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ABSTRACT 
In this work, a 2-D numerical investigation and a sensitivity analysis have 
been done on the natural convection heat transfer in a wavy surface cavity 
filled with a nanofluid. For this purpose, the effects of three parameters, the 
Rayleigh number (103 �Ra � 105), nanoparticles volume fraction (0.00 
�ϕ � 0.04), and the shape of the nanoparticles (spherical, blade, and 
cylindrical), are studied. Discretization of the governing equations is 
performed using a finite volume method (FVM) and solved with the SIMPLE 
algorithm. The effective parameters analysis is processed utilizing the 
Response Surface Methodology (RSM). Comparison with previously pub-
lished work is performed and the results are found to be in good agreement. 
The results showed that increasing the Rayleigh number and ϕ increases the 
mean Nusselt number and the total entropy generation. Also, the nanofluids 
with spherical- and cylindrical-shaped nanoparticles have the highest and 
lowest Nusselt numbers and entropy generations, respectively. The 
sensitivity of the mean Nusselt number and entropy generation ratio to Ra 
and ϕ is found to be positive, whereas it is predicted to be negative to 
nanoparticles shape. 
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1. Introduction 

Convection heat transfer in cavities has several engineering applications such as cooling of electronic 
equipment, heat exchangers, heat transfer in solar ponds, nuclear reactors, and food industries [1]. 
Due to the low thermal conductivity of the common fluids that are used in commercial applications 
of channels and heat exchangers (including water, ethylene glycol, and oil), many attempts have been 
made to improve the heat transfer rate of these fluids. For example, adding of nanoparticles can be 
cited. Adding nanoparticles such as Cu, Al2O3, and TiO2 creates a mixture called nanofluid and 
improves the heat transfer coefficient [1]. Therefore, nanofluids have various applications in heat 
transfer of fluids and especially in solar energy systems such as solar heat exchangers. 

Several numerical simulations and experimental studies have been performed during the last few 
years on heat transfer in cavities with different geometries and various nanofluids, for example: a 
laminar, steady and natural convective fluid flow in a square cavity with an inclined heated thin 
fin attached to the hot wall was investigated numerically by Ben-Nakhi and Chamkha [2]. The results 
showed that the Rayleigh number and the thin-fin inclination angle have considerable effects on the 
mean Nusselt number of the heated wall, which was attached to the fin of the cavity. Ho et al. [3] 

CONTACT Ali J. Chamkha achamkha@pmu.edu.sa Prince Sultan Endowment for Energy and Environment, Prince 
Mohammad Bin Fahd University, Al-Khobar 31952, Saudi Arabia. 
Color versions of one or more of the figures in the article can be found online at www.tandfonline.com/unht.  
© 2016 Taylor & Francis 

http://dx.doi.org/10.1080/10407782.2016.1230396
mailto:achamkha@pmu.edu.sa
http://www.tandfonline.com/unht


investigated a numerical study on the natural convection of Al2O3–water nanofluid. The results 
revealed that the estimations with an opposite trend for the Nusselt number especially in high solid 
volume fractions may be obtained utilizing different thermo-physical models. A numerical study on 
the natural convection heat transfer performance and entropy generation rate in a wavy cavity filled 
with a nanofluid has been conducted by Cho et al. [4]. The results showed that increasing the 
nanoparticles volume fraction enhances the mea Nusselt number and decreases the entropy gener-
ation rate. Chamkha [5] studied a laminar, coupled heat and mass transfer by natural convective 
boundary-layer flow over a permeable isothermal truncated cone. He considered the effects of the 
presence of a magnetic field and thermal radiation. A numerical investigation on the natural convec-
tion heat transfer performance of several nanofluids in a cavity was carried out by Oztop and 
Abu-Nada [6]. The cavity was only heated along the left vertical wall. Their results indicated that 
increasing the Rayleigh number and nanoparticles volume fraction enhances the mean Nusselt num-
ber for all of the considered nanofluids. Sarris et al. [7] performed a study on the natural convection 
inside a glass melting tank, which was heated from the bottom. They found a more uniform heat 
transfer due to enhancement in the aspect ratio of the cavity and the heat source length. Kahveci 
[8] investigated the buoyancy-driven heat transfer of nanofluids in a tilted cavity. The results showed 
that increasing the Rayleigh number changes the optimal inclination angle, which has the maximum 
heat transfer rate from 45 to 30 degrees. Also, using of TiO2 nanopartilces was found to have the least 
heat transfer rate, whereas the highest heat transfer rate was obtained for Ag nanoparticles. A numeri-
cal investigation on natural convection heat transfer in a differentially heated cavity was carried out 
by Chamkha and Ismael [9]. The cavity was assumed to be vertically and partially layered and filled 
with a nanofluid. This study was performed based on double-domain formulation. They obtained the 
highest Nusselt number in a critical porous layer thickness Xp for Ra � 105. Cheikh et al. [10] carried 
out an investigation on the natural convection of air inside a square cavity. In their paper, the size of 
the heat source located at the bottom of the cavity was considered as a variable. A study on the natural 
convection heat transfer of a nanofluid flow through a square cavity with an oscillating heat source 
was investigated by Ghasemi and Aminossadati [11]. The results revealed that the optimum position 
of the heat source is a function of the Rayleigh number. Abu-Nada et al. [12] investigated the effects 
of the thermophysical variables properties on the heat transfer of different nanofluids in a cavity. The 
results indicated that the sensitivity of the mean Nusselt number to viscosity is more than that of 
thermal conductivity at high Rayleigh numbers. A study on the natural convection heat transfer of 
Cu–water nanofluid in a square cavity with partially active sidewalls was conducted by Sheikhzadeh 
et al. [13]. They concluded that by adjusting the active regions locations of the cavity walls for a given 
Rayleigh number, the mean Nusselt number could be optimized. Cho et al. [14] performed an 

