al2O3 or 
Cu-Al2O3 nanoparticles, while the maximum values of the mean Nusselt number (achieved at θ ¼ 0° 
and θ ¼ 180°) are affected. It can be seen from Figure 9 that the combined nanofluid has the highest 
values of the local Nusselt number compared with the classical nanofluid and pure water cases. 

Figure 10 illustrates the variation of the mean Nusselt number with the Rayleigh number for 
regular water, classical alumina nanofluid, and hybrid nanofluid for each value of the volume fraction 
separately. As can be observed from the figure, for a fixed value of ϕ, the mean Nusselt number 
increases with increasing values of the Rayleigh number for the three types of fluids. For a given 
Rayleigh number, the maximum heat transfer rate is obtained by the hybrid nanofluid and it can 
be seen that the effect of nanoparticles is more pronounced at low Rayleigh numbers, so that 6% 
increase of the solid volume fraction of Al2O3 enhances the Nusselt number by about 18% at Ra ¼ 103 

versus 10% at Ra ¼ 3 � 105 for the nanofluid; at the same concentration of Cu-Al2O3 the 
Nusselt number enhances by about 20% at Ra ¼ 103 versus 13% at Ra ¼ 3 � 105 for the hybrid 
nanofluid. 

For better comparison, variation of the average Nusselt numbers with volume fraction at Ra ¼ 105 

is shown in Figure 11. It is observed that the Nusselt number increases linearly with the solid volume 
fraction for both the nanofluid and the hybrid nanofluid cases, indicating the better heat transfer 
condition. As expected, with the same volume fraction, the mean Nusselt number values of the hybrid 
nanofluid are higher than those of the nanofluid. The effect of the hybrid nanoparticles is more 
pronounced for high values of the solid volume fractions. 

5. Conclusion 

The present study investigates 2D buoyancy-driven fluid flow and heat transfer of Al2O3/water 
nanofluid and Cu–Al2O3/water hybrid nanofluid in an annular space between confocal elliptic 
cylinders. The inner ellipse wall is under isothermal heating while the outer one has constant cold 
temperature. The computational results are obtained for different Rayleigh numbers and volume 
fractions of the nanoparticles and hybrid nanoparticles. The eccentricity of the inner and outer ellipses 
and the angle of orientation are fixed at 0.9, 0.6, and 0°, respectively. The following can be concluded. 
. Employing a hybrid nanofluid is more effective compared with the nanofluid at the same concen-

tration as well as compared with pure water. 
.� A hybrid nanofluid enhances the mean Nusselt number more than that corresponding to a similar 

nanofluid. 

Figure 11. Mean Nusselt number of the inner wall versus nanoparticle volume fraction for nanofluid and hybrid nanofluid at 
Ra ¼ 105.  
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.� The minimum values of the local Nusselt number correspond to the existence of thermal plumes at 
the top surface of the inner circular wall of the annulus (at θ ¼ 90°) and are not affected much by 
the presences of nanoparticles. 

.� The increase of the volume fraction of the nanoparticles causes a greater average Nusselt number 
of both the nanofluid and hybrid nanofluid cases, particularly at low Rayleigh numbers. 

.� The effects of nanoparticles on the streamlines and isotherms are more pronounced for the hybrid 
nanofluid compared to the nanofluid. 

.� The effect of hybrid nanoparticles is more pronounced for high values of the solid volume fractions. 
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