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The magnetohydrodynamic (MHD) flow due to torsional oscillations of a rotating disc in a viscous incompressible
electrically conducting nanofluid which is also rotating in the presence of a uniform transverse magnetic field is
presented. The governing equations are solved analytically. Three types of water-based nanofluids containing
copper, aluminium oxide and titanium dioxide are taken into consideration. The flow is characterized by two
opposite circularly polarized waves, travelling with different velocities. It is found that there is a formation of two-
deck boundary layers, thicknesses of which decrease when magnetic parameter increases. The radial velocity
and azimuthal velocity retard with an increase in magnetic parameter. Further, the oscillations of the torque at
the disk has a phase lead which reduces for increasing values of magnetic parameter.
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1. INTRODUCTION
The nanofluids is an advance type of fluid containing
nanometer sized particles or fibers suspended in the ordi-
nary fluid. The nanofluids are more stable and have accept-
able viscosity and better wetting, spreading and dispersion
properties on solid surface.2�3 Advanced electronic devices
face thermal management challenges from the high level
of heat generation and the reduction of available surface
area for heat removal. This challenge can be overcome
either by finding an optimum geometry of cooling devices
or increasing the heat transfer capacity. Nanofluids can be
used for liquid coolant of computer processors due to their
high thermal conductivity and increased heat transfer coef-
ficient. Studies on the flows of magnetic nanofluids have
many industrial, engineering and biomedical applications
such as magnetofluidic leakage free seals, magnetogravi-
metric separations, aerodynamic sensors, smartfluids for
vibration damping, MHD blood flow meters, magnetic
drug targeting, nanodrug delivery, and nanocryosurgery.
The term nanofluid was first introduced by Choi1 in 1995.
There is a vast amount of literature on the flows of nanoflu-
ids. Excellent reviews on nanofluid flows have been made
by Kiblinski et al.,4 Wang et al.,5 Eastman et al.,6 Choi
et al.,7 Buongiorno8 and Kakac and Pramuanjaroenkij.9
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Nonofluid flow due to a rotating disk has numerous
applications in many industrial and manufacturing pro-
cesses. The rotating disc is a popular geometry for study-
ing different fluids, both because of its simplicity and the
fact that it represents a classical fluid dynamics problem.
Rotating disc flows of electrically conducting nanoflu-
ids have practical applications in many areas, such as
rotating machinery, cooling and heating process of com-
puter devices, rotational viscometer, centrifugal machinary,
pumping of liquid metals at high melting point, crys-
tal growth from molten silicon, turbo-machinery. The tor-
sional oscillations of an infinite disk in an incompressible
viscous fluid has been studied by Rosenblat.10 On the other
hand, the flow caused by torsional oscillations of a disc
with frequency n∗ about a state of steady rotation in a
viscous fluid which is also rotating with a uniform angu-
lar velocity � was investigated by Henney.11 The Hall
effects on MHD flow induced by torsional oscillations of
a disc in a rotating system have been studied by Jana and
Datta.12 Datta13 have analyzed the effects of Hall current
on the torsional oscillations of a disc in a conducting fluid
subjected to a uniform axial magnetic field. The ion-slip
effect on the flow due to a rotating disk have been stud-
ied by Attia.14 Osalusi et al.15 have studied the combined
effects of Hall and ion-slip currents on MHD flow over a
porous rotating disk. Guria et al.16 have presented the Hall
effects on unsteady flow of a viscous fluid due to non-
coaxial rotation of a porous disk and a fluid at infinity. The
effects of Hall current and slip condition on unsteady flow
of a viscous fluid due to non-coaxial rotation of a porous
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disk and a fluid at infinity have been investigated by Guria
et al.17 Das et al.18 have presented the flow induced by tor-
sional oscillations of a disk in a rotating visco-elastic fluid.
Ghara et al.19 have examined the effects of Hall current
and ion-slip on MHD flow induced by torsional oscilla-
tions of a disc in a rotating fluid. Bachok et al.20 have
presented the flow and heat transfer over a rotating porous
disk in a nanofluid. Makinde21 has made an analysis of
Sakiadis flow of nanofluids with viscous dissipation and
Newtonian heating. Shateyi and Makinde22 have studied
the hydromagnetic stagnation-point flow towards a radially
stretching convectively heated disk. Rashidi et al.23 have
analyzed the entropy generation in a steady MHD flow due
to a rotating porous disk in a nanofluid. Nanofluid flow
and heat transfer due to rotating disk have been reported
by Sheikholeslami et al.24 Turkyilmazoglu25 has presented
the nanofluid flow and heat transfer in a rotating system in
the presence of a magnetic field. Hayat et al.26 have stud-
ied the magnetohydrodynamic (MHD) flow of Cu-water
nanofluid due to a rotating disk with partial slip. Entropy
analysis of nanofluid flow over a convectively heated radi-
ally stretching disk embedded in a porous medium has
been made by Das et al.27