Nomenclature 

Cp specific heat (J kg� 1 K� 1) 
Ec Eckert number, Ec ¼

a2
bf Kbf

W3Cpbf q000 

g gravitational acceleration (m s� 2) 
H height of the cavity (m) 
k thermal conductivity (Wm� 1K� 1) 
Nu Nusselt number 
p pressure (N m� 2) 
P dimensionless pressure 
Pr Prandtl number 
q″0 heat flux (W m� 2) 
Ra Rayleigh number, Ra ¼ gbbf W3 q00Wð Þ=kbf

vbf abf 

S entropy generation (W m� 3 K� 1) 
T temperature (K) 
TL low temperature (K) 
u*, v* velocity components in transformed coordinate 

system 

U, V dimensionless of velocity component 
W width of cavity (m) 
x, y x- and y-axis coordinates, respectively 
X, Y dimensionless Cartesian coordinates 
α thermal diffusivity, ka� 1cp

� 1 (m2 s� 1) 
β thermal expansion coefficient, (K� 1) 
ϕ nanoparticle volume fraction (%) 
µ dynamic viscosity (Pa s) 
θ dimensionless temperature 
ρ density (kg m� 3) 
ξ transformed coordinate system 
υ kinematics viscosity(m2 s� 1)  

Subscripts 
bf base fluid 
p particle 
nf nanofluid   
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investigation on the natural convection and entropy generation in a wavy cavity numerically. The 
results showed the highest heat transfer rate and the least entropy generation for Cu nanoparticles. 
A study on the natural convection of air through a rectangular cavity including two heat sources 
located at the bottom wall was investigated by Bazylak et al. [15]. They found that increasing the oscil-
lation domain of the heat flux modulation reduced the Nusselt number. Abu-Nada and Oztop [16] 
carried out a numerical investigation on the natural convection heat transfer performance of 
Al2O3–water nanofluids in a square wavy cavity. The results showed a considerable increase in the 
mean Nusselt number using the Al2O3–water nanofluid in comparison with that of pure water. A 
2-D numerical investigation on hydromagnetic natural convection heat transfer in an inclined porous 
square enclosure was performed by Khanafar and Chamkha [17]. In this paper, the presence of a 
transverse magnetic field and the fluid heat generation effects were also considered. They showed 
their results at mid-sections of the cavity graphically in terms of streamlines and isotherms as well 
as velocity and temperature profiles. Gavara [18] have performed a numerical investigation on the 
laminar natural convection in a series of thermally interacting cavities with heaters located on walls. 
In this paper, the effects of the cavity aspect ratios are obtained. Also, higher heat transfer rates were 
observed at higher aspect ratios. An investigation on the natural convection in porous and partially 
porous cavities has been performed numerically by Arpino et al. [19]. In this paper, the mean Nusselt 
number is calculated as a function of the porous layer permeability, cavity geometrical characteristics, 
and the fluid properties. Another numerical investigation on the natural convection heat transfer in 
partially trapezoidal cavities heated from the sides was studied by Moukalled and Darwish [20]. In 
this paper, they obtained the effects of the Rayleigh number, the Prandtl number, baffle height, 
and the baffle location on the heat transfer. Mohamad [21] carried out an investigation on the natural 
convection in open cavities or heated plates attached with parallel vertical strips. He found that the 
sensitivity of the mean Nusselt number to the inclination angle is not significant. A 3-D numerical 
study on steady natural connection of airflow within a differentially heated inclined cubic cavity 
was performed by Lee and Lin [22]. Cho et al. [23] performed a numerical investigation on the natu-
ral convection heat transfer performance and entropy generation of Al2O3–water nanofluid in an 
inclined wavy-wall cavity. The results showed a considerable effect on the inclination angle, especially 
at high Rayleigh numbers on the flow streamlines, isotherms, local entropy generation, and overall 
heat transfer performance. An investigation on the natural convection in a square cavity filled with 
Al2O3–water nanofluid was performed numerically by Rashidi et al. [24]. They found that the Nusselt 
number is minimized where the heat flux near the adiabatic wall was the least and near the cold wall it 
was the highest at high values of Rayleigh number, such as 106. Cho [25] conducted a numerical study 
on the heat transfer performance and entropy generation of natural convection in a cavity. In this 
paper, the wavy-wall square cavity was assumed to be partially heated and filled with Al2O3–water 
nanofluid. His results showed that increasing the volume fraction of the Al2O3 nanoparticles 
enhanced the mean Nusselt number and reduced the total entropy generation. 

According to the literature and to the best knowledge of the authors, a numerical investigation on the 
sensitivity analysis of the effective parameters on the natural convection heat transfer and entropy 
generation in a wavy surface cavity filled with a nanofluid has not yet been considered. Therefore, this 
investigation aims to obtain the optimal conditions to increase the heat transfer rate and decrease the 
entropy generation in a wavy surface cavity, which may provide a useful guideline for researchers of 
energy-related fields. In general, the innovation issues in this article arise from the investigation of the 
optimal conditions and also the sensitivity analysis of natural convection heat transfer rate with 
the consideration of entropy generation in a wavy surface cavity filled with a nanofluid using the Response 
Surface Methodology (RSM) models. 

2. Problem statement 

The geometry of the studied wavy surface cavity is shown in Figure 1. The left sidewall with a wavy 
surface is assumed to be under a constant heat flux, the right sidewall of the cavity has a constant 
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temperature, and the upper and bottom flat walls are insulated. The cavity is filled with a Cu–water 
nanofluid. 

The wavy surface is assumed to have the following cosine equation [25]: 

X ¼ aw 1 � cos
2pY
k

� �� �

ð1Þ

where X and Y are the dimensionless coordination numbers and λ and αw are the dimensionless 
wavelength and the wave amplitude, respectively (which are assumed to be 0.5 and 0.25, respectively) 

3. Governing equations and the mathematical model 

In this study, the temperature and velocity fields in the square cavity are derived utilizing the conti-
nuity, Navier–Stokes, and energy equations. The governing equations are simplified by the following 
assumptions: 
1. The nanofluid is assumed to be Newtonian and the flow is considered to be laminar, steady-state, 

two-dimensional, and incompressible. 
2. All nanofluid’s thermophysical properties are assumed to be constant, except for the density, which 

changes according to the Boussinesq approximation. 
3. The base fluid (water) and the nanoparticles are in thermal equilibrium and no relative motion 

exists between them. 
4. The thermal radiation and viscous dissipation effects are assumed to be negligible. 

The dimensionless form of the governing equations can be obtained according to the above- 
mentioned assumptions and using the following variables: 

X ¼
x
H
; Y ¼

y
H
; U ¼

uH
abf

; V ¼
vH
abf

; h ¼
T � Tcð Þkbf

q00H
; P ¼

p
qnf

H2

abf 2

Tr ¼

TLW3gbbf kbf

abf Wbf

Ra
; S� ¼ S

H2

kbf
; Ec ¼

abf
2kbf

H3 Cp
� �

bf q00

ð2Þ

where all the parameters in this and all subsequent equations are defined in the Nomenclature 
section. 

After applying the Boussinesq approximation, the dimensionless form of the governing equations 
can be derived as Eqs. (3)–(6), which are the continuity and momentum in x and y directions, and the 

Figure 1. The schematic of the wavy surface cavity.  
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energy equations, respectively [25]. 
qU
qX
þ
qV
qY
¼ 0 ð3Þ

U
qU
qX
þ V

qU
qY
¼ �

qP
qX
þ

mnf

qnf abf

q2U
qX2 þ

q2U
qY2

� �

ð4Þ

U
qV
qX
þ V

qV
qY
¼ �

qP
qY
þ

mnf

qnf abf

q2V
qX2 þ

q2V
qY2

� �

� Ra � Pr �
qbf

qnf
1 � ; þ ;

qpbp

qnf bnf

 !

h ð5Þ

U
qh

qX
þ V

qh

qY
¼

anf

abf

q2h

qX2 þ
q2h

qY2

� �

ð6Þ

Note that the Pr in Eq. (5) is the Prandtl number and is defined as follows: 

Pr ¼
vbf

abf
ð7Þ

Also, Ra is the Rayleigh number and is defined as 

Ra ¼
gbbf W3 q00Wð Þ=kbf

vbf abf
ð8Þ

3.1. Boundary Conditions 

As can be seen in Figure 1, the left sidewall with a wavy surface is under a constant heat flux, the right 
sidewall of the cavity has a constant temperature, and the upper and bottom flat walls of the square 
cavity are insulated. Therefore, the appropriate forms of the dimensionless boundary conditions along 
the cavity boundaries are as follows: 

Left sidewall: 

U ¼ V ¼ 0 ;
qh

qX
¼

kbf

knf
ð9Þ

Right sidewall:  

U ¼ V ¼ 0 ; h ¼ 0 ð10Þ

Upper wall: 

U ¼ V ¼ 0 ;
qh

qY
¼ 0 ð11Þ

Bottom wall: 

U ¼ V ¼ 0 ;
qh

qY
¼ 0 ð12Þ

The local Nusselt number of the heated wall can be calculated as follows: 

Nu ¼
hW
kbf

ð13Þ

where h ¼ q000
Ts� TL

� �
is the convection heat transfer coefficient. By substituting θ from Eq. (1) into 

Eq. (13), the Nusselt number can be calculated as follows: 

Nu ¼
1
hs

ð14Þ
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To calculate the mean Nusselt number (Num) along the heated wall, the following equation can be used: 

Num ¼

R

heat source Nudn
R

heat source dn
ð15Þ

3.2. Entropy generation 

The dimensionless local entropy generation rate in a two-dimensional flow can be obtained using the 
following equation [25]: 

S�l ¼
knf

kbf
:

1
hþ Trð Þ

2 þ
qh

qx

� �2

þ
qh

qy

� �2
" #

þ
Ec:Pr
hþ Tr

:
mnf

mbf
2

qU
qX

� �2

þ
qV
qY

� �2
" #

þ
qU
qY
þ
qV
qX

� �2
" #

¼ S�l;h þ S�l;f

ð16Þ

where the total entropy generation per unit volume is obtained according to the following equation: 