The objective of the present paper is to study the
MHD flow due to torsional oscillations of an infinite
non-conducting disc in a viscous incompressible electri-
cally conducting nanofluid. The induced magnetic field is
neglected by assuming that the magnetic Reynolds number
is very small (Mayer28). The governing non-linear differen-
tial equations are solved analytically by linearized method.
The effects of the pertinent parameters on the fluid veloc-
ities and torque at the disk have been shown graphically.

2. MATHEMATICAL FORMULATION
AND ITS SOLUTION

Consider the viscous incompressible conducting nanofluid
flow generated by the torsional oscillations of a disk with
small amplitude � and frequency n∗ about a state of steady
rotation with the angular velocity � about z-axis in a con-
ducting fluid which is also rotating with the same angu-
lar velocity. Choose a cylindrical polar coordinate system
�r� �� z� with the plane z= 0 coinciding the disc as shown
in Figure 1. The disk is located in the plane z = 0 and
the nanofluid is confined to the region z > 0. A uniform
magnetic field of strength B0 is applied perpendicularly to
the disk, i.e., in the z-direction.
The boundary conditions of the problem are

u= 0� v = r�+�n∗ cosn∗t� w = 0 at z= 0�

u→ 0� v→ r� as z→� (1)

where ��� 1� is a real number and n∗ the frequency of
oscillations.
It is assumed that the magnetic Reynolds number is

very small, so that induced magnetic field can be neglected

Fig. 1. Geometry of the problem.

(Cowling29). This assumption is justified since the mag-
netic Reynolds number is generally very small for metallic
liquid or partially ionized fluid. Liquid metals can be used
in a range of applications because they are nonflammable,
nontoxic and environmentally safe. This is why, liquid
metals have number of technical applications in source
exchangers, electronic pumps, ambient heat exchangers
and also used as a heat engine fluid. The Ohm’s law is
given by

�j = �nf� �E+ �q× �B� (2)

where �B, �E, �q, �j, �nf are respectively, the magnetic field
vector, the electric field vector, the fluid velocity vec-
tor, the current density vector and the conductivity of the
nanofluid.
Equation (2) gives

jr = �nf�Er +B0v� (3)

j� = �nf�E� −B0u� (4)

Since the magnetic field is uniform at infinity, the current
density which is �1/�f �	 × �B vanishes there, that is

jr → 0� j� → 0 as z→� (5)

Since the induced magnetic field is neglected the
Maxwell’s equation 	 × �E = �−1/�f ��
 �B/
t� yields
	 × �E = 0 which gives 
Er/
z = 0 and 
E�/
z = 0.
On integration we get Er = constant and E� = constant
through out the flow field. On the use of the infinity con-
ditions for u and v given by (1) and the conditions for jr
and j� given by (5), Eqs. (3) and (4) yield

Er =−B0�r� E� = 0 (6)

Substituting the value of Er and E� in Eqs. (3) and (4) and
solving for jr and j� , we get

jr = �nfB0�v−�r�� j� = �nfB0u (7)

On the use of Eq. (7), the governing equations of motion
along the co-ordinates axes are
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(11)

and �u� v�w� are the velocity components in the directions
of r , � and z respectively, p the fluid pressure, �nf the
dynamic viscosity of the nanofluid, �nf the density of the
nanofluid which are given by

�nf =
�f

�1−�2�5
� �nf = �1−��f +�s

�nf = �f

[
1+ 3�� −1�

�� +2�− ��−1�

]
� � = �s

�f

(12)

where  is the solid volume fraction of the nanoparticle
(= 0 correspond to a regular fluid), �f the density of the
base fluid, �s the density of the nanoparticle, �f the elec-
trical conductivity of the base fluid, �s the electrical con-
ductivity of the nanoparticle, �f the viscosity of the base
fluid. It is noted that the expressions (12) are restricted to
spherical nanoparticles, where it does not account for other
shapes of nanoparticles. In Eqs. (2)–(10), the subscripts
nf , f and s denote the thermophysical properties of the
nanofluid, base fluid and nano-solid particles, respectively
(Oztop and Abu-Nada30).