St ¼
1

V�

Z

S� ldV� ð17Þ

3.3. Nanofluid properties 

The thermophysical properties of the nanofluid that are used in Eqs. (3)–(6) to solve the governing 
equations are as Eqs. (18)–(22) as follows [6]: 

qnf ¼ 1 � ;ð Þqbf þ ;qp ð18Þ
ðqCpÞnf ¼ 1 � ;ð ÞðqCpÞbf þ ;ðqCpÞp ð19Þ

mnf ¼
mbf

1 � ;ð Þ
2:5 ð20Þ

knf

kbf
¼

kp þ 2kbf
� �

� 2; kbf � kp
� �

kp þ 2kbf
� �

þ ; kbf � kp
� � ð21Þ

anf ¼
knf

ðqCpÞnf
ð22Þ

4. Numerical method and validation 

Since the geometry described by Eq. (1) is in a nonorthogonal coordinate system, to solve the govern-
ing equations in this nonorthogonal coordinate system, a coordinate-transform technique is used to 
transform the equations to the orthogonal Cartesian coordinate system. Therefore, the governing 
equations in the new coordinate system will be as follows [26 and 27]: 

q

qn
q/Uf
� �

þ
q

qg
q/Vf
� �

¼
q

qn

CU

J
ðaU

qf
qn
� bU

qf
qn

� �

þ
q

qg

CU

J
� bU

qf
qn
þ CU

qf
qn

� �

þ JSU

� �

ð23Þ

where f is the basic variable and ξ and η are two axes of the transformed coordinate system. Also, u�
and v� are the velocity components in the transformed coordinate system as follows: 

u� ¼
qY
qg

� �

U �
qX
qg

� �

V
� �

ð24Þ
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v� ¼
qX
qn

� �

V �
qY
qn

� �

U
� �

ð25Þ

Here, SФ is the energy source term, αФ,βФ, and ϒФ are transformed coordinate system parameters, 
respectively, and J is the Jacobian factor as follows: 

a/ ¼
qX
qg

� �2

�
qY
qg

� �2
 !

ð26Þ

bU ¼ qX=qnð Þ qX=qgð Þ þ qY=qnð Þ qY=qgð Þð Þ ð27Þ

UU ¼ qX=qnð Þ
2
þ qY=qnð Þ

2� �
ð28Þ

J ¼ qX=qnð Þ qY=qgð Þ � qX=qgð Þ qY=qnð Þð Þ ð29Þ

In this study, the obtained dimensionless governing equations are solved numerically using the finite 
volume method (FVM). The convection term in the governing equations is discretized utilizing the 
second-order upwind scheme [28, 29]. The velocity–pressure fields are coupled using the 
SIMPLE1 algorithm [30, 31]. The convergence criterion of the summation residual has been assumed 
to be less than 10� 7. A square cavity with a wavy wall is considered as the solution domain. The 
computational mesh is shown in Figure 2. As is evident, the grids are finer close to the wavy wall. 

The mean Nusselt number on the wavy wall according to the boundary conditions (9)–(12) is used 
as the criteria for the grid independency studies. Therefore, a geometry with a wavy surface wall with 
a wavelength of λ ¼ 0.5 and the wave amplitude of 0.25 is used. The variations of the mean Nusselt 
number along the wavy wall with constant heat flux in studied geometry is indicated in Table 1. From 
the results obtained, it can be concluded that a grid size of 101 � 201 is fine enough to solve the 
equations and obtain accurate results. 

To validate the results of the present work, the results are compared with the results of Oztop and 
Abu-Nada [32]. Table 2 shows this comparison. As it is evident, the results are in good compliance. 

1semi-implicit method for pressure-linked equations consistent.  

Figure 2. The schematic of the grid mesh.  
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5. Optimization procedure 

5.1. Response surface methodology (RSM) 

One of the effective tools to describe several variables simultaneously with least possible resources and 
quantitative data and a suitable test design, while the response variable is affected by many factors and 
variables, is the RSM. The following steps are considered in the RSM method [33]: 
1. Designing and studying tests to achieve the sufficient and credible criteria of the desired response. 
2. Presenting mathematical models of first- and second-order response surface with the best fit. 
3. Discovering the optimum set of parameters that present the maximum or minimum response 

surface. 
4. Studying the direct and interactive effects of the procedure parameters through the analysis of 

variance (ANOVA). 
On the other hand, some goals that can be achieved utilizing the RSM statistical design are as follows: 
1. Calculating all quadratic regression model coefficients. 
2. Reducing the number of tests. 
3. Carrying out the interaction of various factors on tests results. 
4. Providing the lack of the fit test. 
5. Evaluating the optimum values of the factors by the least number of tests. 

5.2. Test method 

The three effective parameters (Ra, ϕ, and nanoparticle shape) effects on the natural convection heat 
transfer and entropy generation in a wavy surface cavity are investigated using the statistical RSM 
model. The RSM is used to determine the optimum status of the parameters in computational results 
of the studied domain. It also consisted of the interaction between the mentioned parameters [34]. 

The Cu–water nanofluid is used in investigations of natural convection heat transfer. The 
thermodynamic properties of water as base fluid and Cu nanoparticles have been indicated in 
Table 3 [6]. 
The range of model parameters variations, based on preliminary tests of this paper, is as follows: 
- Rayleigh number (Ra): 103 �Ra � 105) 
- volume fraction of the nanoparticles (ϕ): (0.00 �ϕ � 0.04) 
- shape of the nanoparticles (S): (spherical, blade, cylindrical) 

Table 2. The comparison of the present results for mean Nusselt number 
with the results of Ref [32]. 

Ra Mean Nu, Present work Mean Nu, Ref [32].  

103  1.009  1.004 
103  1.128  1.122 
105  3.995  3.983 
105  4.231  4.271   

Table 1. The results of the mean Nu number on the wavy wall to evaluate 
the independence of the grid. 

Number of grids in X–Y Mean Nusselt number  

61 � 61  3.4321 
81 � 81  3. 3933 
101 � 101  3.3619 
101 � 201  3.3400 
141 � 201  3.3395 
201 � 201  3.3392   
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These parameters are selected at three levels; also, the statistical model table (with 20 runs) is 
determined based on the numbers of parameters and their levels. The three parameters’ central points 
are calculated and the conditions of the 20 runs are determined based on the Ra, ϕ, and nanoparticles 
shape due to the coding; then, the tests are randomized. The values of the defined test codes for the 
lower, equal to, and higher values of the central point are assumed to be � 1, 0, and þ1, respectively. 

The dependent variables in this model are the Nusselt number and entropy generation on the hot 
wavy wall. In the RSM method, a model is determined for each dependent variable that represents the 
main and interaction effects of factors on each variable separately. The multivariate model can be 
written as [35] 

Y ¼ b0 þ
X3

i¼1
bixi þ

X3

i¼1
biixixi þ

X3

i¼1
bijxixj ð30Þ

where β0 is the intercept, βi is the linear regression coefficient of the ith factor, βii is the quadratic 
regression coefficients of the ith factor, βij is the interaction of the ith and jth factors, and Y is the 
dependent variable. The purpose is to optimize the response of variable Y, to find the correct 
relationship between independent variables and the response variable. To fit the polynomial 
Eq. (30), a face-centered central composite design (CCF) with 20 runs, eight cube points, six center 
points in cube, and six axial points for three independent parameters, each in three levels (to estimate 
the percentage error of the sum of squares), is utilized [36]. 

The parameters and their levels are summarized in Table 4. (� 1), (0), and (þ1) are represented as 
low, middle, and high levels, respectively. Statistical analysis of the quadratic polynomial regression 
equations is performed using analytical software, and the related coefficients and the effects of the 
parameters on variables are determined. Responses and variables (as coded values) have been 
analyzed by design of experiment. The fitting quality of the resulting experiments has been selected 
or rejected applying a specific coefficient of determination and the change resources based on the 
p-value, with 95% of certainty; finally the answers are analyzed utilizing ANOVA. 

6.1. Discussion and results 

The effects of Ra, ϕ, and S on natural convection and entropy generation are investigated in this 
paper. The optimum mode is obtained and the sensitivity analysis of the effective parameters is 
performed on the heat transfer and the entropy generation in a wavy surface cavity. 

6.2. Statistical analysis 

Statistical analysis of the final 20 runs is performed according to the defined conditions. Table 5 
indicates the results of the mean Nusselt number (Num) and entropy generation ratio (Sgent) for 
the determined conditions. Note that the entropy generation ratio is the ratio of the entropy 

Table 4. Input variables and the levels of their values. 
Variable Symbol � 1 0 þ1  

The Rayleigh number Ra 103 104 105 

Nanoparticles volume fraction ϕ 0.00 0.02 0.04 
Nanoparticles shape S Spherical Blade Cylindrical 

Table 3. Thermodynamic properties of base fluid (water) and Cu nanoparticles [6]. 
Thermodynamic properties Water Cu nanoparticles  

Cp (J Kg� 1 K� 1)  4,179  385 
K (Wm� 1K� 1)  0.613  400 
β (K� 1) (� 10� 5)  21  1.67 
ρ (kg/m3)  997.1  8933   
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generation in a wavy surface cavity for the case with Ra ¼ 103, ϕ ¼ 0.04, and spherical-shaped nano-
particles effective parameters. 

The effects of the performed run conditions on the dependent variables (Num, Sgent) are calculated 
using regression coefficients. Tables 6 and 7 indicate the statistical analysis results. 

As can be seen in Tables 6 and 7, high values of R2 for Numt and Sgent (99.54% and 96.56%, 
respectively) that are shown by the testing methods and statistical analysis of the model indicate that 
this model is suitable for calculating the values of the Nusselt number and entropy generation. 
Although the R2 � adj amounts for Numt and Sgent (98.14% and 90.67%, respectively) are less than 
R2, it can be concluded that the model fits the experimental data satisfactorily [37]. Meaningfulness 
of the model for the Nusselt number and entropy generation ratio is defined by F, which is equal to 
688.96 and 107.66, respectively, so the F-value is not caused by noise. 

6.3. ANOVA and model estimation 

The estimated regression and statistical analysis of the experimental models are performed due to 
simulation studies, which were performed under different experimental compounds in this section. 
By entering the data into the analytical software and analyzing the variance (ANOVA), the residual 
plots are obtained and are presented in Figures 3 and 4. 

As can be seen in Figures 3 and 4, the normal probability plots of residuals are in good conditions 
[37]. Also, the residual histograms have less skewed distribution in these two figures, and are more 

Table 5. The levels of the parameters’ values and the results of experiments for Numt and Sgent. 