The equation of continuity is





r
�ru�+ 



z
�rw�= 0 (13)

We assume the solution in the form

u= rf �z� exp�in∗t�� v = r�+ rg�z� exp�in∗t�

w = h�z� exp�in∗t�

p = p0+
1
2
�nf�

2r2+p1�r� z� exp�in
∗t�

(14)

where p0 is a constant.
We again assume that f �z�, g�z�, h�z� and p1�r� z� are

small quantities since the unsteady part of the flow is small
due to small amplitude oscillations of the disc. Thus, using
(14) in Eqs. (8)–(12) and neglecting second order small
quantities, we have

in∗f �z�−2�g�z�=− 1
�nfr


p1


r
+�nf

d2f

dz2
− �nfB

2
0

�nf

f �z�

(15)

in∗g�z�+2�f �z�= �nf
d2g�z�

dz2
− �nfB

2
0

�nf

g�z� (16)

in∗h�z� =− 1
�nf


p1


z
+�nf

d2h

dz2
(17)

2f �z�+ dh�z�

dz
= 0 (18)

The boundary conditions (1) becomes

f = 0� g = �n∗� h= 0 at z= 0� f → 0

g → 0 as z→� (19)

Since h�z� is a function of z only, we have from (17) on
differentiation with respect to r


2p1


r
z
= 0 (20)

Integrating Eq. (20) with respect to z and using (15)
together with the conditions that f → 0 and g → 0 as
z→�, we have 
p1/
r = 0.
Introducing

F1�2 = f ± ig (21)

and on using 
p1/
x = 0, Eqs. (15) and (16) can be com-
bined into the following form

�f a1

d2F1�2
dz2

−
[
i�n∗ ±2��+ �f B

2
0

�f

a2

]
F1�2 = 0 (22)

where

x1 =
[
�1−�+

(
�s

�f

)]
�

x2 =
[
1+ 3�� −1�

�� +2�− ��−1�

]
�

a1 =
1

�1−�2�5x1
� a2 =

x2
x1

(23)

The boundary conditions for F1�2 are

F1�2 =±i�n∗ at z= 0 and F1�2 → 0 as z→� (24)

Introducing the non-dimensional variables

� = z

(
�

�f

)1/2

� n= n∗

�
(25)

Equation (22) becomes

a1

d2F1�2
d�2

− �M2a2+ i�n±2��F1�2 = 0 (26)

where M2 = �f B
2
0/�f� is the magnetic parameter.

The solution of the Eq. (26) subject to the boundary
conditions (24) is

F1��� = in∗� exp�−��1+ i�1��� (27)

F2��� =−in∗� exp�−��2± i�2��� (28)

where

�1��1 =
1√
2a1

[{
M4a2

2+ �n+2�2
}1/2±M2a2

]1/2
�

�2��2 =
1√
2

[{
M4a2

2+ �n−2�2
}1/2±M2a2

]1/2
(29)
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and a2 is given by (23). The upper and lower signs in F2
given by (28) is chosen according as n > 2 or n < 2.
On the use of the definition of F1 and F2 given by (21),

we get

f ��� = 1
2
in∗��exp�−��1+ i�1���− exp�−��2± i�2����

(30)

g��� = 1

2
n∗��exp�−��1+ i�1���+ exp�−��2± i�2����

(31)

Substituting Eq. (30) in (18) and integrating, we get, after
using (19)

h��� = in∗�
( �

�

)1/2

×
[
exp�−��1+ i�1���

�1+ i�1

− exp�−��2± i�2���

�2± i�2

−
{

1

�1+ i�1

− 1

�2± i�2

}]
(32)