Run order 

Coded values 

Numt Sgent Ra ϕ S  

1  1  0  0  3.3400  13.0769 
2  1  1  1  3.3522  12.7764 
3  � 1  1  � 1  1.5505  1.0000 
4  � 1  � 1  1  1.3788  1.2408 
5  � 1  1  1  1.5493  1.0903 
6  0  0  0  1.5920  1.7683 
7  � 1  � 1  � 1  1.3784  1.1080 
8  0  0  0  1.5920  1.7683 
9  0  0  0  1.5920  1.7683 
10  0  0  � 1  1.6425  1.8664 
11  0  0  0  1.5920  1.7683 
12  0  0  1  1.5920  1.7683 
13  0  0  0  1.5920  1.7683 
14  1  � 1  1  3.3272  13.3662 
15  1  1  � 1  3.7974  19.8584 
16  0  � 1  0  1.5467  1.9277 
17  1  � 1  � 1  3.3458  14.5690 
18  � 1  0  0  1.4623  1.1637 
19  0  0  0  1.5920  1.7683 
20  0  1  0  1.6499  1.6215   

Table 6. The variance analysis results of Numt. 
Source DOF Adj. sum of squares (SS) Adjusted mean squares (MS) F-value p-Value   

Model  6 13.4619  2.24365  688.96  <0.000  Significant 
Linear  3 9.8008  3.26694  1003.18  <0.000  
Square  1 3. 6114  3.6114  1108.94  <0.000  
2-Way interaction  2 0.0497  0.02485  7.63  <0.000  
Error  13 0.0423  0.00326  –  –  
Lack-of-fit  8 0.0423  0.00529    
Pure error  5 0.000  0.00000  –  –  
Total  19 13.5042  –  –  –  

R2 ¼ 99.54%, R2 � adj ¼ 98.14%.    
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similar to a symmetrical distribution. Comparison of the residual diagrams with the fitted values 
showed a good correlation between the observed and fitted values. The highest residuals among all 
responses are observed to be in the proximity of 0.10 and 2.90 for Numt and Sgent, respectively. 

The general form of the relationship between the effective test parameters and variations of the 
mean total Nusselt number and entropy generation ratio is indicated in Eq. (31), which is obtained 
as uncoded units by applying the RSM: 

Num and Sgent ¼ Aþ B Raþ C /þ D Sþ E Ra� Ra
þ F /� /þ GS� S þ H Ra� /þ IRa� Sþ J/� S

ð31Þ

The coefficients of Eq. (31) for the mean total Nusselt number and entropy generation ratio can be 
seen in Table 8. The insignificant coefficients are removed according to the p-value [38–40]. 

The relationships between the variations of the mean Nusselt number, entropy generation ratio, 
and the effective test parameters are given in Eqs. (32) and (33), respectively, as coded units. Only 
meaningful coefficients are utilized in these equations. 

Num ¼ 1:5983þ 0:9843 Raþ 0:0922 / � 0:0515 Sþ 0:8499Ra� Ra
� 0:0579 Ra� S � 0:0535 /� S

ð32Þ

Table 7. The variance analysis results of Sgent. 
Source DOF Adjusted sum of squares (SS) Adjusted mean squares (MS) F-value p-Value   

Model 5  669.258  133.852  107.66  <0.000  Significant 
Linear 3  471.368  157.123  126.37  <0.000  
Square 1  188.842  188.842  151.89  <0.000  
2-way Interaction 1  9.048  51.253  7.28  <0.000  
Error 14  17.406  9.048  –  –  
Lack-of-Fit 9  17.406  1.934 1.46167Eþ13  <0.000  Significant 
Pure Error 5  0.000  0.000  –  –  
Total 19  686.665  –  –  –  

R2 ¼ 96.56%, R2 � adj ¼ 90.67%.    

Figure 3. The residual plots of Num.  
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Sgent ¼ 1:779þ 6:804 Raþ 0:413 / � 0:813 S
þ 6:164Ra� Ra � 1:063 Ra� S

ð33Þ

The mean Nusselt number and entropy generation ratio variations as effective parameters 
functions are shown in Figures 5 and 6, respectively. 

Figures 5 and 6 indicate the variations of the mean Nusselt number and the entropy generation 
ratio in terms of the Ra and Ф (a), S and Ra (b), and ϕ and S (c), changes, respectively. 

According to Figure 5, it can be concluded that: 
a) Increasing the Ra and ϕ enhances the mean Nusselt number and its highest value is obtained in the 

level of (þ1) and its lowest value in the level of (� 1) for the Ra and ϕ, respectively. 
b) The minimum value of the mean Nusselt number is observed for cylindrical-shaped nanoparticles, 

and its maximum is predicted for spherical-shaped nanoparticles. 
In addition, the following results can be obtained from Figure 6: 
a) By increasing the values of the Ra and ϕ, the entropy generation ratio increases and its highest 

value is observed in the level of (þ1) and its lowest value in the level of (� 1) for the Ra and ϕ. 

Figure 4. The residual plots of Sgent.  

Table 8. Estimated regression coefficients for Num and Sgent. 

Term 

Coefficient 

Num Sgent  

A  1.5983  1.779 
B  0.9843  6.804 
C  0.0922  0. 413 
D  � 0.0515  � 0.816 
E  0.8499  6.164 
F  0.000  0.000 
G  0.000  0.000 
H  0.000  0.000 
I  � 0.0579  � 1.063 
J  � 0.0535  0.000   
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b) The minimum value of the entropy generation ratio is observed for cylindrical-shaped nanopar-
ticles, and its maximum is predicted for spherical-shaped nanoparticles. 

As shown in Figure 5, increasing the Rayleigh number increases the mean Nusselt number, which is 
an indicator of heat transfer. To justify the reason, as can be seen in Figure 7, it should be noted that, 
for low Ra (103 and 104), the dominant heat transfer mechanism within the wavy cavity is conduction. 
However, according to Figure 7(b) for Ra ¼ 105, the isotherms move upward. In other words, by 
increasing the Rayleigh number, the convection velocity enhances considerably. So, the convection 
heat transfer becomes the dominant mechanism of the heat transfer. Therefore, the heat transfer rate 
increases. In general, the buoyancy effect at lower values of the Rayleigh number is weak, since no 
considerable disturbance of the fluid flow occurs. The flow streamlines have a nearly symmetrical dis-
tribution. In addition, the isotherms basically follow the geometry profile of the cavity while the heat 
transfer within the cavity occurs mostly due to the conduction heat transfer (see Figure 7a). 

The thermally induced buoyancy effect is more extreme at higher values of the Rayleigh number; 
therefore, the convection heat transfer occurs primarily, and thus, a noticeable twisting of the 
isotherms happens (see Figure 7b). 

Figure 5. The variations of Num as a function of effective parameters (a) Ra–ϕ, (b) S–Ra, and (c) ϕ –S.  

NUMERICAL HEAT TRANSFER, PART A 1169 



Also, in the vicinity of the wavy surface and close to the upper wall of the cavity, it is observed that 
the isotherms are more closely packed due to a higher temperature gradient and, as a result, a greater 
local entropy generation exists in these particular areas of the cavity (see Figure 8). 

As mentioned above, at low Rayleigh numbers, the flow within the cavity has a low velocity and the 
dominant heat transfer mechanism is conduction; as a result, the total entropy generation rate is also 
low. However, by enhancing the Rayleigh number, a larger temperature gradient is created in the 
vicinity of the wavy-wall surface and at the upper wall of the cavity and the flow velocity within 
the cavity increases. Thus, the effects of the irreversibility on the local entropy generation enhance 
and as a result, the total entropy generation rate increases quickly [25]. 

In addition, at low Rayleigh numbers for which the dominant heat transfer mechanism is conduc-
tion, ϕ does not have a significant effect on the mean Nusselt number. As the Rayleigh number 
increases, the convection becomes the dominant heat transfer mechanism in the cavity and, therefore, 
the mean Nusselt number increases. Enhancement of the energy transport in the fluid with the vol-
ume fraction increases the velocity components of the nanofluid. In addition, the sensitivity of the 
thermal boundary-layer thickness to nanoparticles volume fraction is related to the increased thermal 
conductivity of the nanofluid. In fact, higher values of the thermal conductivity occur with higher 

Figure 6. The variations of Sgent as a function of effective parameters (a) Ra–ϕ, (b) S–Ra, and (c) ϕ–S.  
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values of the thermal diffusivity, which reduces the temperature gradients and thus enhances the 
boundary-layer thickness. The Nusselt number increases due to this enhancement in the thermal 
boundary-layer thickness. Because, as mentioned above, increasing the volume fraction decreases 
the temperature gradients and according to Eq. (14) enhances the mean Nusselt number. Therefore, 
by enhancing the value of ϕ, the mean Nusselt number increases with increasing values of the 
Rayleigh number. 

As shown in Figure 9, with an increase in the nanoparticles volume fraction, the thermal 
boundary-layer thickness increases on the hot wall. The reason is the sensitivity of the thermal 

Figure 7. Flow streamlines (left Figs.), isotherms (right Figs.)  

Figure 8. The entropy generation of the case with Ra ¼ 104 and ϕ ¼ 0.02, for blade-shaped nanoparticles.  
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boundary-layer thickness to the volume fraction of the nanoparticles. With the increase in the value of 
ϕ, a larger temperature gradient is created in the vicinity of the wavy-wall surface and close to the 
upper wall of the cavity and the flow velocity within the cavity increases. Thus, the effects of the 
irreversibility on the local entropy generation enhance and as a result the total entropy generation 
rate increases quickly. 

7. Sensitivity analysis 

An important part of the computational and simulation models is the sensitivity analysis. The model 
parameters, calculations values, and input variables are inclined to different uncertainty sources. 
Understanding of the model outputs sensitivity to the disturbances in the model inputs is necessary 
[41]. Hence, by utilizing the sensitivity analysis, mathematical and computational concepts, 
developing numerical simulation method may be performed to study the models [42]. 

To obtain the sensitivity of model outputs to the uncertainty of parameter values, input variables, 
and calculations, the sensitivity analysis tests on the mathematical and computational models are 
performed [41]. The most effective parameters or input values on the model outputs are specified 
utilizing the results of these tests. 

The derivative of the output variables to the input parameters is calculated to determine the sen-
sitivity of the mean Nusselt number and the entropy generation ratio as output variables to effective 
input parameters of the Ra, ϕ, and the nanoparticles shape parameter S. Therefore, the derivatives of 
Eqs. (32) and (33) to the input variables are computed, which are the mean Nusselt number and 
entropy generation ratio, respectively, and can be written as 

qNum

qRa
¼ 0:9843þ 1:6998� Ra � 0:0579� S ð34Þ

qNum

q/
¼ 0:0922 � 0:0535� S ð35Þ

qNum

qS
¼ � 0:0515 � 0:0579� Ra � 0:0535� / ð36Þ

qSgent
qRa

¼ 6:804þ 12:328� Ra � 1:063� S ð37Þ

Figure 9. The changes of the mean Nusselt number as a function of ϕ and Ra ¼ 104, for blade-shaped nanoparticles (ϕ ¼ 0.02 
(straight line) and ϕ ¼ 0.04 (dash line)).  
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qSgent
q/

¼ 0:413 ð38Þ

qSgent
qS
¼ � 0:816 � 1:063� Ra ð39Þ

Equations (34)–(36) and (37)–(39) are related to the mean Nusselt number and entropy generation 
ratio, respectively. 

The positive value of the sensitivity indicates increasing of the objective function due to increase of 
the input parameters. Moreover, the negative value of the sensitivity represents a decrease in the 
objective function caused by an increase in the input parameters. 