On the use of Eqs. (30)–(32) in (14), we have the follow-
ing expressions for the radial, azimuthal and axial velocity
components in real form as

u = 1
2
n∗�r�exp�−�2�� sin�n�∓�2��

− exp�−�1�� sin�n�−�1��� (33)

v = r�+ 1
2
n∗�r�exp�−�1�� cos�n�−�1��

+ exp�−�2�� cos�n�∓�2��� (34)

w = n∗�
( �

�

)1/2
[
exp�−�1��

�2
1+�2

1

×��1cos�n�−�1��−�1 sin�n�−�1���+
exp�−�2��

�2
2+�2

2

×��2 sin�n�∓�2��∓�2 cos�n�∓�2���

+Rsin�n�−�1−�2�

]
(35)

where

R2= ��1−�2�
2+��1∓�2�

2

��1�2∓�1�2�
2+��1�2±�1�2�

2

tan�1=
�1∓�2

�2−�1

� tan�2=
�1�2∓�1�2

�1�2±�1�2

(36)

and �1��1��2��2 are given by (29).
Setting u1=2u/�n∗r , v1= 2�v−�r�

�n∗r and w1=
w/�n∗��/��1/2, the Eqs. (33)–(35) become

u1=exp�−�2��sin�n�∓�2��−exp�−�1��sin�n�−�1��
(37)

v1=exp�−�1��cos�n�−�1��+exp�−�2��cos�n�∓�2��
(38)

w1 =
[
exp�−�1��

�2
1+�2

1

��1cos�n�−�1��−�1 sin�n�−�1���

+ exp�−�2��

�2
2+�2

2

��2 sin�n�∓�2��∓�2cos�n�∓�2���

+Rsin�n�−�1−�2�

]
(39)

In the absence of nanoparticles (=0�, Eqs. (37)–(39) are
reduced to Eqs. (31)–(33) of Das et al.18 in absence of
Hall and ion-slip currents.

3. RESULTS AND DISCUSSION
Solutions given by (33) and (34) show that the flow is char-
acterized by two opposite circularly polarized waves, trav-
elling with velocities n∗/�1��f /��1/2 and n∗/�2��f /��1/2.
The depth of penetration or wave length of the polarised
waves are 2��f /��1 and 2��f /��2, where �1 and �2

are given by (29). It is seen from (37) and (38) that both
the fluid velocities u1 and v1 decay exponentially with
distance from the disc thereby exhibiting the boundary
layer characteristic of the flow. The flow has two-deck
boundary layers, having thicknesses of order O��−1

1 � and
O��−1

2 �, where �1 and �2 are given by (29). Figures 2
and 3 reveal that the boundary layer thicknesses of order
O��−1

1 � and O��−1
2 � decrease with an increase in mag-

netic parameter M2 for both cases of regular fluid �=
0� as well as nanofluid �=0�10�. The boundary layer
thickness O��−1

1 � decreases with an increase in frequency
parameter n for both cases of regular fluid �=0� as well
as nanofluid �=0�10�. On the other hand, the bound-
ary layer thickness O��−1

2 � increases for small values of
n and decreases for large values of n for fixed values
of M2 for both cases of regular fluid �=0� as well as
nanofluid �=0�10�. For numerical computation, we have
used Table I.
To examine the effects of magnetic parameter M2 and

frequency parameter n and three types of nanoparticles

Fig. 2. Variations of �−1
1 for different M 2 when n�=�/4.
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Table I. Thermo physical properties of water and nanoparticles.

Physical Water/base Cu Ag Al2O3 TiO2 (Titanium
properties fluid (Copper) (Silver) (Alumina) oxide)

� (kg/m3) 997.1 8933 10500 3970 4250
 0.0 0.05 0.1 0.15 0.2
� (S/m) 5�5×10−6 59�6×106 – 35×106 2�6×106

Fig. 3. Variations of �−1
2 for different M 2 when n�=�/4.

on the velocity distributions we have presented the radial
velocity u1 and the azimuthal velocity v1 against � in
Figures 4–8. The non-dimensional velocities for three
types of nanoparticles (Cu, Al2O3 and TiO2) and constant
volume fraction of nanoparticles is shown in Figure 4. It
is obvious that the fluid velocities for Al2O3-water and
TiO2-water are almost the same as their densities are near
to each other, but due to high density of Cu, for Cu-
water the dynamic viscosity increases more and leads to a
thinner boundary layer than other nanoparticles. Figures 5
and 6 reveal that both the radial velocity u1 and the
azimuthal velocity v1 retard as magnetic parameter M2

Fig. 4. Variations of u1 and v1 for different nanofluids when M 2=5,
n=2 and n�=�/4.