The results of the sensitivity analysis are shown in Tables 9 and 10. Note that the values of the 
tables are obtained for a wavy surface cavity with the Ra at levels 0 and þ1 (104 and 105), the volume 
fraction of the nanoparticles ϕ with level 0 (0.02), and nanoparticle shape S at levels � 1, 0, and þ1 
(spherical, blade, and cylindrical, respectively). 

The sensitivity of the mean Nusselt number and entropy generation ratio to the effective input 
parameters is shown in Figures 10–13, respectively. 

Table 9. The sensitivity analysis for Num.  
Sensitivity  

Ra ϕ  S qNum
qRa 

qNum
q/ 

qNum
qS 

0 0  � 1 1.0422  0.1475  � 0.0515 
0 0  0 0.9843  0.0922  � 0.0515 
0 0  þ1 0.9364  0.0387  � 0.0515 
þ1 0  � 1 2.742  0.1475  � 0.1094 
þ1 0  0 2.6841  0.0922  � 0.1094 
þ1 0  þ1 2.6262  0.0387  � 0.1094 

Table 10. The sensitivity analysis for Sgent.  
Sensitivity 

Ra ϕ S 
q Sgentð Þ
qRa 

q Sgentð Þ
q/ 

q Sgentð Þ
@S  

0 0 � 1 7.867  0.413  � 0.816 
0 0 0 6.804  0.413  � 0.816 
0 0 þ1 5.741  0.413  � 0.816 
þ1 0 � 1 20.195  0.413  � 1.879 
þ1 0 0 19.132  0.413  � 1.879 
þ1 0 þ1 18.069  0.413  � 1.879   

Figure 10. The sensitivity analysis results of Num(Ra and ϕ in level 0).  
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Figure 11. The sensitivity analysis results of Num(Ra in level þ1 and ϕ in level 0).  

Figure 12. The sensitivity analysis results of Sgent (Ra and ϕ in level 0).  

Figure 13. The sensitivity analysis results of Sgent (Ra in level þ1 and ϕ in level 0).  
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According to Figures 10–13 and Tables 9 and 10, the sensitivity of the mean Nusselt number and 
the entropy generation ratio to the Ra and ϕ is positive and, as a result, increasing the Ra and ϕ 
increases the mean Nusselt number and the entropy generation ratio (see also Figures 5 and 7). 

Figures 10–13 show that the sensitivity of the mean Nusselt number and the entropy generation 
ratio to S is negative; however, this sensitivity to S is negligible to Ra and ϕ. By comparing the results 
of Tables 9 and 10 and also Figures 10–13, it is clear that the sensitivity of the entropy generation ratio 
to ϕ, Ra, and S is more than the sensitivity of the mean Nusselt number to these parameters. Also, the 
sensitivity of the mean Nusselt number and entropy generation ratio to Ra increases by increasing the 
value of the Ra. 

In addition, according to Table 9, the sensitivity of the mean Nusselt number to S increases by 
increasing the Ra and for Ra of level 0 (104), its sensitivity to ϕ is more than S, but for Ra with level 
þ1 (105), the sensitivity to S is more than ϕ. 

According to Table 10, the sensitivity of the entropy generation ratio to S increases by increasing 
the value of the Ra. Also, its sensitivity to S is more than that for ϕ. 

8. Conclusions 

The natural convection heat transfer and the entropy generation ratio in a cavity with a wavy surface 
are investigated numerically in this paper. The top and bottom walls are assumed to be insulated and 
the wavy wall is under a constant heat flux q”. Also, the right wall is located at a constant temperature. 
In this study, the effects of Ra (varied from 103 to 105), nanoparticles volume fraction ϕ (varied from 0 
to 0.04), and nanoparticles shape S (spherical, blade, and cylindrical) on the heat transfer rate and the 
entropy generation ratio have been investigated. The mean Nusselt number and the entropy gener-
ation ratio are obtained and the residual diagrams are achieved in order to determine the optimum 
conditions for a better heat transfer and less entropy generation condition. Finally, the effects of the 
mentioned parameters on the heat transfer rate and entropy generation are investigated using the 
sensitivity analysis. The results of the numerical study are summarized as follows: 
a) Increasing the Ra and ϕ enhances the mean Nusselt number and its highest value is obtained at the 

level of (þ1) and its lowest value at the level of (� 1) for the Ra and ϕ, respectively. 
b) The minimum value of the mean Nusselt number and entropy generation are observed for cylin-

drical-shaped nanoparticles, and its maximum is predicted for spherical-shaped nanoparticles. 
c) The sensitivity of the mean Nusselt number and entropy generation ratio to the Ra and ϕ is 

positive and, as a result, increasing the Ra and ϕ increases the mean Nusselt number and entropy 
generation ratio. 

d) The sensitivity of the mean Nusselt number and entropy generation ratio to S is negative; however, 
this sensitivity to S is negligible to Ra and ϕ. 

e) The sensitivity of the entropy generation ratio to ϕ, Ra, and S is more than the sensitivity of the 
mean Nusselt number to these parameters. Also, the sensitivity of the mean Nusselt number and 
entropy generation ratio to Ra increases by increasing the value of Ra. 

f) The sensitivity of the mean Nusselt number to S increases by increasing the value of Ra and for a 
Ra of level 0 (104), its sensitivity to ϕ is more than S, but for a Ra of level þ1 (105), the sensitivity to 
S is more than ϕ. 

g) The sensitivity of the entropy generation ratio to S increases by increasing the value of the Ra. 
Also, its sensitivity to S is more than ϕ. 
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