Fig. 5. Variations of u1 for different M 2 when n=2 and n�=�/4.

increases for both cases of regular fluid �=0� as well
as nanofluid �=0�10�. The presence of a magnetic field
in an electrically conducting nanofluid introduces a force
called Lorentz force which acts against the flow if the
magnetic field is applied in the transverse direction as con-
sidered in the present problem. This type of resistive force
tends to retard the fluid flow. It is noticed that the Lorentz
force is more effective for nanofluids. It is observed from
Figure 7 that the radial velocity u1 increases for increasing
values of frequency parameter n. Figure 8 shows that as
frequency parameter n decreases, the azimuthal velocity
v1 decreases for both cases of regular fluid �=0� as well
as nanofluid �=0�10�.
We obtain the axial velocity at infinity, from Eq. (35) as

w�����=
(�f
�

)1/2

�n∗Rsin�n�−�1−�2� (40)

where R, �1 and �2 are given by (36).
Numerical values of the amplitude R and phase

��=�1+�2� of the axial velocity are presented in
Figures 9–10 for several values of magnetic parameter M2

Fig. 6. Variations of v1 for different M 2 when n=2 and n�=�/4.
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Fig. 7. Variation of u1 for different n when M 2=5 and n�=�/4.

and frequency parameter n. It is seen from Figures 9 and 10
that the amplitude R and the phase � decrease with an
increase magnetic parameter M2 whereas it increases with
an increase frequency parameter n for both cases of regular
fluid �=0� as well as nanofluid �=0�10�. The oscillat-
ing axial velocity at infinity has a phase lag over for large
of frequency parameter n which decreases with increas-
ing values of M2. The amplitude R and phase angle � of
the axial velocity is more for regular fluid as compared to
nanofluid as shown in Figures 9–10.
The skin friction Cf at the disc can be calculated from

the following relation

Cf =
�z�

�1/2��f ���f �
1/2r�n∗ (41)

where the transverse shear stress �z� at the disc is given
by

�z� = �f �f

(

v


z

)
z=0

= −1
2
�f ���f �

1/2r�n∗R∗cos�n�−�∗� (42)

Fig. 8. Variation of v1 for different n when M 2=5 and n�=�/4.

Fig. 9. Variation of R for different M 2 when n�=�/4.

R∗2 = ��1+�2�
2+��1±�2�

2�

tan�∗ = �1±�2

�1+�2

(43)

and �1��1��2��2 are given by (29).

Fig. 10. Variation of � for different M 2 when n�=�/4.

Fig. 11. Skin friction for different n and M 2 when n�=�/4.
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Fig. 12. Variations of R∗ for different M 2 when n�=�/4.

The variation of skin friction with frequency and mag-
netic field is displayed in Figure 11 when n�=�/4. The
frequency parameter n and magnetic parameter M2 tend
to reduce the skin friction at the disc. It is noticed that the
skin friction is larger for nanofluids.

The torque required to overcome the transverse shearing
stress on a disc of radius a, is

Torque�� ′� ≡ −2�
∫ a

0
��z��rdr

= 1
4
��f �����1/2n∗a4R∗cos�n�−�∗� (44)

where R∗ and �∗ are given by (43).
Numerical values of the amplitude R∗ and the phase

�∗ of the torque are presented in Figures 12–13 for
several values of magnetic parameter M2 and the fre-
quency parameter n. Figure 12 shows that the amplitude
R∗ increases with an increase in either M2 or n. It is
seen from Figure 12 that the phase �∗ decreases with an
increase in magnetic parameter M2 whereas it increases
with an increase frequency parameter n for both cases of

Fig. 13. Variations of �∗ for different M 2 when n�=�/4.

regular fluid �=0� as well as nanofluid �=0�10�. The
torque at the disk has a phase lead for large frequency n
which decreases with increasing values of M2. The phase
�∗ of the torque is more for regular fluid as compared to
nanofluid as shown in Figure 13.

4. CONCLUSION
The MHD flow due to torsional oscillations of a disc about
a steady rotation in an electrical conducting nanofluid
which is also rotating have been studied. Effects of the
pertinent parameters such as the magnetic parameter, fre-
quency parameter and nanoparticle volume fraction on the
fluid velocities and torque at the disk have been analyzed.
The study reveals that

• The fluid velocities retards in the presence of applied
magnetic field.
• The flow is characterized by two opposite circularly

polarized waves, travelling with different velocities.
• There is a formation of two-deck boundary layers,

thicknesses of which decrease with increase in magnetic
parameter.
• The amplitude of the torque at the disc decreases with

an increase in magnetic parameter.
• The torque at the disk has a phase lead for large of

frequency.
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